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Einar Hille died February 12, 1980 slightly more than a month after the 
conference, commemorating his eighty-fifth birthday, was held at the Irvine 
branch of the University of California. 

He was born June 28, 1894, son of Professor Carl August Heuman and 
Edla Eckman. His mother later changed her name to Hille, a mistranslation 
of Heuman. 

Hille's early interests were in mathematics, organic chemistry and linguis­
tics. He entered Stockholm's Högskola in 1911 as a chemistry student and 
published a paper [0] in biochemistry jointly with his professor, Hans von 
Euler, who later was awarded the Nobel prize in chemistry and who was 
remotely related to the Swiss mathematician Leonard Euler. This paper was 
not Hille's first appearance in print. In December 1912 he reviewed the work 
which led to the two Nobel prizes in chemistry awarded to the Frenchmen 
(François Auguste) Victor Grignard and Paul Sabattier. 

Since the laboratory part of chemistry did not appeal to Hille, he attended 
lectures on elliptic functions given by Ivar Bendixson (1861-1935). Bendixson 
was a liberal politician, a member of the city council, a pupil of Mittag-Lef-
fler and an excellent lecturer. It was Bendixson who won Hille over to 
mathematics. The following year he attended lectures of Helge von Koch 
(1870-1924) on differential equations, a subject which later became an 
important part of Hille's life work. He also studied von Koch's specialty, 
infinite determinants, which he used ten years later. 

In 1913 Hille received the AB (Cum Laude Approbatur) in mathematics, 
and in the fall of 1914 he started his mathematical studies in earnest. He also 
attended lectures of the economist Gustaf Cassel and, for a term, those of 
Torgny Segerstedt on Indian religions. 

Of his teachers, I. Fredholm had little influence on him. Fredholm was 
uninspiring and shy, but he did give Hille a general interest in mathematical 
physics. Marcel Riesz had by far the greatest influence on him, not only as a 
teacher, but also as an inspiring associate for many years. Through him Hille 
was introduced to what was then modern analysis and developed an abiding 
interest in Fourier series, Dirichlet series and the theory of summability. Riesz 
suggested the topic of Hille's first mathematical investigation, a study of the 
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variation in the arc-length of images of concentric circles under conformai 
mapping [1], earning him the Licentiate of Philosophy degree in 1916. 

During 1916-1917 Hille did his military service as a typist in the Swedish 
Army. It was 325 miles to the nearest scientific library, but he had books of 
his own and could borrow what he needed through the local junior college. 
He had much free time and used it fully. Three investigations resulted: a 
continuation of [1], never published, a brief note on the relation between 
Dirichlet series and binomial series, later incorporated in [17], published in 
1926, and an investigation on the solutions of Legendre's differential equation 
for arbitrary complex values of the parameter. This grew into his dissertation 
[2] of 1918 which gave him the Ph.D. degree and, half a year later, the title of 
docent and the right to lecture. He was awarded a Mittag-Leffler Prize for his 
dissertation. It contained many valuable ideas, not yet fully developed. One 
of the most important was the use of integral identities, later known as 
Green's transforms, attached to a differential equation. These served as a 
point of departure for his later work at Harvard. The study of certain 
orthogonal systems, introduced in [2], was further extended, almost 30 years 
later, by Harry Pollard, during and after his appointment as a Jowitt Fellow 
at Yale. 

Hille obtained leave to act as one of the secretaries of the 4th Scandinavian 
Mathematical Congress in Stockholm. He was also able to attend the disputa­
tion of his lifelong friend, Harald Cramer. 

The work in the Swedish Civil Service, 1918-1920, plus the teaching at the 
University, left him little time for research, but the basic idea of [9], Dirichlet 
series with complex exponents, hails from this period. 

