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AFFINE LIE ALGEBRAS AND HECKE MODULAR FORMS
BY V. G. KAC AND D. H. PETERSON

The character of a highest weight representation of an affine Lie algebra
can be written as a finite sum of products of classical ®-functions and certain
modular functions, called string functions. We find the transformation law for
the string functions, which allows us to compute them explicitly in many inter-
esting cases. Finally, we write an explicit formula for the partition function, in
the simplest case A(ll), and compute the string functions directly. After multi-
plication by the cube of the n-function, they turn out to be Hecke modular forms!

1. (See [3] or [7] for details.) Let g be a complex finite-dimensional simple
Lie algebra, § a Cartan subalgebra of g. A the set of roots of § in g. A, a set of
positive roots, Il = {a,, ..., o;} the corresponding set of simple roots, 6 the
highest root. Let (,) be an invariant symmetric bilinear form on g normalized
by (6, 6) = 2. For a € §* with (a, &) # 0 define H, € § by p(H,) = 2(B, 0)/(a, @)
for B € §*. Let W be the Weyl group of § in g. Denote by M the Z-span of
Wé (long roots).

Let C[z, ¢~1] be the algebra of Laurent polynomials over C in an indeter-
minate £. We regard § := C[z, #~!] ®gq as an (infinite-dimensional) complex
Lie algebra. Define the affine Lie algebra § as follows. Let §g=30©Cc®Cd
and define the bracket by

dx
[x yl4 =[x }’]g + Resg:o(E,J’)c, [d x] = t%, [e,x] =0=[c, d],

for x, y €§. The algebra § is an important example of a Kac-Moody algebra
[5], [10]. Note that Cc is the center of the algebra 8. The subalgebra B =
5® Cc © Cd is called the Cartan subalgebra of §. Fora € h*set §
{x € gl[h, x] = a(h)x for h € E)} then we have the root space decomposmon
§ = Di,-

Detine a nondegenerate symmetric bilinear form (,) on E) by (&, k') is un-
changed if 4, K’ € §C E) hc)=md)=0forh€h,(c,c)=(d, d)=0,
(c. d) = 1. We identify 5 with E)"' by this form; then E)* is identified with a
subspace in Y)* by ofc) = a(d) 0fora € §*. Fora€ E)* set & = al « SO that
aTeERC E)"‘ Define § € E)*bya(h) O0forh€%,8(c)=0, 8(d)—l
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The root system of § is defined to be the set
A= {a € ¥ #0, dim 3, #0}.

The numbers mult o := dim §,, are as follows: mult a = 1 fora € A+ Z§,=1
for a € Z5, a # 0, and = O for all the other a # 0. The set

A, ={ac€B@)>0tUA,

A 3
is the positive root system, and Il = {ay =8 — 0, a,, ..., g} is the set of
simple roots. The set of dual simple roots is

{ho =c—Hy, b :=Hai’i= 1,...,1}

We define a reflection LE GL( f) Mbyr ) =A- Ah)ey,i= A
AE E) *. The Weyl group W of 9 is the subgroup m GL(f) *) generated by all
r,i= » L We regard W as the subgroup of W generated by all r;,
i=1,. l. Fora € §* set

£,(0) = A + Me)e — (A, @) + BN, )5, A € §*
and set T = {¢,Ja € M}. Then one has
W=WiT

2 SetP—{Aer)*lh(d)—O Mr)EZ, i=0,...,1}, P_,_—
{RGPI)\(hi)>O i=0,...,l1},P= Pﬂ!)* Define p € E)*byp(h,)—l
i=0,...,0, pd)=0, and set g = p(c)-

Fix AE ﬁ+ ; there exists a unique irreducible §-module L(A) (the highest
wetght module) which admits a nonzero v € L(A) such that ga(v) 0 for
a€ A+ and h(v) A(h)v for h € E) ForA € 5* set L(A), = {v € L(A)Ih(v)
= Mh) for h € E)}, mult , (N):= dim L(A),. If mult,(A) # 0, A is called a
weight of L(A). We have L(A) = €L(A),, and mult, (wA) = mult, (7) for
we W (see [7] for details). The number m := A(c) is called the level of the
module L(A); this is a nonnegative integer, which is 0 if and only if dim L(A) = 1.

With respect to d we have the eigenspace decomposition

L= D LM,
kEZ,
where dim L) < e, Consider the domain D := {z + 7d +uclz€ §;1,u €C,
Im7>0} C E) We define the character of the §-module L(A) by

ch LAz, 7,0 = D trexp(-2mi(z + d + uc))lL(_k).
k>0

This is an absolutely convergent series defining a Weinvariant holomorphic func-
tion on D. The character can be written in terms of classical theta-functions
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0, ,- For A €Q ®; M, and a positive integer n, ®, ,, is the holomorphic func-
tion on D defined by

@A ,,(Z, 7, u) =e 2minu E e"i"|1|21'e—21rin7(z).
9
YEM+n lh

The character formula from [6] can be rewritten as follows:

