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Introduction. In most of the more recent books and monographs on the
history of mathematics, the chief founders of function theory, Cauchy,
Riemann and Weierstrass, are contrasted with each other. It is often claimed,
for instance, that their ideas and methods long remained without mutual
influence and were entirely unified only at the beginning of the twentieth
century.! But if one consults earlier works standing somewhat closer to the
time period in question, one finds them less inclined to make such claims. For
example, in his Vorlesungen iiber die Entwicklung der Mathematik im 19.
Jahrhundert, Klein characterizes Riemann as follows: “After all, any rigid
one-sidedness is completely foreign to Riemann; he makes use of whatever he
comes upon and applies the most diverse methods, whenever he can thereby
advance and clarify his problem” [59, p. 254].2 One may thus inquire whether
the above-mentioned interactions among the three function theories did not
indeed begin much earlier, perhaps as far back as the time of Riemann
himself, of what intensity these were at that time, and whether one can still
detect specific influences on the basis of source materials from that time.

Since 1977 I have been occupied with particular aspects of these questions
(see the series of articles [80 — 85]). I have been able to show, among other
things, that Riemann knew and utilized the decisive works of the French
mathematicians even before his promotion (cf. [85]). In this article I propose
to set out the broad outlines of the interactions among the three theories and
briefly to cite the most important sources in each instance. For a more
detailed description of the mathematical development of the three theories,
one may consult [31], [38], [59], [60], [69], [72], [78], [84], [114]; for further
information on the interactions, [9], [31], [75]; and also those parts of my
biography on Riemann which have already been completed. In what follows I
will chiefly use the edition of selected letters from Riemann to his family (91
letters, 1836-1864, in [104]), as well as the list of Riemann’s books borrowed
from the University Library at Gottingen (over 500 items from 1846-1866),
both to be published in my biography.’
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ICft,, e.g., [60, p. 669], [65, p. 194] and [69, pp. 358 f.].

2Klein relies here, presumably, on information communicated in a letter from Prym in 1882,
which arose in connection with his research on the origins of the Riemannian function theory (cf.
[58, p. 479] and note 18).

3The relevant parts are available in the form of a preprint from the author (cf. also [86]). For a
photographic reproduction of a page of the University Library records of books borrowed see
[87].
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Survey of interactions. AUGUSTIN-Louis CAucHY (1789-1857), the first of
the three above-mentioned founders of function theory, composed his first
contribution to function theory, the Mémoire sur les intégrales définies ([15];
1814/1827), at the age of twenty-five and went on to publish over 200 more
papers in this field. The culmination of his effort here was his famous work
Mémoire sur les intégrales définies, prises entre des limites imaginaires ([16];
1825), in which he formulates with masterly precision the meaning of the
definite integral between complex limits and presents the Cauchy Integral
Theorem, as also his noted Turin papers ([17]; 1831-1833) on the “calcul des
limites”, where he treats the power series expansion of an analytic function
and the Cauchy Integral Formulas for the first time. From 1840 onward
Cauchy was supported by other French mathematicians in his efforts in the
foundation of function theory. For instance, P. A. Laurent (1813-1854)
discovered in 1843 the eponymous Laurent expansion of an analytic function
in the neighborhood of an isolated singularity (cf. [18]); J. Liouville (1809-
1882) formulated a variety of theorems within the theory of elliptic functions
(cf. [81], pp. 140 f.); and V. Puiseux (1820-1883) studied in his significant
paper on algebraic functions ([91]; 1850) the behaviour of algebraic functions
in the neighborhood of one of their branch points. The results achieved by
these mathematicians were assembled for the first time by C. A. Briot
(1817-1882) and J. C. Bouquet (1819-1885) in a series of articles ([12], etc.),
which shortly thereafter were brought together in the extremely influential
textbook Théorie des fonctions doublement périodiques et, en particulier, des
Sfonctions elliptiques ([13]; 1859). This last went through several editions and
was widely adopted in Italy and Germany (cf. Appendix 2 and [81, pp.
141f.]).