In 1920 he received a fellowship from the Swedish-American Foundation. 
He wanted to work at Harvard with George David Birkhoff, and in particular 
in the field of difference equations, in which Birkhoff was one of the leaders. 
In the fall of 1917, Hille had done some work in this field, but gave it up 
when he realized that R. D. Carmichael had already obtained most of the 
results. Birkhoff was also a leader in the field of differential equations. When 
Hille came to Harvard, it turned out that a systematic use of the integral 
identities mentioned above gave valuable information concerning the distrib­
ution in the complex plane of the zeros of solutions of linear second order 
equations. With the encouragement of Birkhoff, Hille took up this field. It 
resulted in papers [3]-[7], [10]-[13], [15], [16], published during 1921-1924. 
The resulting theory of oscillation theorems in the complex domain has been 
ably summarized by E. L. Ince in Chapter XXI of his Ordinary differential 
equations. Of his later papers [23], [20], [53], [86], [92] in part, and [94], belong 
to the same general range of ideas. The first deals with connections between 
his investigations and those of Rolf Nevanlinna on the distribution of values 
of meromorphic functions. Actually, it turned out that Hille's examples of 
meromorphic functions with preassigned equal defects, formed by quotients 
of solutions of a class of differential equations with polynomial coefficients, 
were the first valid ones in the literature. R. Nevanlinna in 1929 succeeded in 
showing that, in a sense, all meromorphic functions having these defect 
properties were obtainable in this manner. An ingenious use of the 
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Schwarzian derivative was the decisive step. In 1948 Zeev Nehari proved an 
important inequality for the Schwarzian derivative of a univalent function in 
which one of Hille's integral identities was useful. Later Hille proved that 
Nehari's inequality is the best possible by providing a counterexample in [94], 

Hille's stay at Harvard lasted two years, the second year as Benjamin 
Peirce Instructor. These years were decisive for his future development. Hille 
was always grateful for Birkhoff's helpful interest, an interest which lasted 
until Birkhoff's untimely death in 1945. 

The association with G. D. Kellogg in 1921-1922 was fruitful, and Bouton, 
Coolidge and Osgood did much to round out Hille's mathematical education. 
In 1922 Hille moved to Princeton, where he was promoted to assistant 
professor after a year. At first Hille continued under the impetus received at 
Harvard. A couple of isolated papers on functional equations, [8], [14], show a 
variation of interest, and the two papers on Dirichlet series, [9] and [17], 
though started much earlier, belong to the same period. 

In 1925 Hille became interested in expansions in terms of Laguerre and 
Hermite polynomials, a topic to which he returned a number of times. The 
first papers were the notes [19]-[21] on Laguerre series and [22] on Hermite 
series. The latter contained basic results on Abel summability of such series 
and a study of Gauss-Weierstrass transforms and their inverses. The latter 
topic was later studied in great detail by A. Gonzalez Domingues who in 1941 
wrote a long memoir on what he called Hille transforms. 

In 1926 Oswald Veblen obtained a fellowship for Hille. He spent the time 
in Copenhagen, Stockholm and Göttingen. The publications [23]-[25] were 
from this period. The year began with a short sojourn in Copenhagen with 
Niels Erik Nörlund to work with partial difference equations. Hille then spent 
three months at the Mittag-Leffler Institute, where he prepared a bibliogra­
phy, consisting of approximately 1000 papers (most of which he read) on the 
analytic representation of monogenic functions. Among the fruits of this work 
were [26], [33] and various counterexamples in [37] and [39]. The references 
[24] and [25] are papers on various phases of the theory of the gamma 
function and [25] is joint with G. Rasch, at that time one of Nörlund's 
assistants. The latter two papers are closely related to the theory of difference 
equations, a field in which Nörlund is outstanding. Upon leaving the Mittag-
Leffler Institute, he returned to Copenhagen, where he worked on the zeros of 
various functions connected with difference equations. He also constructed 
meromorphic functions with preassigned defects. These turned out to be the 
first valid examples; those constructed by Rolf Nevanlinna in his paper at the 
Copenhagen Scandinavian Mathematical Congress of 1924 turned out to be 
non-single-valued. Nevanlinna, a few years later, showed that Hille's methods 
could be used to construct a Riemann surface with a finite number of 
logarithmic branch-points, the inverse being a meromorphic function. 

