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BY L. AUSLANDER AND R. TOLIMIERI

HisToRICAL INTRODUCTION by L. Auslander

Let me begin with my view of a bit of history.

Before the Second World War mathematics in the United States was a
servant of the needs of others and mathematicians taught service courses.
Indeed, while A. Weil was teaching at an Eastern university it would be only
a slight exaggeration to say that he was forbidden from presenting proofs in
class and was called on the carpet by a dean for breaking this structure. In
the years after the War, mathematics became a subject in its own right.
Proofs became acceptable, as the creation of the “new math” proved to the
world. Mathematicians were in demand, were men in their own right and no
one’s servants.

However, this growth period had a very unfortunate side affect. While
mathematics was becoming a subject in its own right, many of its practi-
tioners wanted to rid themselves of their former servant image. They had felt
denigrated by the service role; so they denigrated service mathematics.
Unfortunately, they lumped together service mathematics and applied
mathematics. And so during this growth period of mathematics, there sprang
up a distinction between pure and applied mathematics. During these years,
the applied mathematicians felt the pure mathematicians looked down on
them, and so the communications between the pure and applied mathemati-
cians virtually dried up.

In this paper we willl show that there is really not much difference between
pure and applied mathematics. Indeed, we will cite instances of pure and
applied mathematicians doing the same or analogous mathematics, but be-
cause of the lack of communication neither knew of the others’” work.

With these broad generalities stated, let me try to explain how I came to
the writing of this paper. This may perhaps serve as an example of how the
gap between pure and applied mathematicians can be bridged.

I became interested in the study of the finite Fourier transform because I
needed to know the eigenvalues of the finite Fourier transform. This arose in
the study of the multiplicity of the regular representation of a solvmanifold.
This problem was solved and the solution can be found in [8, p. 95].
Tolimieri, and Tolimieri and I, took up this problem in [18] and [3] and
related the eigenvalue problem of the finite Fourier transform to a certain
algebra of theta functions as discussed in Chapter I of this paper. I felt that
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848 L. AUSLANDER AND R. TOLIMIERI

the mathematicians at the IBM Watson Research Center at Yorktown
Heights, New York, might be interested in these results. They were, and they
invited me to give a talk on my work. After the talk, James Cooley was kind
enough to point out that two electrical engineers, McClellan and Parks [16],
and the applied mathematician I. J. Good [11] had written interesting papers
on this subject. I. J. Good pointed out that Gauss had studied and really
solved the problem of the eigenvalues of the finite Fourier transform. All
these ideas are presented in Chapter 1.

My interest in the computational aspects of the finite Fourier transform
was aroused by the papers J. Cooley gave me. Tolimieri and I in [3] had
presented a proof of the Plancherel theorem for the reals that put the
Weil-Brezin (see [19] and [7]) mapping in a central position. I felt this would
yield a method for computing the finite Fourier transform. Indeed it did! It
yeilded the Cooley-Tukey algorithm. This inter-relation between the Cooley-
Tukey algorithm and the Weil-Brezin map is discussed in Chapter II.

All this aroused my interest in the computations of the finite Fourier
transform. I spent the Fall of 1977 at the IBM Watson Research Center
where I worked with S. Winograd. I have presented some of Winograd’s ideas
in Chapter IIL
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In most applications the finite Fourier transform F(n), n a positive integer,
is the n X n matrix whose entry in the a row and b column, 0 < @, b < n, is
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the number

1 .
eZmab /n
n

where ab denotes the product of the 2 numbers a and b. Thus

- () )

V2 1
1 1 1 1
F(3) =—1/1 e21ri/3 e21ri2/3 ,
V3 1 2m2/3  g2ni/3
(1 1 1 e 1
1 e2m’/n e21ri2/n . e e2-m‘(n—l)/n
1 1 e2m’2/n e2m‘4/n e e21ri2(n-—l)/n

Fmy =3

{ 1 e2m‘(n—l)/n e2m’2(n—l)/n .. e2m’(n—l)(n-l)/n

The main problem involving the finite Fourier transform is the following.
Given a complex valued function f(a), 0 < a < n, we want to compute the
function Y(b), 0 < b < n, given by

Y(0) f(0)
. = F(n) .

Y(n-1) f(n—=1)
We call Y(b) the finite Fourier transform of the function f(a) and we will
abbreviate this by Y = F(n)f and sometimes denote F(n)f by f.