In surveying this first period of time one notes above all how long it took
before the essential concepts and theorems of function theory were clearly
worked out. One sees, for instance, that the Cauchy Integral Theorem was
already present in Cauchy’s first work from the year 1814 (but only for the
case of rectangles with sides parallel to the axes and at first even only in the
form of two equations between real definite integrals). For the generalization
of this theorem to arbitrary closed curves one must wait until the year 1846
(cf. [19] and [20]). Moreover, in his early works Cauchy generally required
merely the functions in question to be “continuous” and “finite” in a certain
domain {(cf. [84, pp. 61f.] and [90, pp. 467—479]); only from 1851 onwards did
he recognize the importance of the existence of a derivative independent of
direction. Henceforth he called functions with this property “fonctions
monogénes” and showed that their real and imaginary parts must satisfy the
Cauchy-Riemann differential equations (cf., e.g., [21] and [22]). Cauchy’s
foundation of function theory was later called into question by Ch. Méray
(1835-1911), a disciple of Briot and Bouquet. Méray, like Weierstrass,
espoused the view that “continuity” is an insufficient basis for the construc-
tion of function theory and that one did better to found it on the Taylor
series development of functions. In his book Nouveau précis d’analyse
infinitésimale ([71]; 1872), Méray begins with a theory of the real numbers,
takes up next the theory of series, and then develops function theory from the
concept of power series (cf. [30], [31]).
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BERNHARD RIEMANN (1826-1866), the second of the founders of function
theory, was active at Gottingen a few decades later. In his renowned disserta-
tion Grundlagen fiir eine allgemeine Theorie der Functionen einer verdnderlichen
complexen Grosse ([95]; 1851) and in his still more famous articles on Abelian
functions ([96]; 1857), Riemann, like Cauchy from 1851 onwards, proceeds
from the Cauchy-Riemann differential equations for his definition of an
analytic function, f(x + iy) = u + iv. Riemann establishes that # and v are
potential functions and that a conformal mapping of the x, y-plane to the u,
v-plane is effected via the analytic function f. Riemann next discusses the
range of the minimal conditions sufficient for the determination of such a
function, by means of which he is led to the formulation of the well-known
Riemann Mapping Theorem. Basic to his approach are the so-called Dirich-
let Principle and the Riemann surfaces.

If one poses the question as to which mathematician most strongly in-
fluenced Riemann in the elaboration of his function theory, one surely thinks
at once of C. F. Gauss (1777-1855), who already possessed the essential
concepts of function theory (complex integration, the Cauchy Integral Theo-
rem, etc.) as early as 1811% and was examiner for Riemann’s dissertation and
Habilitationsschrift.> Although it is often stressed that Gauss was chronically
ill toward the end of his life and increasingly cut off his contacts with the
outer world, it nevertheless emerges from the extant sources that it was
Gauss’s writings that the young Riemann studied with especial zeal and from
which he drew significant inspirations for his thesis.” For instance, we read in
a letter of Riemann to his father (from Berlin, March 30, 1849; [86, letter no.
43)):

Dirichlet also arranged for my admission to the Library,
without there being any of the difficulties I had feared. I
usually arrived around nine in the morning at the reading
room to read two papers of Gauss which were nowhere else
to be gotten. Another work of Gauss, which won the prize in
Copenhagen, I sought in vain in the data-books of the Royal
Library for a long time, but have at last received it through
Dr. Galle® of the Observatory. I am now at the point of
studying it.

The last-named paper deals with Gauss’s contribution to the theory of
conformal mapping [40]. Riemann studied the work anew in Géttingen. If
4Cf. the letter of Gauss to Bessel on Dec. 18, 1811 in [39, vol. 10, pt. 1, pp. 365-371] = [39, vol.
8, pp. 90-92].

5Gauss’s examiner’s reports are in the University Archives in Gottingen, Dekanatsakten der
Philos. Fakultat, no. 135 (1851-52), p. 25 and no. 137 (1853-54), p. 118. The first of these reports
is published in [108, p. 375].

SCf., e.g., [25, p. 816}, [32, p. 21] and [34, pp. 318 ff.].

Ct. the list of book borrowings mentioned on p. 87 and [108, pp. 369 ff.]. Incidentally,
Riemann had also visited Gauss at home on a few occasions. Cf. [86, letter no. 59 (Nov. 24, 1851)
and no. 63 (Sept. 28, 1852)].

