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MARKOYV PROCESSES AND RANDOM FIELDS'

BY E. B. DYNKIN

1. Introduction.

1.1. Suppose that a particle moves in a space E under the influence of
random factors. Its position x, at time ¢ is a random variable, that is a
measurable function on a space £ where a probability measure P is given.
The family X = {x,} is called a stochastic process in the state space E. It is
important to evaluate the future behaviour of the particle using, in the best
possible way, the information available at the present time. A stochastic
process X is Markovian if, for a given value of x,, the prognosis of the future
does not depend on the evolution before ;. A more symmetric form of the
same property is: the families x,, ¢ > #, and x, ¢t <, are conditionally
independent given x,. During the past decades Markov processes became a
powerful tool in partial differential equations and potential theory with
important applications to physics.

Recently a growing interest is attracted by a generalization of stochastic
processes known as random fields. A random field ® over a space E is a
family of random variables ¢,, x € E. This is a mathematical model for
systems with a large number of interacting random components which arise
in physics, biology, sociology, theory of automata, etc.

A random field ® over a space E has the Markov property on a pair of
subsets B, C of E if the values of ® on B and on C are conditionally
independent given the values on the intersection B N C.

Investigation of the Markov property of a random field is closely related to
the following prediction problem: To evaluate the values of the field on a set
C by functionals of its values on a set B. A field has the Markov property on
B, C if and only if the best estimate of values on C by values on B is a
functional of values on B N C.

More precisely, we consider the Hilbert space L%, P). Elements of this
space which are determined by the values of ® on B form a subspace L(B).
The best estimate of ¥ € L%, P) by an element of L(B) is, geometrically,
the orthogonal projection of Y on L(B); in probabilistic language, it is called
the conditional mathematical expectation of Y given @ on B.

Suppose that random variables ¢, are real-valued and let H be the
subspace of L%, P) linearly generated by ¢,, x € E. There exists an
important class of fields, called Gaussian fields (see the definition at the
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beginning of §2), for which the conditioning preserves H. This facilitates
greatly the investigation of Gaussian fields.

The Markov property of Gaussian random fields has been studied by many
authors: McKean [18], Molchan [20], [21] and others. Nelson [22], [23] has
shown that the Markov property of certain random fields on Euclidean spaces
has important implications for quantum field theory (see also [28]).

In this paper we introduce a class of Gaussian random fields associated
with families of symmetric Markov processes and we investigate the predict-
ion problem for such fields using paths of the Markov processes.

In particular, the Nelson free Markov field is associated with the exponen-
tially killed Brownian motion. The Brownian sheet, studied by Yeh [34], Orey
and Pruitt [25], Cairoli and Walsh [3], Walsh [29], Wong and Zakai [33] and
others, is associated with two (or several) Brownian motions on a positive
half-line (0, + o0) killed at the first hitting time of the origin.

Prerequisites for reading the article are a general knowledge of measure
theory and understanding the measure-theoretical meaning of such terms as a
probability space, the mathematical expectation of a random variable, the
joint probability distribution of several random variables (see e.g. [1] or [17]).
Beyond this we define all the probabilistic terms which we use.

1.2. A standard way to define a Markov process is to give the probability
Pp/(x, B) of the transition from a point x to the set B in time . We consider
the case when

p,(x, B) =f8p:(x’y)m(‘b’)

where m is a measure on the state space E (given on a o-algebra %). The
function p,(x, y) (subject to conditions listed in §3) is called the transition
density. We say that a Markov process is symmetric if p(x, y) = p(y, x) for
alls, x, y.

To every x € E there corresponds a measure P, on the space 2-the
probability law of the motion starting from the point x. If p is a measure on
E, then the integral of P, with respect to p is the law P, corresponding to
initial measure p.

An important example of a symmetric transition density in the d-dimen-
sional Euclidean space R“ (relative to the Lebesgue measure m) is the
function

p(x,») = e~ Qm)~ " exp(~ (1/20)|y - xP) (1)
where |y — x| is the Euclidean distance between x and y and A > 0 is a
constant. The corresponding Markov process is called the exponentially killed
Brownian motion (A describes the killing rate).
For the Brownian motion on a positive half-line
Px,y) = 2m)"V*[exp(— (1/20)y — x) — exp(— (1/20)|y + x[I)].
(1.2)

The function
-]
glx ) = [ p(x.y) at
0
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is called the Green function. For the density (1.2)

g(x,y) = min(x, y)
and for the density (1.1) withd = 1

g(x,y) = ()~ exp[ - VA |x — y]].

If g is finite, then there exists a Gaussian field indexed by x € E such that
Ep, =0,

Ep.9, = g(x,y). (13)

However for the most interesting densities like the Brownian density (1.1)
with d > 1, the Green function is infinite for x = y and no Gaussian field
satisfying (1.3) exists.

To overcome this difficulty, we introduce a field indexed by measures.

Put

(pyvy = fE @5 (x Y () (14)

and let 9N stand for the set of all o-finite measures p on (E, ) for which
{p, p) < oo. There exists a Gaussian field ® = {@,, p € M} such that
Eg, =0,

Ep,9, =<, v). (1.5)

We call ® the Gaussian field associated with the Markov process X .2
In the case of a finite Green function, we can define ¢, by the formula

Q= j;_ @, u(dx).

It follows from (1.5) that
‘pp-i-r = wp + (py a.s., wc" = C(P“ a.s.

for every positive constant c.

Traditionally, functions rather than measures are used to index random
fields. In our notations, this means that ¢, is considered only for p absolutely
continuous with respect to m. Since every m € 9 can be approximated in
metric (1.5) by absolutely continuous measures, there is no fundamental
difference between the two approaches. But the theory based on measures is
simpler in many respects.

Denote by 9 (B) the set of all p of YN which do not charge the
complement of B. The family @5 = {q,, p € I (B)} describes values of the
field ® on the set B.3

Under certain regularity conditions for the process X, the following two
results will be proved in §6:

THEOREM 1.2.1. The Gaussian field associated with a symmetric Markov

2There exists no relation between the probability spaces on which @ and X are defined.

3A similar definition is introduced in a recent paper of S. Albeverio and R. Hdegh-Krohn
(Comm. Math. Phys. 68 (1979), 95-128). Traditionally, to define @, a topology in E is used, a
direct definition is given only for open sets B, and closed sets are treated by passage to the limit.
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process X has the Markov property on all sets B, C such that:
1.2. A. It is impossible to reach C from B without crossing B n C.

THEOREM 1.2.2. The conditional mathematical expectation of @, given ®p is
®,, Where pg is the probability distribution of x, at the first hitting time T of B
assuming that the initial probability dlstnbutzon is pt

The Brownian motion has the property 1.2.A for every two closed sets
covering E. The same is true for every process with continuous paths in a
topological space. Note that the property 1.2.A is symmetric in B and C
because of the symmetry of p,(x, y).

Theorem 1.2.2 solves the prediction problem for an arbitrary set B € 9.

1.3. The Gaussian field ® associated with a family X of symmetric Markov
processes X', X2, ..., X* is defined on the product (E, B, m) of the state
spaces (E', ®',m'),i=1,2,..., k. Put

g(x,y) = g'(x',y") ... g*(x*, %)
forx =(xY...,x)y=0"%...,»%) (16)
where gi(x’, y’) is the Green function of X’. The field ® is defined by (1.4)
and (1.5). Now 9 is a class of measures on the product space (E, ®).