However, on books on Harmonic Analysis the finite Fourier transform is
defined in the following, apparently, different fashion. Let Z/ n denote the
group of integers mod n. Let C denote the complex numbers and C*(n)
denote the multiplicative group of complex numbers /e\z’""‘/ "0<k<n, or
what is called the group of n roots of unity. Let Z/n denote the set of
homomorphisms of Z/n into C*(n). We make Z/n into a group by defining

(& +B)(a) = 4(a)-b(a), a€Z/ndbeEL/n,
where multiplication is in C*(n). The group Z7n is called the character group
of Z/n and is well known to be isomorphic to Z/n. We introduce the
notation b(a) = (a, b B,a€Z/n b€ Z/ n. Let f be a complex valued func-
tion on Z/n or Z/n We define |f]* = S e f(a)f(a) where G is Z/n or

Z/ n. We define L*Z/n) or L2(Z/ n) as the set of complex valued functions
onZ/nor Z/ n with the above norm. We define the finite Fourier transform

F(n): LXZ/n) — LXZ/n)
by

> f(a)a,b). )

5y =L
(F(n)f)(b) = n o
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(The multiplier 1/Vn is inserted to make F(n) a norm preserving linear
transformation or a unitary mapping or operator.)

In order to relate these two definitions of the finite Fourier transform of a
function, we have to introduce some identifications or isomorphisms. First
define r: Z/n — C*(n) by

r(a) = e/,  aq€Z/n.
We see that r is a homomorphism because
r(a + b) —_ e2m'(a+ b)/n e2m’a/ne21rib/n

Noting that e?™*/", 0 < a <n, is not equal to 1, we have that r is an
isomorphism. R

Next, define s: Z/n — Z/n as follows: For b € Z/n define s(b) € Z/n by
the formula

{a, s(b)) = /" alla € Z/n.

It is straightforward to verify that s is an isomorphism. Using s to identify
Z/n and Z/n formula (1) becomes

(F)B) =—— 3 fla)e™®/n, 0<b<n. @)
\/;l— O0<a<n

This is the same as F(n)f.

As above, throughout this paper we have tried to begin with the computa-
tional version of a result or problem and only then to present the more
abstract or structured version of the result.

The following is a brief chapter-by-chapter survey of the contents of this
paper.

In Chapter I we study the finite Fourier transform as a linear transform,
rather than as the matrix product F(n)f. Since F(n) is a unitary operator, and,
as we will show, F(n)* = I, where I is the identity map, F(n) is similar to a
diagonal matrix whose eigenvalues are *=1 and =*i. Hence as a linear
transformation, F(n) is uniquely determined by the dimension of the sub-
spaces V,, where V, consists of all vectors of functions in L%(Z/n) such that

F(n)f=af, a==x1, i

The dimension of V, is called the multiplicity of « and the problem of finding
the dimension of V,, « = = 1, %4, is called the multiplicity problem of the
finite Fourier transform F(n).

In Chapter I we survey the various results, some classical and some not so
classical, that enable us to solve the multiplicity problem for F(n). One of
these methods shows that being able to find the trace of F(n) for all n is
equivalent to solving the multiplicity problem. Since the trace of F(n) is the
quadratic Gauss sum this shows one relation of the multiplicity problem to
classical mathematics. We also discuss some recent results that link the finite
Fourier transform and the theory of nil-theta functions. These results center
about an algebra structure that can be associated with the collection of ali
finite Fourier transforms F(n), n > 0.
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CHAPTER 1. THE MULTIPLICITY PROBLEM

1. The Legendre symbol, quadratic reciprocity, and the trace of the finite
Fourier transform. One of the simplest invariants of a linear transformation is
its trace. In this section we will define the Legendre symbol (p/q) and show
that if Tr(F(n)) denotes the trace of the finite Fourier transform then

(%K%)=négﬁﬁgm)

where p and ¢ are odd primes. Of course the celebrated result of Gauss on
quadratic reciprocity states that

(g)(g) = ()= D/ /2,
q/\p

This shows one of the connections of the finite Fourier transform with
classical mathematics. In order to carry out this program, we will have to
introduce a representation p of the group Z/n™ of units (elements with
multiplicative inverse) in the ring Z/n on L%(Z/n).

We will now start this section with a discussion of the Legendre symbol.
Let p be an odd prime. Then Z/p is a field having p elements and Z/p™
consists of the nonzero elements of Z/p and is a cyclic group of orderp — 1.
Let

s = (et ez/p”).