8J. G. Galle (1812-1910), then assistant at the Observatory, was professor of astronomy at the
University in Breslau from 1851 onwards.
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one goes through the list of Riemann’s books, borrowed from the University
Library for the years before his promotion, one is especially struck by the
entry “Gauss u. Weber Resultate aus d. Beobachtungen des magnetischen
Vereins in d. Jahr. 1836-41.”, for this is the only one which is repeated over
the four consecutive semesters. In the journal volumes in question one finds
the articles [41] and [42] of Gauss, in which Gauss develops essential theo-
rems of potential theory and uses methods of proof analogous to the Dirichlet
Principle for this purpose.® That Riemann indeed knew the relevant proofs of
Gauss, is clear from his remarks in [96, p. 97] and from the document
reproduced in Appendix 1. Among the further testimonies for the influence of
Gauss on Riemann, one can quote the following: a communication in a letter
from Betti to Tardy, saying that Riemann got the idea of the cuts in a private
conversation with Gauss [132, p. 95]; an unpublished, four-page letter from
Riemann to Gauss dealing with questions from the theory of differential
equations (NSUBG, Cod. MS Gauss, Briefe A: Riemann); and various
statements of Klein [58, pp. 577f.] and Schering [108, pp. 369-376] on the
origin of Riemann’s theory of hypergeometric series etc. It is thus established
that important starting points of Riemann’s function theory go back in fact to
the writings of Gauss.!”

During his time in Berlin (1847-1849) Riemann was particularly influenced
by P. G. Lejeune Dirichlet (1805-1859), G. Eisenstein (1823-1852) and C. G.
J. Jacobi (1804-1851).!! Riemann attended Dirichlet’s lectures on, among
other things, the theory of definite integrals and partial differential
equations,'? as well as those of Eisenstein and Jacobi on elliptic integrals.'?
Dirichlet recognized Riemann’s extraordinary talent early on and contributed
considerably to the advancement of his career from that moment. In the year
1852, for example, he discussed Riemann’s dissertation with him and helped
him to get the literature for his Habilitationsschrift.'* But quite early Riemann
was also making himself familiar with the writings of the most important

9The same volumes also contain Gauss’s article Zur Besti ng der Constanten des Bifilar-
magnetometers, on which Riemann had to report in the mathematical-physical seminar on May
22, 1851 (cf. Niedersachsische Staats- und Universitatsbibliothek Gottingen [= NSUBG], Cod.
MS Riemann 26, fol. 164; 27, fol. 13 and 13, fol. 49v).

10This seems to have been asserted explicitly for the first time by Schering [108, pp. 369-376];
for a more recent mathematically oriented survey, see [78, Chapter II]. For further details, see
[109, pp. 112f, 153f, 194], [113, pp. 108f.] and my article [87, notes 7, 10 and 17].

11, [86, letters no. 40—43, 90].

12A list of Dirichlet’s lectures in Berlin appears in [6, pp. 33-39]. In the winter of 1848/49
Dirichlet lectured on the elements of the theory of series and on the general theory of forces
which act according to the inverse of the square of the distances, with application to the theory of
magnetism and electricity, as well as to the determination of the shape of the earth. Hattendorff
emphasizes in the prefaces to [98] and [99] that Riemann based his own lectures in part on those
of Dirichlet.

134 list of Jacobi’s lectures is given in [64). Riemann accompanied Eisenstein “on daily walks
for a time” [86, letter no. 40; July 23, 1847] and was then occupied with the “major problem”
(Hauptaufgabe) posed by Eisenstein in [37] [86, letter no. 90; Nov. 29, 1847]. But later Riemann
neglected contact with Eisenstein (cf. also [55, pp. 201, 184] and [93, p. 544]).

14C{. [86, letter no. 63; Sept. 28, 1852]. For further information, cf. 8, pp. 11f.], [73, p. 163], [86]
and [93, p. 546].
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French mathematicians. In his first year of study 1846/47 in Gottingen, he
borrowed from the University Library, among other books, the Cours
d’analyse, the Calcul différentiel and the Exercices de mathématigues, all by
Cauchy, along with the Traité des fonctions elliptiques of Legendre. That
Riemann subsequently kept abreast with French research is shown by the
University Library records of books borrowed, as well as by the draft for the
defense of his doctoral work of December 16, 1851, where Riemann refers to
the above-mentioned papers of Cauchy ([21], [22], etc.) in connection with the
definition of an analytic function.

This is the view of Cauchy, who is first and foremost among
the French to have occupied himself with the theory of
complex magnitudes, a view which he expressed in the ses-
sion of the Paris Academy of March 31 this year on the
occasion of a report on a work by Puiseux [!] and which he
has pursued further in several later addresses."