To investigate ®, we consider a path x/(w’), t' > 0, 0’ € & of the process
X' and we put

x(@) = (x}(@"), ..., xk(w*)) forw=(0,,...,0%),t=(..., 5.

(1.7)

The multidimensional time parameter ¢ takes values in the product T =
[0, 00] X - - - X[0, oo] of k positive half-lines. Put s < ¢ if s' <¢',...,s¥ <
t*. For k = 1, this is the standard ordering of positive numbers. For & > 1,
the ordering of T is only partial. Because of this, the first hitting time of a set -
B C E by X exists only for a limited class of sets B.

It does exist for rectangles B = B' X - - - X B*: if ¢! is the first hitting
time of B’ by X', then 7 = (7!, ..., 7¥) satisfies the conditions: if x, € B
then ¢ > 7 and for every # >, there is a 0 <¢ <wu such that x, € B.
Theorem 1.2.2 is applicable to this case and gives the solution of the
prediction problem for rectangles.

For other sets the solution is more complicated. Sometimes it has a form
P = Purs W> b7 € M. We extend the index set for @ to M = M — M
putting ,_,» = ¢, — ¢, which is possible since the equality p’ ~— p” = »" —
v” implies the equality ¢, — @,~ = @, — @, by linearity of ¢,. Generally, the
conditional mathematical expectation E(g,|®;) is the limit in quadratic mean
of ¢, for a sequence , € IN.

We continue the bilinear form (1.4) to M. For every LE 5, {pop> 20
and we put || p|| =V {p, p) .

1.4. We call a set elementary if it can be represented as a finite union of
rectangles. The prediction problem for elementary sets can be solved using
suitable families of stopping times.

Put s < ¢ if s* < ¢’ for every i. A stopping time t is a random element of T

4The “probability distribution” here could be any o-finite measure.
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with the property: for every ¢ € T, the event {7 < ¢} depends only on x,,
s < t. If 7' is a stopping time for X', i =1,...,k, thent = (r',...,7%)isa
stopping time for X (the converse is not true).

Let Q be a finite or a countable set and let a stopping time 7, and a
random variable Z, be defined for every ¢ € Q. We say that (7, Z) is a
B-resolving system if:

14.A. Z, depends only on x,, t < 7.

1.4.B. For every w and ¢, either x,(w) & B or

2 zZ=1
7,E€EZ,
Here Z, is the set of all 7, such that7, <tand x, € B.
The following result is a generalization of Theorem 1.2.2.

THEOREM 1.4.1. Let (7., Z,) be a B-resolving system and let Z~q = Z,14(x,).
Let P, stand for the measure on Q corresponding to the initial distribution
1 € . To every q € Q there correspond a signed measure®

p’q(c) = PquIC(xf') (1‘8)
and a positive measure
£,(C) = PIZ|1(x,). (19)
If
2 Nl < 003 (1.10)
q9€Q
then
E(9)P5) = 2 @, (1.11)
q9€Q

(the series converges in quadratic mean).

In §7 we give a general method of constructing resolving systems for
elementary sets. We also describe simpler resolving systems for interesting
particular cases (like the complement of a rectangle).

1.5. The prediction problem for nonelementary sets is postponed to a later
publication. Here we only mention that the following approach is possible.
Geometrically, E{q,|®;} is the orthogonal projection of ¢, on the space
H(B) linearly generated by ®,. Let H *(B) stand for the intersection of H(C)
over all elementary sets C which contain B. If the orthogonal projections of
¢, on all H(C) are known, then the projection on H *(B) can be obtained by
passage to the limit. Under certain conditions, the limit can be described
using integration. However H *(B) is generally larger than H(B) and the
evaluation of the orthogonal projections on H(B) and on H *(B) are closely
related but different problems. Up to now, these problems were studied only
for the Brownian sheet. The study was initiated by Walsh [29]; the most
complete results were recently obtained by Wolpert [32].

5If P is a measure and Z is a measurable function, then PZ means the integral of Z with
respect to P.
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The prediction problem is closely connected with the Dirichlet problem for
certain differential equations. If X is the d-dimensional Brownian motion and
if 5 is the first hitting time of a closed set B, then the function

F(x) = Pf(x,)

is a generalized solution of the Dirichlet problem for the Laplace equation
AF =0 in the domain E \ B with the boundary function f (see e.g. [7,
Chapter 2]). For a diffusion process X this is true with the Laplacian A
replaced by the infinitesimal generator D of X (which is an elliptic differential
operator).

Let now (7., Z,) be a B-resolving system for a family of diffusion processes
X', ..., X* and for a closed set B. Then the formula

F(x) =P, 3 Zf(x,)
q€Q

gives a generalized solution of the Dirichlet problem for the equation
D)...DAF(x',...,x*)=0

where the infinitesimal generator of X' acts on F as a function of x’ with the
frozen values of the rest of components.
For two one-dimensional Brownian motions this equation takes the form

9*F(x!, x?) =0

(3x")(8x?)*
It has been studied by Wolpert in connection with the prediction problem for
the Brownian sheet.

1.6. Let ® be the Gaussian field associated with one Markov process X.
Theorem 1.2.1 establishes the Markov property of ® on every pair B, C
subject to condition 1.2.A. We say that a pair B, C is standard if it satisfies
1.2.A and if B U C = E. A random variable F is called a splittable functional
of ® if, for every standard pair B, C, there exists a functional Fz of ®; and a
functional F of ®. such that F = Fy + F.

Let (2, ¥, P) be the probability space on which ® is given and let F be a
splittable functional of ®. Then the formula

PF(4) = L eFOP (duw) (1.12)

defines a new measure on (R, &) with respect to which the random field ® is
not Gaussian but has the Markov property on each standard pair B, C. For
this reason, it is important to find all splittable functionals of ®.

This can be done in terms of Gaussian fields @, k=0, 1, 2,...,
associated with k indistinguishable replicas X!, . . . , X* of the process X. The
field ®* is indexed by symmetric measures on E* (E is the state space of the
process X). Relying on a theorem of Kakutani-Ito-Segal®, we establish a
one-to-one correspondence between square-integrable functionals F of ® and
sequences Yy, Yy, ..., ¥;, ..., where Y, is an clement of the Hilbert space
linearly generated by the field ®*. To specify sequences corresponding to

SWe give a proof of this theorem in the Appendix.
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splittable functionals, we denote by H*(B) the Hilbert space linearly gener-
ated by the values of ®* on the rectangle B* and we say that Y is a tight
functional of ®* if Y belongs to H*(B) + H*(C) for all standard pairs B, C.
A square-integrable functional F of ® is splittable if and only if the correspond-
ing sequence Y, consists of tight functionals.

We have reduced the original problem to the problem of describing all tight
functionals of the field ®*. Let us say that x, y € E are neighbours if, for
every standard pair B, C, cither x,y € Borx,y € C. Put x = (x',..., x%)
€ D if all pairs x‘, x/ are neighbours. All elements of the Hilbert space
linearly generated by the values of ® on D are tight. The problem of
describing all tight functionals remains open. (For the Nelson free field and
some other stationary fields on Euclidean spaces, a related class of function-
als has been recently studied in [4].)