The mathematicians at Copenhagen were a friendly group and Hille made 
friends: Harald Bohr (also his famous brother Niels), Jakob Nielsen (a 
topologist and specialist on Fuchsian groups), Bonnesen, Steffensen, Mol-
lerup and others. 

Hille's fellowship year would have made a lasting impression on his 
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mathematical production, even if it has been the only scientific influence he 
received. But in 1925 he had met J. D. Tamarkin, then fresh from Petrograd. 
In 1926 they began to correspond and in the fall of 1927 a close collaboration 
started. This lasted practically until Tamarkin's death in 1945, though their 
last joint paper, [69], dates from 1937. During these ten years they wrote 
twenty-three joint papers and another three of Hille's are a direct result of 
their collaboration. A. C. Offord, now one of the editors of the London 
Mathematical Society, collaborated with them on [61], G. Szegó on [69]. They 
started with the problem of the frequency of the characteristic values of linear 
integral equations [29], [39]; the latter represented for a number of years the 
last work on the subject. 

Hille went to Göttingen for the summer semester of 1927 and made 
valuable contacts. At that time Göttingen was still the Mecca of mathemati­
cians. Bernstein, Courant, Herglotz, Hubert and Landau were on the faculty. 
The physicist and Nobel prize winner, Max Born, took part in a seminar run 
by Courant, and among the early speakers was John von Neumann, who 
presented his work on quantum mechanics. The algebraist Emmy Noether 
was there and occasionally van der Waerden. P. S. Aleksandrov was visiting 
lecturer and brought a number of visiting topologists: Heinz Hopf, Knaster, 
Kasimir Kuratowski. Hille met Lichtenstein and later in Berlin, Erhardt 
Schmidt. Göttingen was revisited in 1932 (just before Hitler came to power), 
1953 and 1956. In Bonn he met Bessel-Hagen, Hausdorff and Otto Toeplitz. 
H. F. Bohnenblust, Hille's pupil, had just solved a problem of Bohr and 
Toeplitz on uniform convergence of Dirichlet series. In Hamburg, Hille met 
Emil Artin, Hecke and renewed his acquaintance with Wilhelm Blaschke. The 
Nazi storm broke loose a month later, and his friends had to flee for their 
lives. 

Hille returned to Princeton as an associate professor in the fall of 1927. 
This began an enjoyable period of his life. Jean Dieudonné had graduated 
from École Normale and received a fellowship to work at Princeton. He 
asked Hille for a problem. What Hille suggested is still unsolved, but it 
suggested a problem to Dieudonné which he did solve and on the basis of 
which he became a pupil honoris causa. G. H. Hardy and Herman Weyl were 
visitors and Weyl brought H. F. Bohnenblust, who later became Hille's 
research assistant, collaborator and good friend. 

The summer quarter of 1928 was spent at Stanford and the summer 
semester of 1931 at Chicago. 

In the fall of 1932, on sabbatical leave, Hille attended the Zurich congress 
where he met Antoni Zygmund and Iovan Karamata. From Zurich he went 
briefly to Vienna and Budapest. The rest of the sabbatical was spent at 
Stockholm. 

Hille moved to Yale in 1933 where he began his study of analytical 
semigroups in 1936. This proved to be a very fruitful subject which he 
pursued for the next twenty years. It produced many papers and the two 
treatises [Bl] and [B2]. During this period his studies also yielded, as the 
bibliography shows, dozens of papers on other subjects. 

The year 1936 was a very happy year for Hille. He met the lovely and 
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vivacious Kirsti Ore, sister of 0ystein Ore. They married in 1937 and had two 
sons, Harald in 1939 and Bertil in 1940. Harald is now a linguist in the 
United Nations and Bertil is professor of neurophysiology at the University 
of Washington. Kirsti was a loving and devoted wife-her suitcase was always 
packed. She went with him wherever he went. 