From the above it becomes clear that Riemann was suitable, as no other
German mathematician then was, to effect the first synthesis of the “French”
and the “German” approaches in function theory. In his introductory lectures
on general complex function theory (cf. [101]-[103]; 1861), Riemann dealt
with the Cauchy Integral Formulae, the operations on infinite series, the
power series expansion, the Laurent series, the analytic continuation by
power series (cf. the photo on p. 92), the argument principle, the product
representation of an entire function with arbitrarily prescribed zeros, the
evaluation of definite integrals by residues, etc., besides the subjects known
from his published papers ([95]-[96]).!® Riemann’s efforts in this area appear
to have been acknowledged even by Weierstrass,'” and also by Koenigsberger
[61, p. 421], as well as by Abbe (see Appendix 2), who heard Riemann’s

>NSUBG, Cod. MS Riemann 13, fols. 100 f; the original German text appears in [85, p. 9]. In
his dissertation Riemann links himself also on several conceptual matters with Cauchy (cf. [95,
pp.- 3 f.] and Monna (77, pp. 63 f.]). However in a later note to the dissertation (Cod. MS
Riemann 13, fols. 20v, 29r, 74r; published in [95, p. 46]) he gives the ¢, §-definition of continuity
(not mentioned by Monna). That Riemann was already very impressed by Cauchy’s work in
Berlin, when he started the preparations for his dissertation, follows from an interesting story by
Sylvester (cf. E. T. Bell, Men of mathematics, New York 1937, p. 490). According to this story
Sylvester met in 1896 a Berlin bookseller who told him that “he was formerly a fellow pupil of
Riemann, at the University, and that, one day, after receipt of some numbers of the Comptes
rendus from Paris, the latter shut himself up for some weeks, and when he returned to the society
of his friends, said (referring to the newly published papers of Cauchy), “This is a new
mathematic.”

16For more information on Riemann’s introductory lectures on general complex function
theory and his representation of the analytic continuation by power series see [85, pp. 2-7].

7In [127, pp. 7ff.] Weierstrass contrasts his position on the construction of complex function
theory with those of Cauchy and Riemann and remarks in this context: “To prove the possibility
of the analytic continuation Riemann was forced to have recourse to the power series, which is
not carried out in his collected works, but which he did in his lectures” [127, p. 10]. From a letter
from Roch to Casorati [82, p. 63; letter no. 26] it appears that Weierstrass studied Riemann’s
lectures at least from 1865 with the help of a set of lecture notes made by Roch (cf. [87, note 62]).
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FIGURE. Riemann’s treatment of analytic continuation by
power series in his lectures on complex function theory [101, p. 32].

(Courtesy of Niedersichsische Staats—und Universititsbibliothek Géttingen)
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lectures in 1861 and characterized him as one who associated himself with the

“Cauchysche Manier”.'8

KARL WEIERSTRASS (1815-1897), the third of the three founders of function
theory, first studied public finance and administration in Bonn and then
mathematics in Miinster with Ch. Gudermann (1798-1852). Already during
his student days in Miinster he had composed three papers ([119]-[121];
1841-42, but only first published in his collected papers in 1894) in which
essential parts of his later function theory are foreshadowed. For instance,
one finds here a proof of the Laurent Theorem, independent of Cauchy and
discovered before Laurent; the Cauchy Estimates; the concept of uniform
convergence; the definition of an analytic function by means of power series;
and the principle of analytic continuation. The sources of the Weierstrassian
function theory have already been investigated by several authors.'
Weierstrass himself stressed above all the great influence which N. H. Abel
(1802-1829) exerted over him;* on the other hand, he claims in a later
annotation to his paper [121] that Cauchy’s work was at that time not known
to him.2! After his studies in Miinster, Weierstrass was employed for several
years as a relatively unknown instructor at the Gymnasium in Deutsch-Krone
(1842-48) and Braunsberg (1848-55), until the sudden fame following upon
his paper on the theory of Abelian functions ([116]; 1854) instigated his call
to Berlin in 1856.%

In view of Weierstrass’ early isolation and obscurity one would hardly
suppose that before 1854 there were any significant interactions between him
and Riemann.?* But around 1856 the relationship between these two mathe-
maticians became suddenly dranratic, and there began a tense competition
over the general solution of Jacobi’s “inversion problem”. Already in the
spring of 1856 Dirichlet contrasted Riemann and Weierstrass in a letter to
Kummer in Berlin. Dirichlet remarks here that Riemann had developed with
great speed since his time of study in Berlin, and that for several years he had
occupied himself with, among other things, the general properties of functions

18The reconstruction of the origins and starting points of Riemann’s function theory given
above coincides in the essential parts with statements made by Riemann’s pupil Prym to Klein in
the year 1882 in several letters (NSUBG, Cod. MS Klein 11, no. 382-384). For an excerpt from
the nine-page letter of Prym from Feb. 6, 1882 see [87, note 19].