1.7. The results presented in Subsections 1.2-1.4 are based on a proba-
bilistic representation of the covariance function < u, »).

Let ¢’ be the life time of the process X’ and let { = (¢, ..., ¢¥). In the
case when »(dx) = p(x)m(dx), we have

{pv) = P‘J: p(x,) dt. (1.13)
The formula
4@, €)= [ o)l r dt (1.14)

determines, for every w € @, a measure A(w, ) on T concentrated on the set
{t: 0 < t < {} with the following property:

1.7.A. For alls < u € T, A(-, (s, w)) is a functional of x,, s <t < u.

A random measure with this property is called an additive functional of X.
It turns out that, for every » € O, there exists an additive functional 4, of X
such that

v = PALT). (1.15)
Hence
Eg,9, = P“A,(T). (1.16)

Formula (1.16) makes it possible to use paths of Markov processes
X', ..., X* for investigation of the associated Gaussian field ®.

Additive functionals of one Markov process have been studied by many
authors. We refer to [6] and [2] for earlier history and to [9] and [11] for
recent developments. In the case of several processes, the first nontrivial
examples of additive functionals were investigated by Wolpert [30], [31). A
general theory is developed in [10].

1.8. We shall use the following notations. Suppose that F is a real-valued
function in a measure space (R, ¥, P). We write F € ¥ if F is measurable
with respect to §. We say that a set C C Q is P-negligible if there exists a set
?, €F such that C c 2, and P(R,)=0. We writte FE ¥ as. P if F
coincides with a function F, € ¥ outside a P-negligible set. Let Y,(w) and
Z (w) be two functions on (2, F, P) depending on a parameter s € S. We say
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that Y and Z are P-indistinguishable if Y, (w) = Z(w) for all s € S outside a
P-negligible set.

1.9. The author is indebted to L. Gross and R. Wolpert for stimulating
discussions. He is especially grateful to R. Vanderbei who participated
actively in investigation of the prediction problem presented in §7 and who
contributed significantly to understanding of the subject. He also suggested a
number of corrections and improvements to the manuscript.

2. Gaussian random fields.
2.1. Normal distributions form a class of measures on the Euclidean space
R" which is invariant under all linear transformations

yk=2cijj+ak, k=1...,n 2.1)
J
and which contains the measure
u(B) = (27)~"? f e~ v Dge | dx (22
B
If X,, ..., X, are random variables with the probability distribution (2.2) and
if Y}, ..., Y, are connected with them by the transformation (2.1), then
EYk = ak, EYk)’l = dk, (2.3)
where
o = 2 €y (24)
J

Obviously the matrix o, is positive semidefinite, i.e.,
> o AN >0
k!

for all real numbers A, . .., A,. On the other hand, every positive semidefi-
nite matrix g;, can be represented in the form (2.4). Therefore, to every vector
a, and every positive semidefinite matrix g, there corresponds one and only
one normal distribution satisfying conditions (2.3).

A random field ® is a collection of random variables ¢, s €S on a
probability space (R, ¥, P) indexed by elements of an arbitrary set S. A
random field ® is Gaussian if, for every s,, ..., s, € S, the joint probability
distribution of ¢, ..., @, is normal. These distributions are completely
determined if Eg, and Eq,q, are given for all s, ¢ € S. Without any loss of
generality, we can assume that Ep, = 0. The function b(s, £) = Eq,, is called
the covariance function. A function b(s, 7) is the covariance function of a
Gaussian random field if and only if it is positive semidefinite, i.e., the matrix
0, = b(sy, s;) is positive semidefinite for all s,,...,5, €S, n=1,2,...,
(see e.g. [17, Chapter 9, §8]).

2.2. To every subset U of S there corresponds a subfield @, = {¢,,
u € U} of the field ®. Let %, be the minimal o-algebra in £ with respect to
which all functions ¢,, ¥ € U are measurable. We denote by E(Y|®,) the
conditional mathematical expectation of Y given %,.

A function Z on @ is called a functional of ®, if Z € %, a.s. P. Square
integrable functionals of ®, form a subspace L(U) of the Hilbert space
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L%, F, P). For every Y € L%, ¥, P), the expectation E(Y|®,) coincides
with the orthogonal projection of Y on L(U). This is the best estimate of Y by
a functional of ®,.

Let H(U) be the minimal subspace of the Hilbert space L(U) which
contains ¢,, 4 € U. We say that H(U) is linearly generated by ®, and we call
elements of H(U) linear functionals of ®,. If Y is a linear functional of a
Gaussian field @, then for every subfield ®,, the expectation E(Y|®,)
belongs to H(U) and therefore is the orthogonal projection of Y on H(U).

2.3. Let @5, @5, D, be subfields of a field . We say that @5 and @, are
conditionally independent given ®g if:

2.3.A. Forevery Y, € L(S)), Y, € L(S)),

E{Y,Y,|®5) = E(Y)|®5 ) E{Y,|®5) as.P.

Put Sy, = Sy U Sy, Spz = Sp U S,. The condition 2.3.A is equivalent to
2.3.B. Forevery Y € L(Sy,)

E(Y|®s ) € L(Sy).

For Gaussian fields, conditions 2.3.A, B are equivalent to each of the
following two assumptions.

2.3.C. The orthogonal projection of ¥ € H(S,) on the space H(Sy,)
belongs to H(Sy).

2.3.D. H(Sp))QH(S,) is orthogonal to H(Sy,)Q H(Sy). (Here HQ H’ means
the orthogonal complement of H’ in H.)

3. Gaussian fields associated with Markov transition densities.

3.1. Let (E, 8, m) be a measure space and let T, = (0, c0) be the open
positive half-line. A Markov transition density is a positive function p,(x, y),
t € T,,x,y € E with the following properties:

3.1A. p(x,») is By, X B X B -measurable (B, is the o-algebra of all
Borel subsets of T,).

3.LB. [ p(x, »)m (@)p(y, 2) = P, i{x, 2) foralls,t € T, x, z € E.

3.1C. fgp(x,y)ym(dy) < lforallt € T,, x € E.

We consider only densities which satisfy the additional conditions:

3.1.D. If x # x’, then p/(x, y) # p,(x’, y) for some ¢, y.

3.1.E. (Symmetry) p,(x, y) = p(», x) for all ¢, x, y.

To every transition density there corresponds a Markov process with a
stationary transition function

p{x, B) = fB (%, y)m (&) (3.1)

(see the definition in §4).

If p(x,y) is a symmetric transition density, then so is p](x,y) =
e p,(x, y) for every A € T,. We say that p* is obtained from p by A-killing.
Examples of symmetric transition densities are given in Subsection 1.2.

To every transition density there corresponds its Green function defined by
formula (1.2). This function can be infinite identically. However the Green
function corresponding to a killed density p}(x, y) has the following property:
for every x, g(x, y) < oo for m-almost all y.
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3.2. It follows from 3.1.B and 3.1.E that

> g x)ac = [ dt [ ft,2'm(d2) > 0
1 T, E

where

f(t’ z) = ? CkP:/z(xk’ z)'

Hence if g is finite, it is positive semidefinite, and there exists a Gaussian
random field ® = {¢,, x € E} with the covariance function g. To every
Green function there corresponds a positive semidefinite function { u, »> on
the space M = {u: {p, p> < o} defined by the formula (1.4). Thus there
exists a Gaussian field ® = {¢,, p € I} satisfying the condition (1.5). We
call ® the Gaussian field associated with p,(x, y) (or with the Markov process X
corresponding to p).