It is easily verified that S is a subgroup of Z/p*. The elements of S are called
quadratic residues mod p. Again one verifies that the order of the quotient
group Z/p*/Sis2,or,forh €Z/p*,h & S,Z/p* =S U hSand S N hS
is empty. Let {1, -1} be the multiplicative group of order 2 and let 4 be the
group homomorphism of Z/p™ onto {1, -1} with kernel S. For the integers
Z let p: Z—>Z/p be the homomorphism with kernel consisting of the
multiples of p. For n € Z we define

n 0 if n = 0 mod p,
(P) - h(;‘)(n)) if n 2 0 mod p.

We call (n/p) the Legendre symbol. Since, if n, = n, mod p, (n,/p) = (n,/p)
we can consider (n/p) for n € (Z/p)*.
Our first task is to obtain an analytic formula for (n/p).

LemMa L.1.1. If n 2 O mod p

e2ming*/p — (_n_

e2miE/p, 1
P )O<£<p ( )

0<é<p
Proor. We will call R, CZ a complete residue system modp if the

homomorphism p restricted to R, defines a 1-1 surjection of R, onto Z/p. If
R, is any complete residue system mod p, then it is easy to verify that

2 e2m‘n£2/p = 2 e2m’n£2/p.
0<é<p £ER,
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Let k = 0 mod p and let R, be a complete residue system mod p and

kR, = kit € R,}.
Then it is easily verified that kR, is a complete residue system mod p.
Let(n/p) = land n = k* mod p, k € Z/p*. Then

D e2TinE* /P — D 27D /p D o2 /P = s £2miE/p
£ER, £ER, MELR, £ER,

and we have proven this case of the lemma.

Let (n/p) = -1 or p(n) € Z/p*, p(n) & S. As £ runs over a complete
residue system mod p, p(£?) runs over S twice and the point {0} once in Z/p.
Similarly, #£2 runs over AS twice and the point {0} once in Z/p. Hence

2 e2win£2/p + 2 eZm'&’/p =2 2 e2m’£/p.
£{ER, (ER, £€ER,

The right-hand sum is well known to be zero and so

S e = (=) S Y = (ﬁ) S it
(ER, (ER, P/ teR,
and we have verified our assertion.

Let f be a function defined on complete residue systems mod »n such that
for¢{ € R, and & € R, with § = £ mod n we have f(§) = f(§). We will talk of
f as a function on Z/n and use the notation f(£), § € Z/n.

We now begin the task of introducing the representation p of Z/p™ on
L*(Z/p) that combines with F(p) to give another formulation of Lemma
I.1.1. We begin the process of defining p by looking a little more closely at
L*(Z/n).

Let % (n) denote the complex valued functions on Z/n. Let

_|L a=4
we={o a2k

Clearly, (n) is an n-dimensional complex vector space and the n functions
f» @ € Z/n, determine a basis of %(n). We will now make %(n) an inner
product space as follows: For f, g € %(n) define

fey= 2 flw)g(a)
a€Z/n

where the bar denotes the complex conjugate. The resulting Hermitian inner
product space is denoted by L*(Z/n) and the n functions f,, @ € Z/n, define
an orthonormal basis of L%Z/ n).

We will now describe the unitary representation p of Z/n* on LXZ/n).
Since Z/n™ acting on Z/n by multiplication produces a group of automor-
phisms of the additive group Z/n, we may define for eacha € Z/n* a linear
transformation p(a) of L%(Z/n) by setting

p(a)(f)s = flas), s E€Z/nf € LHZ/n).
Because p(a)f, = f,-1,, Where f,, @« € Z/n, is the orthonormal basis defined
above, it follows that p(a) is a unitary operator on LXZ/n), a € Z/n*. If
U(n) denotes the group of unitary operators on L%(Z/n) it is easily verified

a,f €Z/n.
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that
p:Z/n>* - U(n)
is a group monomorphism.
We will now review briefly, and then extend, the material on the finite
Fourier transform that we gave in the Introduction.
Let C denote the field of complex numbers and let C* denote the
multiplicative group of complex numbers of absolute value 1. A character on

Z/n is a group homomorphism A: Z/n — C;. The set of all characters on
Z/n is denoted by Z/n. For A, A, € Z/n, we define

(A +2)a =N(a)A(a), a€Z/n.