19Cf. esp. [69] and [75], which complement each other admirably. For further details see [9],
[31] and the bibliography.

20(f, [74, p. 81], [75, p. 25] and [76, p. 191].

2'Mittag-Leffler (74, p. 81] and [75, pp. 35 ff.]) takes up and sharpens Weierstrass’ claim in
[75] that Weierstrass only first became familiar with Cauchy’s works in 1842. On the other hand,
Borel emphasizes [10, p. 80] that Cauchy was at that time so well known that Weierstrass must at
the very least have been indirectly influenced by him. It is quite certain that Weierstrass came to
value Cauchy’s works at a later period. In the list of books acquired at the newly founded
mathematical seminar in Berlin in 1861, one finds in the first place five works of Cauchy (cf. [9,
pp. 77 £.)).

2(f, e.g., Biermann in [3, pp. 41-52], [75, pp. 44-52), [66, pp. 29 £.] and [67, pp. 423 ff.].

23Cf. also Weierstrass® remark in 1859 [7, p. 28], to the effect that Riemann’s dissertation had
until recently remained almost wholly unknown.
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of a complex argument and had founded on this basis a theory of the Abelian
functions which is doubtless even more comprehensive than the researches of
Weierstrass.* In the same year there appeared in Crelle’s Journal a further
paper by Weierstrass on Abelian functions ([117]; 1856). Riemann was aware
of it already by November 2, 1856, and so hastened the preparation of his
own findings.”> He submitted these to Crelle’s Journal in two parts, on May
18 and July 2, 1857, and there described his position with respect to the
earlier works of Weierstrass in a carefully measured passage, indeed several
times revised,?® as follows [96, pp. 101 f.]:

Jacobi’s inversion problem, which is settled here, has already
been solved for the hyperelliptic integrals in several ways
through the persistent and regally’’ successful work of
Weierstrass, of which a survey has been communicated in
vol. 47 of the Journ. fiir Math. (p. 289). Until now, however,
only a part of these investigations has been fully worked out
and published (vol. 52, p. 285 of the Journ. fiir Math.),
namely the part that was outlined in §§1 and 2 of the earlier
paper and in the first half of §3, pertaining to elliptic
functions. Only after the full publication of the promised
paper shall we be able to tell to what extent the later parts of
the presentation agree with my article not only in the results
but also in the methods leading to these.

Weierstrass consequently withdrew the third instalment of his investigations
on the theory of Abelian functions, which he had in the meantime finished
and submitted to the Berlin Academy. He explained this move in his collected
works on the occasion of the publication of his Vorlesungen iiber die Theorie
der Abelschen Transcendenten as follows [125, pp. 9 f.; 1902]:%

Already in the summer of 1857 I had submitted to the Berlin
Academy a direct solution of this problem in a detailed
paper. The manuscript had already been sent to the printer,
but I withdrew it, for, a few weeks later, Riemann published
an article on the same problem, which rested on entirely

24For the precise wording of the German text, see [8, pp. 11 f.].

25Cf. [93, p. 552]. Further details appear in unpublished letters and drafts of letters by Riemann
to his brother [86, no. 77; April 25, 1857), to the student Olivier NSUBG, Cod. MS Riemann
23/1, fol. 43) and to Borchardt (NSUBG, Cod. MS Philos. 193™, Cod. MS Riemann 19, 23/1
and 23/4). For further information see [87, note 26]).

260ne may infer this from the draft of a letter to Borchardt (Cod. MS Riemann 23/4, fol. 2), as
well as from the drafts of the pertinent passage (ibid., 23/1, fols. 42, 45, etc.).

27Literally “crowned with success”. Further information on the development of Weierstrass’s
theory of Abelian functions can be found in a letter from Weierstrass to Schwarz dated July 8,
1872 (cf. [130]). For an excerpt from this letter see [87, note 29].

28As the printing of the volume at the time of Weierstrass’ death had already progressed as far
as sheet 18, Weierstrass ought at least to have known of this passage (cf. [125, p. vi] and [66, p.
35]). On the coincidence of the solutions by Riemann and Weierstrass mentioned in this citation,
see, for instance, [66, p. 35], [67, p. 429] and [62, pp. 54, 125].