Applying the same arguments to the function g(x, y) defined by (1.6), we
prove the existence of a Gaussian field associated with a family of symmetric
transition densities.

3.3. We consider a metric in 91U defined by the formula

d(p 7) = K 1> + < w) = 2 w))2 (2
LemMA 3.1. Let p € 9N and let
@) = [ pa(x)n @), wlde) = a¥@m(@). (33
Then pgz belongs to 9 and
d(ps, 1) >0 asé6—-0.
PrOOF. Put
g'(s!, x', y") = flw pi(xhyDa, i=12...,k 34)
s
g(s, x,y) = g'(s", x', ") . .. g*(s%, x*, %) (33)

fors=(s,...,s5), x=(x, ..., x5,y =0\ ...,p%. Let

vy, = fE g Mg (s, %9} ().

It follows from (3.3) and 3.1.B that
s i) =y e Sl 1) = s B
Therefore

d(pg> 1)* = o p> + o 125 — 2(p> 1) >0 2380

LemMA 3.1 implies that measures absolutely continuous with respect to m
form in 9N an everywhere dense subset IN°. Note that finite measures are also
everywhere dense in I . Indeed, if p € I, then there exists a sequence E, 1 E
such that the restriction p, of p to E, is finite. We have

d(p,, p)’ = fE g MEIE(5 ) () >0 asn—> .
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4. Markov processes.

4.1. To specify a Markov process with a state space (E, %) and a sample
space (2, F), we define

(i) a mapping {(w) of Q into the extended half-line (0, + o] (the life time);

(i) for every w € @, t € [0, {(w)), a point x(w) of E (the path corresponding
to w);
(iii) for every ¢ > 0, a sub-c-algebra ¥, of F (events observable up to time
;

(iv) for every x € E, a probability measure P, on ¥ (the probability law
corresponding to a starting point x);

(v) for every t > 0, a measurable transformation 8, of (R, F) (the shift
operator).

The collection §, x,, F,, P,, 8, defines a Markov process X if:

41.A. 9, C 9, for s <t, and {w: {(w) > ¢, x(w) €E B} € §, forallt > 0,
Be%®.

4.1B. P (xo= x) = 1.

4.1.C. For every C € ¥, the function f(x) = P,(C) is B -measurable.

4.1.D. 0,$(w) = $(w) — ¢ for t < {(w),

0,x,(w) = x,,,(w) fort+ s < (w).

4.1.E. (MARKOV PROPERTY). For all x € E, ¢t > 0 and all positive Y € F,,
Zegyg,

P(Y1;,,0Z) = PX(Y1;>,P&Z). 4.1)

To every measure p on (E, %), there corresponds a measure P, on (2, %)
defined by the formula

P(C) = [ n(d0)P(C). (42)

We say that a set &, is negligible if it is P,-negligible for all o-finite measures u
and we write Y € ¥ as. if Y €  ass. P, for every p.

Formula (4.1) holds for every measure P, and all positive Y, Z such that
Ye % as,Z €T as.

4.2. In this paper we assume that the state space (E, D) is a standard Borel
space i.e. it is isomorphic to a Borel subset of a Euclidean space. Under this
assumption, to every Markov transition density p,(x,y) on (E, ®) there
corresponds a Markov process X such that

P(x,€B)=p(x,B), t>0,x€EBED, @3)

where p,(x, B) is defined by (3.1).” We call X a symmetric Markov process if
p,(x, y) satisfies the symmetry condition 3.1.E and condition 3.1.D.%

"This is true for every Markov transition function p,(x, B) independently of the representation
(3.1) (see the definition of a Markov transition function, for example in [6, Chapter 2]).

8A wider class of symmetric Markov processes is studied in the books of Silverstein [27] and
Fukushima [11): the existence of the density p,(x, y) is not assumed and the symmetry is required
in terms of the transition function: p,(x, dy)m(dx) = p,(y, dx)m(dy). On the other hand, both
authors impose stronger regularity conditions than condition 4.2.A.
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Put
Pf(x) = fE 2(x, &), 449

G f(x) = fo * e Pf(x) d. 45)

We say that a Markov process X is right if the following condition is
satisfied.

4.2.A. For every positive f € B, A > 0 and every probability measure u,
the function

Y, (@) = Gf(x,() fort €[0,¢w), Y(w)=0 fort > {(w)(46)

is P,-indistinguishable from a right-continuous function.

(This is a slight modification of “hypothéses droites” of Meyer. Right
processes are treated in detail in [12] and [8]. They include the class of
standard processes studied in [2] and [6].)

We call a transition density p,(x, y) regular if there exists a right Markov
process X satisfying (4.2) and (3.1). All densities considered in the Introduc-
tion are regular. Generally, p is regular if E is a locally compact separable
metric space, % is the collection of all Borel subseis of E and the transforma-
tions P, defined by (4.4) preserves the space C of continuous functions
tending to 0 at infinity (see e.g. [6, Theorem 3.14]). This criterion is applicable
to diffusions on differentiable manifolds for which p is the fundamental
solution of a certain parabolic differential equation.

There exists a wide class of random variables § < ¢ such that the reduction
of the life time to { does not destroy the Markov character of the process (see
[6, Chapter 10]). Under broad conditions, this transformation preserves both
symmetry and the Property 4.2.A. This is an important source of symmetric
regular transition densities. In particular, the A-killing considered in subsec-
tion 3.1 corresponds to { independent of the path and having the exponential
distribution P({ > u) = e ™. Another possibility is to kill at the first exit
time from a given set B.

4.3. Conditions 4.2.A and 3.1.D imply that for every f € ¥ and every
o-finite measure y the function f(x,(w)) is P,-indistinguishable from a B, X
% -measurable function. Applying Fubini’s theorem, we deduce from (4.3),
(4.4), (4.5) the following useful formula

G f(x) = P, fo ¥ e~M(x,) . @7

Let us consider a function 1(w) with values in the interval [0, {(v)) and,
possibly, a value +oco. It is called a stopping time if {r <t} € G, as. for
every t > 0.

Weput C € 9, if C N {r <t} € , as. for all 7. Intuitively, this means
that C is observable in time interval [0, 7 + €) for every positive e.

We shall use the following properties of right processes proved in [12] and
[8] (in the case of standard processes they are also proved in [2] and [6]).

4.3.A. (THE STRONG MARKOV PROPERTY.) If 7 is a stopping time, then for
each measure p and all positive Y € 9,,Z € ¥ as.

P(Y1,..0,Z) = P(Y1, P, Z). 4.8)
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4.3.B. For every progressive’ function F(¢, w), 7(w) = inf{¢: F(t, w) > 0} is
a stopping time. In particular, for every B € B, 75 = inf{t: t > 0, x, € B} is
a stopping time (it is called the first hitting time of B).

A point x is called regular for B if, for every u > 0, P {x, € B for some
0<t<u}=1 A set B is f-closed (or finely closed) if it contains all is
regular points. The set B consisting of all points of B and all points regular
for B is called the f-closure of B.