Then Z7n is a group, isomorphic to Z/n. For 0 < a <m, letA,: Z/n — C{
be defined by

A\ (a) = e~ ?mac/n g e Z/n.

Clearly A, is a well defined character on Z/n and it is easily verified that Z7n
consists of the n characters A,, 0 < @ < n. Notice A, € L*Z/n) and

e s

a,8 € Z/n. Hence the A,, 0 < @ < n, are an orthogonal basis of LXZ/n).
We can now define the finite Fourier transform F(n) of Z/n as the linear
mapping of L%Z/n) defined for f € L%Z/n) by
1 1 .
(F()f)a) = —={fih> =—= 3 f(B)e’me/"
Vn Vn BEZ/n

where a € Z/n. Notice that
F(n)f, = ——A_, and F(nA,=V7f,,
Vn

thus
F(n)f,=f-, and F(n)*=1
where I is the identity mapping. Also
ifa=p,

(R gy = 3 Aah gy = {52 25

Hence (F(n)f,, F(n)fs> = {f,, fs> and F(n) is a unitary operator on LYZ/n)
of order 4. We also have that

(FOY )@ = —= (A = S f(B)e

ngez/n

Since
F(n)fg(a) = —\/lﬁ— {fp ) = -\/%— yezz/n /7 (@)

it follows that the matrix of F(n) with respect to the basis fz, 8 € Z/n, is
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given by
1
Vn

Although the linear transformation F(n) is represented by different matrices
relative to different bases we will denote the above matrix also by F(n).

Since p(a) € U(n), a € Z/n™, and F(n) € U(n) we can form
F(n)o(a)F(n)™. Because p(a)A, = A,, we have immediately that

F(n)p(a)F(n)™" = p(a)™ = p(a™).
We can now relate the above results to Lemma I.1.1. and the results of
Gauss on quadratic reciprocity and the value of quadratic Gauss sums.
If Tr( ) denotes the trace of the linear transformation in the bracket we
have immediately that

(e?™Br/ny, 0 < B,y <n.

Ti(F(n) = 3 el

aE€EZ/n
Tr(p(a)F(n) = 3 &/,
a€Z/n

Now let n and m be relatively prime positive integers and let y = am + Bn,
0<a<n0< B<m

The Chinese remainder theorem implies that the set of all such y is a
complete residue system mod nm. Now let f, € L%(Z/n), 0 < a < n, and let
fz € LX(Z/n), 0 < B < m, be the basis of LXZ/n) and L%(Z/m) as defined
above. Let x(f,, fg) = fum+pn> Where £, 0 <y <nm, is a basis of L*(Z/nm)
as above. Extend x to a bilinear mapping of L%Z/n) X LXZ/m)—
L%Z/nm). Then x induces a linear map x*: L%Z/n)® L¥Z/m)—
L*(Z/nm). 1t is easily verified that x* is an isomorphism. A straightforward
computation then shows that the tensor product of the linear operators
p(m)F(n) and p(n) F(m) satisfies

p(m)F(n) ® p(n)F(m) = F(nm). )
The result of Lemma I.1.1 can now be stated as
Trp(h)F(p)) = (5 Tr(Fp)), b= 0modp, )

p an odd prime. Since the trace of a tensor product is the product of the
traces of the factors, we have from equations (2) and (3) that

(%)(%)Tr(F( P)Tr(F(9)) = Tr(F(pq))

or

(2)(E) =" rrty iy )

and we have verified the result we stated at the beginning of this section.
The formula

(fq—)( %) = (_l)l(p— D/2e=D/21 b and g odd primes, )
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is Gauss’ celebrated formula for quadratic reciprocity. Formula (5) has many
elementary proofs; see for instance, Hardy and Wright [12]. But Gauss also
established the following fundamental result.

THEOREM 1.1.2. Let F(n) denote the finite Fourier transform on L*(Z/n) and
let Tr(F(n)) denote the trace of F(n). Then

i+ 1 ifn=0mod4,

1 if n =1 mod 4,
Te(F(m) = Zn =2 mod 4 ©
i if n = 3 mod 4.

Although formula (5) has elementary proofs Theorem 1.1.2 has, to our
knowledge no elementary proof and seems to be much deeper than quadratic
reciprocity. In [13] there is an interesting discussion of the many proofs of
quadratic reciprocity.