—2mirpT =
e ch LN, , u) wé:w et WO, 7 o i wéjw et w)O, .
)

where r, = (2m + 28) A + pl? - (2) " !Ipl2.
Consider L(A) as an §-module; one has

L(A) = @ L, where L* = {v € L(A)Ih(v) = Mh)v for h € §}.
Acy*
Let A € §* be such that L* # 0. Choose the minimal n,, € Z such that
mult,(A+ A=A —-ny8) #0. Setr (N =-ny—Qm+2g) 'IA+5% +
@m)~'IN? + (22)71151?, and (cf. [8])

) = E™AMT S (dim LN N LER)e2mikT,
k>0

The function ¢3* is holomorphic on the upper half- plane it is called a string
function. We set ci =0 if L* = 0. Note that c* = cj5y for w € W & miM;
these string functions are called equivalent. It is easy to see that, due to W-
invariance, one has (cf. [8] and [9])
AL G W)= Y @O, T u). @
AEP/mM

Comparing (1) and (2) gives an identity, which together with the transformation
law for theta functions [1] gives the following:

THEOREM 1. Let A Gﬁ+ be such that m = A(c) > 0,and NEP,
Let N be the least positive integer such that N|u|?> € 2Z for u €P. Then

@ cAer = L AN AN @),
A'ep

e
A(c)=m
A'eEP/mM

where

14,1

BA,NAL XY =i Y IPMIT m T2 (m + g) 72 exp(2mim ~1(A, X))

2 (det wyexp(—=2mi(m + &) *(A + b, w(A' + D).
weEW
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®) n(r)di“‘gc,(\('r) is a cusp-form of weight |A , | for "(Nm) N["(N(m + 2),
with multiplier system given in [12].

3. Theorem 1 allows one to compute the string functions in many inter-
esting cases. For 0 <i <[ define Ai € ﬁ.,_ by Aghy) = 8;;, A(d) = 0. We write

¢y’ (1) for c,k ,where A=A, A= A

ExaMmpLE 1. Suppose all roots of g have equal length. Then all A EP_,_
with A(c) = 1 are conjugate under automorphisms and for each such A there is,
up to equivalence, a unique string function. Thus all nonzero string functions of
the modules of level 1 are equal to ¢, 9¢r). Using Theorem 1, we obtain co )=
n(r) ", which is proved in [7] by a more complicated method. For the A4,-
module L(A,) the weight multiplicities have been previously computed in [2].

EXAMPLE 2. Let g be of type B, with roots labelled as in the diagram

al az

@7
o o] = 0 .

Then there are three distinct string functions for A(¢) = 1, and

n(27) n(/2)

C}’(T) = n(T)H'l s o(T) cl( = o )l+l

1
n(r/2)n(rY ~2n(2r)

Similar results may be obtained for g of types G,, F,;, C3, but the general
case of C; seems difficult.

ExAMPLE 3. Theorem 1 can be generalized to the case of the Lie algebras
from Tables 2 and 3 (in notations of [7]). For A = A, there is, up to equiva-
lence, a unique string function, namely ¢(r), given as follows: n(r)~ for 4$?,
n(r) " 1n2r)! for AR, n(r)"'n@r) 7! for D{Z,, n(r)2n(27)~? for EP)
and n(r)"n(3r)~! for D{P.

4. The (generalized) Kostant partition function K on B"‘ is defined by
setting K(A) equal to the number of partitions of A as a sum of positive roots
(from 3_,) each root being taken with its multiplicity. The function K may be
used to compute mult, (A) [6], and hence to compute Cx A,

We do this straightforward computation for § = A,. Then § = ag + o,
A, = {(n+ 1)5, nd + ay, n6 + a,, where n > 0}, and mult & = 1 for all
a€ 3_,,. We have the formula

co(r) + cl(r) =

K(ngoy + ny0) = kgo - l)kp(3)((k + Dng —kn, - % Kk+1) @)

where p(3)(n) is defined by =, p®@)X" =11, ,(1 - X*)~3. Similar formulas
exist for all §, but are tractable only for type A ;- They are obtained using the
results from [11]. Applying (3) we obtain
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THEOREM 2. Let L(A) be an A 1-module of level m > 0, and let A € P,
e #0. Set a(N) = '((ACh,) + 1)2m +2)™, AN(r,}2m)™!) ER2. Let F be
the quadratic form F(x, y) = (m + 2)x*> — my? in R%. For v € R? set signv =
sign(v/m +2 x + \/-m—y-). Let G, be the subgroup of SL(2, R) generated by

m+1 m 2
m+2 m+1/)°

w’et@= 3 (signv)e*mFO), )
vEZz+a(7\)
F(v)>0
vmod G,

Then

The function (5) is a modular form of a type studied by Hecke [4]. Com-
paring (5) with Example 1 for = 1 we obtain an identity for n(r)?, which
appears in [4]. Comparing (5) with Example (b) from [7, p. 132] (see also [2,
Corollary 5.2]) we obtain a new identity

wnRr)= Y (—1)exp 21rir[QE—%—Q2- - 4m2] .

m,nez
n>3Im|
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