4.3.C. For every B € % and every o-finite measure p

P{x, @B} =0 and P(x, #x,}=0.

4.3.D. For every B € B and every p, there exists a sequence of f-closed
sets B, C B such that 75 175 a.s. P,

A positive function & € B is called excessive if P,h(x) < h(x) for all ¢, x
and P,h(x) > h(x) as t — 0.

43.E. If h is an excessive function, then, for every pair of stopping times
o < tandall x

Ph(x,) > Ph(x,).

44. Let a Markov process X' = ({', x\, F,si, P, §') with a state space
(E‘, ®') and a sample space (2, F‘) be given foreveryi=1,2,..., k. We
consider the product spaces

(E,®)=(E", ®") x - - - X (EX, B,
Q%= ,F) X - x(QFk), T =[0,00) X - -- X[0, o)
and we put
x(@) = (x}@"), . .., xk(w")),

F =9\ X XFk, P,=PLx ... xPk
6(w) = (Bp0, . . ., Ou®)

for w=(,..., 0" €EQ t=0¢,...,t"eT x=K...,x*€EE.
The collection (¢, x,, F,, P,, 0,) describes a family X of noninteracting Markov
processes.

We consider the partial ordering of T defined in subsection 1.3. Every two
elements s < 4 € T determine a finite open interval T] = {¢#: s <t <u}. We
denote by C + ¢ the translation of C through ¢ i.e. the set of all sums ¢ + ¢,
ceCandweput T =T+ ¢t = {u: t < u}.

All properties 4.1.A through E hold, the definitions of measures P,,
stopping times 7 and corresponding o-algebras F, are valid. The strong
Markov property 4.3.A holds if all processes X!, . . ., X* are right.

Note that, if 7' is a stopping time for X/, then 7 =(r!,...,7%) is a
stopping time for X and §, = F1 X + + + X% ..

9A real-valued function F(t, «) is strictly progressive if, for every u > 0, its restriction to the set
[0, u] X R is measurable with respect to B, X F, where B, is the Borel o-algebra on the interval
[0, u]. A function F is progressive if, for every o-finite measure p, F is P,-indistinguishable from
a strictly progressive function.
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The definitions of regular points and f-closure do not need any modifi-
cations. We just remark that the f-closure of a rectangle B=B'X--- xXB*
is the rectangle B = B! X - - - X B* where B is the f-closure of B’ relative
to X'.

S. Additive functionals.

5.1. Let X be a family of noninteracting Markov processes. Additive
functionals of X were introduced in subsection 1.7. The precise meaning of
the condition 1. 7 A is as follows

5.1.A. Let $° be the minimal o¢-algebra in € containing all sets {w:
x(w) € B}, t € T‘ Be ®.Foralls<u €T,

A(C, T EF} as.
Our principal tool is the following theorem.

THEOREM 5.1. Let X be a family of noninteracting symmetric right processes.
To every measure v € M there corresponds an additive functional A, of X with
the properties

5.1.A. There exists a negligible set , such that for all & & g,

(i) A,(w, T) is finite for all 0 < s < u € T and is continuous in s and t,

(i) 4,0, T)) = A(w, Ti D foralls <u € Tandallt € T.

5.1.B. For every positive f € By X B and every measure p

B[ S x)aa) = [ dt [ @) [ pix )6y (&),
51.C. Foreveyv € M andall0 <s<u €T
u 2
P,,,[A,(T;) ~ [ a¥x) dt] >0 asd—0

where a®(x) is defined by (3.3).

This theorem is proved in [10]. (If the family X consists of one process, the
proof is easy to get from the results of Chapter 5 of Fukushima’s book [9].
However the method of [11] does not work in the general case.)

5.2. Formula (1.15) follows from 5.2.B with f(z, x) = 1. We prove a few
other implications of Theorem 5.1 which we use in the next sections.

5.2.A. If » is concentrated on B and if Y,(w) =0 for all ¢, w such that
x(w) € B, then [ Y(w)4,(dt) = 0a.s. P, for all measures &

5.2.B. For every stopping time 7, posmve Ze9%,andC € B,

P,ZA(r + C) = P,ZP, A,(C).'°
52.C. Let T(s)={t: t € T, t' = s' for some i}. For every T-valued
random variable ¢ and for all p, » € M
A4,(T(0)) =0 as.P,
To prove 5.2.A, we note that 1,_, < 15 5(x,) and we apply 5.1.B to

f(t, x) = 15, g(x). The statement 5.2.B follows from 5.1.A (ii) and 4.3.A. The
property 5.3.C is an immediate implication of 5.1.A (i).

19The functions A4,(r + C) and P, A,(C) are not defined if 7 = c0. We apply the following
general rule: if a function under the integral sign is not defined on a set &/, put it equal to 0.
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6. Markov property of random fields associated with Markov processes.

6.1. In this section we prove Theorems 1.2.1 and 1.2.2 with the following
rigorous interpretation of condition 1.2.A:

6.1.A. Foreveryu > 0,x € B,y € C

P{x, ¢ BN Cfor0<t<uandx, € C}
= P,{x, & BN Cforall0 <t <wuandx, € B} =0.

It follows from 6.1.A that

6.1.B. For every measure g, T3¢ = max(7g, 7¢c) as. P,.

To prove this, we put 7 = min(7p, 7¢), 7" = max(7s, 7c) and we remark that
0,75 = 75 — 7,0,7c = 7o — 7. By the strong Markov property 4.3.A,

P{78nc > 7'} = P0(15nc > 1) = PP, (15,c > 7).

By 4.3.C, x, belongs to the f-closure of B or C. By 6.1.A, in both cases
P, (13nc > 7) = 0. Hence 75, ¢ < 7’ a.s. P, which, obviously, implies 6.1.B.
We deduce Theorem 1.2.1 from Theorem 1.2.2 which we prove first.
6.2. Since the field ® is Gaussian, Theorem 1.2.2 is, according to subsection
2.2, equivalent to the following statement: If measures p and p, are con-
nected by the formula

#s(C) = P,(x, € C) ©1)
where 7 is the first hitting time of B, then ¢, is the orthogonal projection of

@, on the space H(B) linearly generated by @5 = {¢,,» € 9 (B)}.
In order to prove this statement, we need to check that

Eq,9, = Eg, 9, forally € I(B); 6.2)
%, € H(B). 6.3)
By (1.16), the relation (6.2) is equivalent to
P,A(T)= P, A(T) forally € M(B). (6.4)
It follows from (6.1) that

ps(f) = P,f(x,) (65)

for every positive f € B . Taking f(x) = P, A,(T) and using 5.2.B, we have
PF'A,( T)= P“P‘A,( T) = P"A,(T’) (6.6)

where 77 = 7 + T. Since 7 is the first hitting time of B, P,A4,(T \ T") = 0 for
v € 9N(B) by 5.2.A. The relation (6.4) follows from (6.6).
Now we prove (6.3). Put h(x) = [ g(x, y)v (dy). It follows from 3.1.B that

P,h(x,) = fE g(s, x, y)r()

where g(s, x, y) is defined by (3.4). Hence A is an excessive function and, by
43.E, P h(x,) < h(x). Using (1.4) and (6.5), we get
b, v)> = pg(h) = P,h(x,) < p(h) = p, »).
Suppose that p € 9. Then
ips pg> < pps ) <y p) < 0
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and py € 9. If B is f-closed, then pug € IN(B) by 4.3.C. If B is an arbitrary
set of B, then, by 43.D, 75 175 = 7 as. P, for a sequence of f-closed sets
B,c B.Putz, = . It follows from (1. 16) and (6.6) that

hm EZ,9, = Ep, 9, forally € IM.