In the next section we will relate the problem of computing Tr(F(n)),
n > 0, to the multiplicity problem for F(n). However, before doing this, we
pause to show what insights elementary considerations can give us about
Theorem 1.1.2.

We begin by showing that Tr(F(2r)) = 0, r odd, is easily verified. For

Tr(F(2r)) = 2 o2miE/2r 4 2 e2m‘(£+r)2/zr_
o<é<r 0<t<r

Because 7 is odd, e2™/2 = _1 and e*m¢+"*/2r = _1¢2m"/2r and we have
established that Tr(F(2r)) = 0, r odd.
Let p be an odd prime. We will now show that Tr(F(4p)) = 1 + i implies

T =] e
By (2
Tr(p(4) F(p))Tr(p(p) F(4)) = Tr(F(4p)) = 1 + .
Lemma I.1.1 gives
Tr(p(4)F(p)) = (4/p)Tr(F(p)) = Tr(F(p))
as it is easy to verify that (4/p) = 1. Thus
14+
) = T Goyr@y

But we can easily write out the four terms of the sum Tr(p(p)F(4)) to prove
that

14+i ifp=1mod4,
T F@4)) =
(p(p)F(4)) {l—i if p = 3 mod 4.
This shows that

1 ifn=1mod4
Tr(F(p)) = ;
o(F(p)) {i if 7 = 3 mod 4.
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2. Equivalence of the trace and eigenvalue problems for the finite Fourier
transform. This section relates Theorem 1.2.2 or the computation of Tr(F(n)),
n > 0, and the multiplicity problem as defined in the Introduction for F(n).
Since the trace of a linear transformation is the sum of is eigenvalues, it is
clear that a solution of the multiplicity problem for F(n) implies Theorem
I.1.2 or Gauss’ result in quadratic Gauss sums. What is very surprising is that
knowing Tr(F(n)) for all n enables us to solve the multiplicity problem for
F(n). The proof rests on a simple observation that is at the heart of Schur’s
proof of the computation of Tr(F(n)) (see [6, p. 351]). Schur observed that

1 0 - - - 0
o o - - 0 1

F(n) = 0

0O 1 O0- -0

and hence the characteristic polynomial of F*(n) is given by
(t = D2 4 1)Y2 0 podd,
(t = D2 4 1)*"D72 peven.

Since the eigenvalues of F%(n) are the square of the eigenvalues of F(n),
formula (7) yields both that the possible eigenvalues of F(n) are =1, +i and
the following result on multiplicity: If F(n) has m, eigenvalues 1, m, eigen-
values -1, m; eigenvalues i and m, eigenvalues —i then

Y

m,+m2=f;—l, m3+m4=n;1, n odd,
m,+m2=nT+2, m3+m4=n;2, n even. ®8)
and
Tr(F(n)) = (my — my) + i(my — my). )]
Now let Tr(F(n)) = a + i then (8) and (9) combine to yield for odd n
m —-—m=a, my — my = B,
m,+m2=n;1, m:,+m4=n;—1

and a similar set of equations for even n. Clearly, we can solve for m,, m,, ms,
my in terms of n, a, B and hence once we have evaluated Tr(F(n)) we have a
complete solution for the eigenvalue problem. This shows that the trace
problem for F(n) is equivalent to solving the eigenvalue problem.

Theorem 1.1.2 can now be stated in the following equivalent form.

THEOREM 1.1.2". Let F(n) denote the finite Fourier transform on Z/n and let
my, j =1, 2, 3, 4, denote the multiplicities of the eigenvalues 1, -1, i, —i of F(n),
respectively. The value of m;, j = 1,2, 3,4, as a function of n is given by the
following table.
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n m=1 m=-1 my=i my=-i

4dm m+1 m m m—i
dm+1 m+1 m m m (10)
dm+2 m+1 m+1 m m
dm+3 m+1 m+1 m+1 m

3. The algebra of the finite Fourier transform. Theorem 1.3.1 stated below
was first discovered and proven in [4] using nilpotent harmonic analysis and
its proof is independent of Theorem 1.1.2". However the equivalence of
Theorems 1.1.2" and 1.3.1 is easily established and requires no nilpotent
harmonic analysis.