Hille returned to Stanford for the academic year 1941-1942. Pólya and 
Szegô were there, and Tamarkin for the summer of 1941. They worked on 
various questions related to a problem in Fourier series already solved by 
Pólya and Norbert Wiener. Hille's collaboration with Max Zorn (then at 
UCLA) began in 1942. 

The year 1936 was a happy one for me, too. I went to Yale as an instructor 
and met Hille for the first time. Our collaboration began immediately. Hille's 
knowledge of classical analysis was encyclopedic and proved invaluable to 
me. There was never a time when I needed some information that he did not 
have it immediately, and usually from several sources and different points of 
view. 

He was a friendly man, kind to his students. He liked reading, especially 
history. Facts and dates on dynasties, fortifications and battles on land and 
sea, were at his fingertips. 

He was mentally alert and mathematically active to the very end of his life. 
When he died, he had two papers at the proofreading stage and one in 
submission. 

Hille was one of the very few mathematicians who brought a broad 
knowledge of classical analysis into fusion with modern operator theory. I 
shall attempt to give a brief notion of the great diversity of his contributions. 

This attempt will be made by giving a short summary of the papers [62], 
[76], [77] and [78] in classical analysis and of [63], [73] in modern analysis. 
The requirement of brevity precludes any discussion of many of his important 
papers. 

In On Laplace integrals [62] Hille discusses two fundamental questions in 
the theory of Laplace integrals. They are the problem of representation and 
the problem of analytic continuation outside of the half-plane of conver­
gence. It is shown that it is advantageous to connect the problem with that of 
determining those functions which can be represented as the quotient of two 
absolutely convergent Laplace integrals. This problem is solved completely. 
The result is: in order that f{z) be representable as the quotient of two 
Laplace integrals, absolutely convergent for x > a, it is necessary that 

(i) f(z) is meromorphic for x > a, and those of its poles {bn} which lie 
outside of the circle \z — a\ = a satisfy the condition 2 <3l {(bn - a)~1} 
< oo, 

(ii) ƒ " „ log+ | f(a + iy)\ay/(l + y2) < oo, and 
(iii) p -V-C2/2 log+ | f(a + jfe»)|cos 9 dO 

is bounded for all large values of /?. Conversely, if these conditions are 
satisfied, then f(z) is representable as the quotient of two Laplace integrals, 
absolutely convergent for x > a. 

In [76]-[78] Hille studies the convergence of Fourier-Hermite series. 
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Among his many results are the following. Let Hn(z) denote the nth normal­
ized orthogonal function of Hermite, let f(x) be a measurable function such 
that xn exp(-x2/2)f(x) G L^-oo, oo) for n = 0, 1, 2, . . . and let fn = 
/ -S f(t)Hn(0 dt. It is shown if /(z) is analytic, a necessary and sufficient 
condition that S^L0 fnHn(

z) converges to f(z) in the strip ST, -r <y < r, is 
that f(z) is holomorphic in ST and that to every given /?, 0 < /? < r, there 
exists a finite positive #(/?) such that 

\f(x + (v)| < B(P)exp(-\x\((32 - y2)l/2\ -/3 < y < A -oo < x < oo. 

Also, if /(z) is holomorphic in the half -plane y > -a where a > 0 and if 

lim sup(l/r)log|ƒ(>'")| = h{0) < M, 0 < 0 < IT, 

then the Fourier-Hermite expansion of /(z) can never converge outside of the 
real axis. 