Besides EZ? < {p, p). Hence
lim EZ,Y = Eg, Y forevery Y € H(E).

Suppose that Y is orthogonal to H(B). Since Z, € H(B), we have EZ,Y =0
and hence Eg, Y = 0. This proves (6.3).

COROLLARY. If B is the f-closure of B, then H(B) = H(B).

Indeed, by 4.3.C, 75 = 15a.s. P,, hence py = pz and, by Theorem 1.2.2, the
orthogonal projections of ¢, on H(B) and H(B) coincide.

6.3. Let us prove Theorem 1.2.1. Denote by p’ and p” the restrictions of a
measure u to the sets C'=C N B and C" = C\ C". If p € IM(C), then
p=u + p” and ¢, = @, + @,.. Since ' € M(C N B), we have E(g,|®p)
=g, € HCnN B) By61B Tg = Tgnc 5. P,.. Hence pg = pg - and, by
Theorem 112, E(,/|®p) = @,; € HB N C). Now the statement of Theo-
rem 1.2.1 follows from 23.C.

6.4. In conclusion, we prove that the transformation (1.12) with a splittable
F preserves the Markov property on every standard pair B, C.

Put Z = ef, Z, = e, Z_ = e*c. The proof is based on the elementary
identity

PE(Y|®c) = P(YZ|D.)/P(Z|®:) as. P. 6.7)
Since Z = ZzZ, this implies
PE(Y|®c) = P(YZy|D)/P(Zp|®c) as. P. (6.8)

According to subsection 2.3, the Markov property of a random field on B,
C, is equivalent to the property 2.3.B for §;, =B, S, =C, S§4=BNn C. It
follows from (6.8) that 2.3.B holds for P¥ if it holds for P.

7. The prediction problem.
7.1. We start with the proof of Theorem 1.4.1. (Of course, condition 1.4.A
means that Z, € %, )
By (1.8) and (1 9), if &,(/f]) < oo, then
| ()] = |PZf(x,)| < PJZ,| | f(x,)] = B (|f)- (7.1
By (1.5),

E(9,)" = [ [ m(ax)g(x »)p(@) < [ [ B(d0)g(x, 2 @) = il
and the series in (1.11) converges. Denote its sum by Y. Since g, is con-
centrated on B, we have Y € H(B) and we need only to prove that, for every
v € M(B)

EYy, = Eq,9,. (7.2)

By (1.16)

EYW, = % E‘ph(p' = % P& A,(T). (7’3)
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It follows from 5.2.B that, for every » € M,
P, A(T)=P,Z,A(T%) =P, f L < A, (di) (74)
and
P, A(T) =P, fT 1Z11, <. 4, (do). (15)
We have

P A(T) = (g v) < |l 171l

and, by (1.16), the series (7.5) converges. By the dominated convergence
theorem, (7.4) implies that

ZPA(T)-Pf S Z4, (d). (7.6)
T 7,<t
Suppose that p € IN(B). It follows from 1.4.B and 5.2.A that the right side of
(7.6) is equal to P, 4,(T) = Eg,¢,, and (7.2) follows from (7.3) and (7.6).

7.2. Relying on Theorem 1.4.1, we investigate the prediction problem for
finite unions of rectangles. Obviously, the solutions for sets B and C coincide
if H(B) = H(C). Suppose that B is the union of rectangles B,, ..., B, and Bi
is the f-closure of B, We claim that H(B) = H(B) where B B,
U--- uld B The mclusmn H(B) C H(B) is evident. On the other hand, if
pE %(B), then p = p, + - - - +p, where g, € I(B,). By the corollary at
the end of subsection 6.2, H(B) = H(B;). Hence ¢, € H(B) C H(B) and
9, € H(B).

Due to this observation, we lose no generality considering only unions of
J-closed rectangles.

7.3. For an f-closed rectangle B, a resolving system consists of one stopping
time 75 and one function Z; = 1. The next simplest example is a union of
two rectangles.

THEOREM 7.1. Suppose that B', C' is a pair of f-closed sets subject to
condition 6.1.A with respect to a process X', i =1, ..., k. A resolving system
for the union of rectangles B=B' X - - - XB*¥ and C=C'x - .- xXC*
consists of three stopping times 7g, T and Ty, ¢ With the corresponding functions
Zy=2:,=1,2Zg,c=-1

PrOOF. By 6.1.B, for every i, max(rj, 7&:) = 74:,ci. Therefore if t > 75 and
t > 1, then t > 75, c. If x, € B, then the set £, either consists of one
element 75 or 7¢ or it includes all three stopping times 75, 7~ 2nd 75 . The
condition 1.4.B is satisfied in all cases. Condition 1.4.A is trivial.

COROLLARY. Under the conditions of Theorem 7.1
E(¢p|q)BUC) = E(‘P“IQB) + E(q)pIQC) - E(‘pﬂ.l(anC)'
This implies the relations
H(BuU C)=H(B)+ H(C), H(Bn C)=H(B)n H(C).

7.4. THEOREM 7.2. Let B} O - - + O B} be a decreasing sequence of f-closed
sets for a process X', and B} C - - - C B? be an increasing sequence of f-closed
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sets for a process X*. Denote by 1/ the first hitting time of B/ by X'. A resolving
system for the set B = U7 Bl X B2 is given by the formulae

n=(h) J=L2...,n,
= (het) J=L...,n—1,
lec-.szsl les-..snl’n=_l

Proor. If x, € B, then 7; € Z, at least for one _] Lett be the smallest and !/
be the largest value of j for whlch 7, € Z,.Sincer} < -+ - K7Ll >0 >
72, we have Z, = (T, o, T3 Tyyppr o v os Ty} Hence 4.1B holds. Again
4 1 A is trivial.

COROLLARY. Under the conditions of Theorem 1.2, for every p € I,
E{9|®s} = @,

where
n—1
m(9) = B 3 [fx)p 53) = M0 x3)] + Sxi 2) |
J-
7.5. Construction of resolving systems in a more general situation can be

done using the following

THEOREM 7.3. Let Q be the set of all vectors g = (¢, . . . , g*) with integral
coordinates q' > 0. Let a stopping time

T, = (‘qu,...,‘qu) (71.7)
be given for every q € Q and let
O=7{<r{< - <7/<--+, jl_i'111°1-j'=§'or+oo as. P, (1.8)
foreveryi=1,...,kandevery x € E. Put
I={t1<t<1y}, L=Ilx---xIk
and suppose that

{x, @B} c{x &Bforaltel}. (79
Putl < qifl < q,1 # g. Define Z, by the recurrent formula
z, = l,(x,')(l -3 Z,l,(x,‘)). (7.10)
<q

Then (1, Z,) is a resolving system for B.

PROOF. Again only 1.4.B needs verifying. If x, € B, then ¢ belongs to one
and only one rectangle /, and, by (7.9) x, € B. It follows from (7.10) that

> Zjlg(x,) = 1. (7.11)
I<q
Fort € I, 7, < tif and only if / < ¢, and 1.4.B follows from (7.11).
7.6. The condition (7.9) is satisfied if B is the union of rectangles B =
B} X - - - X Bf and if, for every i and j,
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{x} & B} c{x/ & B/foralls € I}. (7.12)

A sequence 7/ subject to conditions (7.12) can be defined in the following
way Fix i and put ¢t € A, if ¢ > s and if there exists j such that x; & B‘ and
x € B’ Let F(s) = inf A (or + o0 if A, is empty). The sequence

=0, 7'y =F(1) forj=0,12,..., (7.13)

satisfies (7.12). Using 4.3.B, it is easy to check that 7 are stopping times for
X'. Hence (7.7) are stopping times for X.

7.7. The function Z, defined by formula (7.10) can be written down
explicitly

00
Z=3Cn"' 3 15(x,) - - - 15(x,)- (7.14)
n=1 h<<:-: <l mgq
This formula has a simple combinatorial meaning A random set £ in T is
naturally associated with our problem. This is the set of all 7, for which
X, € B. Obviously Z is locally finite in the following sense for every
element of Z, there exists only a finite number of smaller elements.

Suppose that @ is an arbitrary locally finite partially ordered set. We say
that elements a,, . . . , @, of @ form a chain with the end a if a, < - - -+ < a,
= g. Denote by «,(a) and x_(a) the numbers of chains with the end a
having, respectively, an even and an odd number of elements. Formula (7.14)
means that

e = Kk_(1) — x,(1) ifr, €Z. (7.15)
(We note that

k_(a) — x,(a) = Ea‘#(b, a)

where u is the Mébius function of the set @ (see, e.g. [13, Chapter 2].)
7.8. Stopping times 7, defined by (7.13) satisfy the following relations

n+ O, =1, Ox = (7.16)

"l+
Let us introduce operators P? acting on measures by the formula
(pP)(f) = PA(x,) (7.17)

and let u? be the restriction of the measure p to the set B. Formulae (7.10)
and (7.16) imply the following recurrent relations for the measures p, defined

by (1.8)

B
b= (P = 3w (7.18)
I<q

Using (1.11) and (7.18), we can evaluate E(q,|®5) without computing Z,.

7.9. A resolving system for the complement B of a rectangle C =
C! X - - - X C* can be constructed in the following way.

For every subset u of the set 1,2,...,k, denote by B, the rectangle
B! X + -+ X B¥ where B} = E‘\C‘lszu,B‘=E'1f1€Eu Let 7, be the
flrst h1tt1ng time of B, and let Z, = (—1)™~! where |u| means the cardmahty
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of the set u. A resolving system for B is formed by (7,, Z,) where u runs over
all nonempty subsets.

To prove this, we put i € v if x € E’\ C’ for some ¢, and we note that the
set £ of subsection 7.5 consists of all 7,, # C v. The expression for Z, follows
from (7.10) or (7.15).

8. Gaussian fields associated with indistinguishable replicas of a Markov
process.

8.1. Let us consider k indistinguishable replicas of a Markov process X.
Since all particles look identically, only symmetric functions of w =
@' ..., w*) can be observed. The corresponding Gaussian field @* is
indexed by symmetric measures on E*.

“Symmetric” means invariant with respect to the group S of all permuta-
tions which acts on functions and measures on E* by formulae

f(x) = f(sx),  p*(B) = p(s™'B) 8.1
where sx = (x*D, ..., x*®) for x = (x!, ..., x¥). Obviously u*(f) = u(f*).
Similar formulae hold for the space 2*. Note that
st 51
(9) =@ (P“) = P,.. (8.2)

For every class K of functions or measures, we denote by K the set of all
symmetric elements of K.

To get the field ®, we consider the field P, 1 € M associated with
X', ..., X* and we restrict the index set to M.

8.2. The space Hg(B) is linearly generated by @, = {9, u € Mg(B)}. Let
Bg be the intersection of s~'B for all s € S. Evidently 9 (B) = IM(By).
Hence Hg(B) = Hg(Bg) and the prediction problem for ® should be ex-
amined only for symmetric sets B. In this case E(QJFI‘I)’;) is a symmetric
function of w and the expressions

E(‘;’pl%) = 2 q’“,’ "’q(F) = sz.'qf(xf.)
imply that

l 1 ~
*N=7 D BN == P 3 Z fx
”’q (f) k! Sgs ”‘q( ) k! FJES q f( s( ))

where 5(7) = (1*O(sw), . . . , *P(sw)) for 7 = (71, .. ., 7%).

The measures pt are symmetric and P belong to Hy(B).

8.3. To every B € B, there corresponds a symmetric rectangle B*. Let %
be the first hitting time of B, Put

rs(f) = PSf(x),  H(B) = Hyg(B"). @4

By subsection 7.2, ¢,x € H(B k) and, since p¥ is symmetric, ®,s belongs to
H*(B).

Let B, C be a standard pair for the process X and let N = B* y C*. It
follows from Theorem 7.1 that

E(9|P%) = @ + 9 — 9t - (8.5)

(83)
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This formula can be used for investigating tight functionals of ®*.

8.4. The statements in subsection 1.6 on the relation between the splittable
functionals of the Gaussian field ® associated with a Markov process X and
tight functionals of ®* follow immediately from the following theorem proved
in the Appendix.

THEOREM 8.1. Let the transition density of X satisfy the condition:

8.3.a. [ p(x, x) dt < oo for every § > 0, x € E.
Let @ be the Gaussian field associated with k indistinguishable replicas of the
process X and let ® = ®'. Then there exists, for every k=0,1,..., a
mapping m, of H* = H*(E) into the space Ly, of all square-integrable function-
als of ® such that

83.A. Em(Y)m(Y,) =0ifk #1,

Em(Y))m(Y,) = EY,Y,.
8.3.B. Every F € Ly has a unique representation F = ZF_o m(Y,), Y, €

HXE).
8.3.C. m(Y) is a functional of ®p if and only if Y € H*(B).

It follows from 8.3.C that #,(Y) is splittable if and only if Y is tight.

APPENDIX

Square-integrable functionals of a Gaussian random field.
0.1. Let (2, %, P) be a probability space. We consider symmetric real-
valued functions of k variables ), . . ., * € € and we put

(X,7) = k!js; e js;X(w‘, o0 Y(@ ..., 0*)P(de?) . . . P(dw*).

©.1)

Functions X for which (X, X) < oo form a Hilbert space I'*. The space I
consists of constants and I'! is identical with LR, %, P). Let I stand for the
set of all sequences X = (Xp, . . . , X - - - ), Xz € T* such that

o0

% (X X,) < 0. 0.2)

Then T is a Hilbert space with respect to the scalar product
o0
X, 7)= % (Xe> o) 03)

LetX €% Y €I". Put
XV YW,..., o)

1
- (1) (k) (k+1) (k+1)
_(k+1)!2X(w’ y e ooy @) Y(w0* AN )

04)
where the sum is taken over all permutations s of indexes (1,2,...,k + /).
It is easy to check that X \/ Y belongs to I'**’, For two arbitrary elements of
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T, we set

o0 n
XvY=3 23 XVY_ 05)
n=0 k=0
With respect to the operation (0.5), I" is an associative commutative algebra.
We call it the Fock algebra over (2, %, P).
The exponential mapping of I'' = LR, ¥, P) into T is defined by the
formula

exp Y = 2 — YW (0.6)
k=0 k!

where Y¥ js the kth power of Y in the algebra I'. It follows from (0.4) that
Y0, ..., 0%) = Y(o)... Y(oF) 0.7)
and by (0.1) and (0.3)
(exp X, exp Y) = X' 1), (0.8)

0.2. Let @ = {¢,, u € U} be a random field on (2, ¥, P). We denote by
T’y the minimal closed subalgebra of the Fock algebra I' which contains all
elements @,, u € U and we put I's = T'y, N I'*. Obviously T}, coincides with
the subspace Hy, of LY, ¥, P) linearly generated by ¢,, u € U.