The results in Notes on linear transformations. I [63] clearly illustrate how 
Hille began his fusion of classical analysis into modern operator theory. Here 
it is shown that for suitably chosen Banach spaces for the vectors x = x(u), 
the Gauss-Weierstrass singular integral 

W(t)x = (irtyx/2 f°° Qxp(-u2/t)x(u + -)du 

and the Poisson integral for the upper half-plane 

n, v t r00 x(u + •) , P(t)x = - ƒ - \ ± du 
* J-oo U2 + t2 

satisfy the semigroup equation 

T(t)T(u) = T(t + u); t,u>0. (1) 

The semigroup equation is a mathematical statement of the principle of 
determinism as applied to problems in classical mechanics which are defined 
by a linear homogeneous equation. This may be seen by observing that the 
major premise of Huygen's principle as stated by J. Hadamard in 1903 asserts 
that in such a physical system, with initial state x0, the state S(t9 x0) at any 
time / > 0 is linear in x0 and is determined by its states at the two times 
t0 < t and t — t0by the equation 

S(t, x0) = S(t0, S(t - t0, x0)); 0<to<t. 

Hadamard, in applying this principle, was led to various functional equa­
tions satisfied by the solution of partial differential equations of hyperbolic 
type. In these cases the functional equations showed that the semigroup T(t) 
of equation (1) is a group. 

Hille's studies were primarily concerned with physical systems arising in 
the theories of heat conduction, diffusion problems, stochastic processes and 
potential theory. In such physical systems the state is not reversible and T(t), 
t > 0, is strictly a semigroup. His studies led to an abundance of interesting 
and useful semigroups. 

For example, the semigroup W(i) arises in the theory of heat conduction, 
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and W(t)x0 is the solution of the equation for heat conduction in one 
dimension with the initial temperature x0 = x0(u). Thus W(t)x$ 0 < Ms the 
solution for the parabolic initial value problem 

dx 1 d2x ( v ( v 
— = - — - , JC(0, w) = x 0 (« ) ; - O O < M < O O . 

The semigroup JP(7) arises in the Dirichlet problem for the upper half-plane, 
and P(t)x0 is the solution for this problem corresponding to the boundary 
values x0 = x0(u). Thus P(t)x0; 0 < f is the solution for the elliptic boundary 
value problem 

— - H = 0, x(09 u) = x0(u); -oo < u < oo. 
dt dv 

Poisson's integral for the circle leads to (1) if the parameter r is replaced by 
e~*. The semigroup equation is also encountered in the application of Abel's 
method of summation. An example of a different type leading to (1) is the 
theory of fractional integration. These examples are discussed in Notes on 
linear transformations. II. Analyticity of semi-groups [73]. 

The primary purpose of [73] is the investigation of the analyticity properties 
of the vectors T(t)x. The spectral properties of T{t) are also discussed. The 
following comments give a very brief summary of these investigations. 

It was observed in [63] that W(t)x and P(t)x are analytic in the right 
half-plane. The same property holds for the semigroups arising from Poisson's 
integral for the circle, Abel's method of summation and fractional integration. 

One of the major problems discussed in [73] is that of determining condi­
tions on the semigroup T(t); 0 < t which are necessary, and others which are 
sufficient to establish its extension to a semigroup T(a) defined and holomor-
phic on a right half-plane. 

In these studies it is convenient to define the notion of boundedness as 
follows. Let T(a); a = a + bi, 0 < a, -oo < b < oo be a holomorphic exten­
sion of T(t); 0 < t. Then, for every a0 > 0 there are constants A and B such 
that 

\T(a)\ < A cxp(B\a\); a0 < a, -oo < b < oo. (2) 

One set of sufficient conditions consists of the following. The norm \T(t)\ is 
a measurable function of t, for each x, T(t)x is weakly continuous on the 
right at each point t > 0, where T(0) = / ; the spectrum o(T(t)) of T(t) is 
located in the right half-plane for every / in some interval 0 < / < tx and the 
resolvent R(a; T(t)) is of subexponential order in a fixed sector for every / in 
an interval 0 < t < t2 and is of finite order for t — t2. 

Various modifications of these conditions are given. 
The sufficient conditions imply the existence of a holomorphic semigroup 

W(a) defined on a half-plane R{a) > c > 0 which satisfies (2) for R(a) > c 
+ 8; 8 > 0 and with W{t) = T(t); t > c. 