THeOREM 0.1."' If ® is a Gaussian random field, then there exists a
one-to-one mapping w of Ty, onto the space Ly, of all square-integrable function-
als of ® such that

02A.7(X) = X for X € H,,

02.B. En(Y)m(Y,y) = (Y, Y) forall Y,, Y,, of Ty,

0.2.C. m(exp X) = eX~1%X for X € H,,

0.2.D. #(Y) is a functional of a subfield ¥ of the field ® if and only if Y
belongs to Ty,

Proof consists of the following steps: (i) We define # on the set Q =
exp Hy by the formula 0.2.C and we check that 0.2.B holds for all Y,, Y, of
Q. Hence 7 can be continued in a unique way to an isometry of the Hilbert
space Q linearly generated by Q onto the Hilbert space L linearly generated
by #(Q). (ii) We prove that Q T, L= = L,. (iii) We check the properties
0.2.A and 0.2.D.

Step 1. Every X of Hy is a normal random variable with mean 0. Hence

EeX = ¢iF* = 16 X), 0.9)

IfYy= exp X,, Y, =exp X,, X, X, € Hy, then, by 02.C, n(Y)n(Y,) =
exl+x2 e z(xl X)—3(X2 X)) and by (0 9)

En(Y)n(Y,) = T+ X2 X1+ X) o= 1(X0 X))~ 5Kz XD) o (X Xo), (0.10)
Formula 0.2.B follows from (0.10) and (0.8).

MDifferent forms of this theorem have been proved by Kakutani [16], Ito [15] and Segal [26].
The idea to use the exponential mapping is due to Neveu [24).
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Step 2. Suppose that Y € Ty, is orthogonal to Q. Then forall X € H,
o0
0=(Y,expX) =3 1/k! (Y, X1¥).
0

This implies that Y, is orthogonal to all products ¢, V- - - V¢,. Hence
Y=0andT; = 0.

Now let F € L, be orthogonal to L. For every X € H,, the function
h(f) = EFe'X is analytic in ¢. If it vanishes for all real ¢, it vanishes for all
complex ¢ as well. In particular,

EFe’* =0 forallX € Hy,. (0.11)

Put Y € 9 if Y is bounded and if EFY = 0. By (0.11), 9U contains the
family e’X, X € H, which is closed under multiplication. Besides U is a
linear space; it contains with each function the complex conjugate of this
function and with each uniformly bounded convergent sequence the limit of
this sequence. This implies (see [19, Chapter 1, Theorem 2] or [5, Lemma 1.2])
that W contains all bounded functions measurable with respect to the
o-algebra generated by e’*. Hence F is orthogonal to all bounded functionals
of the field @, and F = 0 a.s. P. This proves the equality L = L.

Step 3. Fix x € Hy and put F, = exp tX. It follows from (0.6) that
lim, .o ¢t~%(F, — 1) = X in T. Hence t“(ﬂ(F) — 1) > #(X) in Ly By 02.C
7(F) = eX~37XX)_ Hence m(X) =

The property 0.2.D follows from the fact that I'y, is linearly generated by
exp Hy and L, is linearly generated by w(exp Hy) which is true since the
reasoning of Step 2 is applicable to ¥ as well as to ®.

0.3. To prove Theorem 8.1, it is sufficient to define, for every k, a mapping
v of H* onto T in such a way that

03.A. (1, Y}, .Y = EY, Y, for every Y, Y, € H%,

0.3.B. For every set B, y, H*(B) = .

It follows from 0.2.A, B, C, D and 03Aand B that the mappings m, = 7y,
satisfy conditions 8.1.A, B, C.

0.4. For every py, - . . » i € ON(E), we put

MV« Vi = ‘/"’Es (1) X - =« Xp(K). 0.12)
Let Q be the set of all g, corresponding to measures p. of the form (0.12). Put
Whhv--vm =T IV V, ©.13)
where V/ is the operation defined by (0.4) and (0.5). By (0.1),
PV V0o @,V V) =3 By - - BBy (019)
On the other hand, by (0.12) and (1.5),
EQuy o ovuPrv v =SV - Vi Ve o Vi)
= 1/k! g <y ";(1)) RERY ",(k))-
It follows from (0.13), (0.14) and (0.15) that 0.3.A holds for all Y}, Y, of Q.

(0.15)
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We continue the mapping y, to an isomorphic mapping of the space O
linearly generated by Q onto the space Al‘f; which is linearly generated by
elements (0.13). It remains to show that Q = H* and then to verify 0.3.B.

0.5. LemMa 0.1. Let H stand for the subspace of H(E*) Iineaily generated by
D - e g With By -« 5 . € OU(E). Under condition 8.3.a, H = H(E*).

PROOF. Put p € S if 9 € H. According to subsection 3.3, the equality
= 9 will be proved if we show that, for every finite measure u € O,
the set 9 contains the measures p, defined by (3.3). We note that

1o(B) = [k (dx)my(B) (0.16)
where
me(B) = [ po(x, y)m(db). ©.17)
By (1.4), 3.1.B and 8.3.q,
gy, ms, ) = g(8, x, x) < oo.
Hence m;, € 9. Obviously m,, € I.
For every Y € H(E¥), the expectation EYeo,,, is measurable in x. Hence

(see e.g. [14, §3.2]), for every & > 0, there exists a partition of E* into disjoint
sets Cy, ..., G, . . ., such that

E(@p, = 9n,) <€ ifx,y €Con=12.... (0.18)

Choose an arbitrary point ¢, of C, and put i, = m;. for x € C,. By (0.18)
and (1.5)

|my, — rits ]| <e forallx € EX. (0.19)

By subsection 3.3, the restriction of p to E, = C, U - - - U C, converges to

in M. Therefore, without loss of generality, we can assume that u is con-
centrated on E,. Put

io(B) = [ b (@i (B) = 3 MCIm(B).  (020)
E' k=1

By (1.4), (0.16) and (0.19),
ko= s = fo> = [ 1 (dxKmy, = iy, my = 3 ()

< p(E*)’e2.
By (0.20), ji, € M. Hence p, € M.

0.6. It follows from Lemma 0.1 that the elements @, \/...\/u,> B>+« + 5 iy €
OM(E) linearly generate H*. Hence their orthogonal projections on H*(B)
linearly generate H*(B). It follows from subsections 7.2, 7.3, that the orthogo-
nal projection of ¢, \, ...\, o0 H k(B) has a form Piyv - Vi B+« o5 Bl €
9M.(B). Now the property 0.3.B follows from (0.13).
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