Besides the extension problem, [73] contains discussions of the problem of 
determining domains which contain the spectrum o(T(t)). One result states 
that if \T(t)\ is measurable on 0 < / and if the spectrum o(T(t)) lies in the 
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right half-plane for every t in some interval 0 < t < tv then there is a t0 > 0 
with the following property. For t in the interval 2~n~lt0 < t < 2~%, the 
spectrum o(T(t)) is located in the domain of a = r exp(/0) defined by the 
inequalities 

r2n < 2 cos(2w0), |0| < W2-"-1; « = 0, 1, . . . . 

There are many other results concerning the spectrum of T(t) as well as the 
existence of analytic extensions to a right half-plane. 

The paper [73] was the first of Hille's major contributions to the general 
theory of semigroups of linear operators. 

Among Hille's many other contributions to this field are the following. 
They may be found in the treatises [Bl] and [B2]. 

In this discussion it is assumed that T(t); 0 < / is a semigroup with the 
properties 

r(0) = I, T(t) is strongly continuous on 0 < t < oo. (3) 

Many results in [Bl] and [B2] do not use the assumption that T(0) = / . The 
assumption (3) is made here because it permits a more lucid statement of the 
results. 

The most basic problems in the theory of such semigroups are those 
concerned with the relations between T(t) and its infinitesimal generator A, 
This generator is defined by the equations 

A{h) = h~\T{h) - / ) , D(A) = lx: lim A(h)x exists), 
1 h-*0 ) 

Ax = lim A(h)x; x E D(A). 

The infinitesimal generator is a closed, densely defined operator related to 
the semigroup by the equation 

T{i)x = lim Qxp(tA(h))x; x G X 

uniformly on any finite interval. Many other equations of exponential type 
relating T(t) and A or A(h) are given in Chapter 10 of [B2], 

Relations of a different type are to be found in Chapter 11 of [B2]. One of 
the most useful of such relations may be stated as follows. The limit 

(o0= lim 7 log |7X0 | 

exists and -oo < co0 < oo. Every complex number a whose real part R(a) > 
o)0 is in the resolvent set of A and, for such a, 

R(a;A) = CeatT{t)x dt\ x G X. 

In Chapter XII of [B2] a converse problem is discussed. What properties 
should an operator A possess in order that it be the infinitesimal generator of 
a semigroup of bounded linear operators? The first solution to the problem 
was obtained independently by Hille and K. Yosida in 1948 and is known as 
the Hille-Yosida theorem. It states that if A is closed and densely defined, if 
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R(t;A) exists for t > 0 and if 

t\R(t;A)\< 1; 0 < t, 

then A is the infinitesimal generator of a strongly continuous semigroup T(t) 
with 17X01 < 1; / > 0. 

Hille's contribution to the theory of Lie semigroups as presented in Chapter 
XXV of [B2] is an extension of his work published in [95] and [96]. 

Finally, I want to emphasize the enormous contribution made by his 
applications of semigroup theory to partial differential equations. These 
applications grew so rapidly after the publication of [Bl] that a new treatise 
will be required to present them. They are nowhere discussed in [B2]. 

Besides these fields of investigation, Hille made important contributions to 
the theories of ordinary and partial differential equations, integral equations, 
summability, Fourier series and ergodic theory. 

Hille's honors were many. He was a member of the National Academy of 
Sciences, Royal Society of Sciences and Arts of Gothenburg, Physiographical 
Society of Lund, Royal Academy of Sciences of Stockholm and many more. 
He was president of the American Mathematical Society (1947-48) and 
colloquium speaker in 1944. He was editor of the Annals of Mathematics 
(1929-33) and of the Transactions of the American Mathematical Society 
(1937-43). He was made a Knight of the Swedish Order of the North Star 
and was awarded the John Ericsson Gold Medal by the American Society of 
Swedish Engineers. He taught at Harvard, Princeton, Yale, Stanford, 
Chicago, Stockholm, Uppsala, Nancy, Sorbonne, Mainz, Canberra, Haifa 
and the Tata Institute in Bombay. 
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