Let C[X,, X,, X;] be the polynomial algebra in three indeterminants over
the complex numbers C and let C[X,, X7, X;] be the subalgebra generated by
X, X3 X3. Let

A, = C[X,, X2, X3]/ (X35 + X35),
%A, = C[X,, X3, X351/ (X5 + X{x7 + X3),
A = C[X,, X3, X3]/ (X3 + XiX3),

where () denotes the principal ideal in C[X,, X2, X7] of the polynomial in the
bracket. Let Y2 Y?* Y3, a,b,c €Z, a, b, ¢ > 0, denote the image in ¥,
a = 1,2, 3, of the monomial X{ X7° X;. Then it is easily established that

Y? Y X5, c=01,a,b>0,

is a vector space basis of the algebra %, a = 1, 2, 3. It is not difficult, using
elementary methods, to prove that

X$+ X5, X$+ XPx2+ x5, x5+ Xxix?

are each irreducible in C[X,, X2, X;]. Hence each of the algebras A, a=
1, 2, 3, has no divisors of zero.

THEOREM 1.3.1. Let A, a = 1, 2, 3, be as defined above and let A, — A,
a = 1,2, 3, be the linear transformation of N, such that
FYry2 vi)=(-0D%Ysv22v¥, c¢=01;ab3>0.

Let V(n) be the vector subspace of N, spanned by Y{ Y3® Y;¢ where a + 2b +
3¢ = n and let F(n) = F|V(n). Then dim V(n) = n and ¥ (n) is equivalent to
the finite Fourier transform F(n). Further

5(fg) = 5(N)%(g), fg€U,

ProOOF. Let us begin by verifying the last assertion of the theorem. To do
this we need only verify it for the basis elements. Now in %, (the other cases
are handled similarly)

Y{J Y22b = Y;i Y22e — Y;H»d Y%(b+c),
Y YR Y)Y v =yt yieroys,

Y{z Y22b Y33' Y{i Y22e Y33 _ — Yla+b+4 Y%(b+c+l) _ Y{H-b Y%(b+c+3)
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from which it is easy to verify that
F(y7 ¥2* Y3 v v v¥) = §(¥{ v3° v3)F(x{ v vy)

and so ¥ (fg) = F(NHF(g).
We will now indicate the inductive proof used to prove that dim V(n) = n

and %(n) and F(n) have the same eigenvalues with the same multiplicities.
This will prove that %(n) and F(n) are equivalent. We will adopt the notation
V. (n), x = = 1, £, for the subspace of V(n) of eigenvectors with eigenvalue
x of F(n).

We must now prove that dim ¥V, (n) satisfy the table of Theorem I1.1.2". This
is merely a property of %, and %(n) and does not use Theorem 1.1.2’ in its
proof.

By inspection the above assertion is true for n < 4. Consider n = 4m,
m > 1. Now

G(¥p YY) =i Vi Y} Ve
if and only if ¢ = 1, b is even and a + 2b = 4m — 3. Thus dim V,(4m) =

dim V,(4m — 3) = dim V,(4(m — 1) + 1) which by induction is equal to m.
Thus

dim V;(4m) = m
Similarly
G(ri Y3 ¥E) = —i Vi YR e
ifand onlyif ¢ = 1, bis odd and a + 2b = 4m — 3. Thus
dim V_,(4m) = dim V_(4m — 3) = dim V_(4(m — 1) + 1)
which by induction is equal to m — 1. Hence
dim V_;(4m) =m — 1.
Next
F(¥f Y2 YF) = ~ Y VP v
if and only if c =0, b is odd and a + 2b = 4m. Let b’ = b — 1. Then &’ is
evenanda + 2b' =4m — 2 = 4(m — 1) + 2. Thus
dim V_(4m) = dim V,(4(m — 1) + 2)
which by induction equals m. Thus
dim V_,(4m) = m.
Finally
F(YpYP vi)=vevy
if and only if ¢ =0, b is even and a + 2b = 4m. These constraints are
satisfied only by the following values of a and b:

a=4m, b=0; a=4m-1), b=2,...; a=0, b=2m.
Hence
dim V,(4m) = m + 1.
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Since

> dim V, (4m) = dim V(4m)

we have dim V(4m) = 4m and we have proven our result for n = 4m. The
other cases are proven in a similar way and the proof is omitted.
Thus Theorem 1.1.2" and I’ 4.1 are equivalent.

4. Direct solutions of trace and eigenvalue problems. Gauss’ original proof of
Theorem 1.1.2 can be found in H. Rademacher [17]. Gauss’ proof is algebraic
and very different from the proofs of his theorem that one finds in the usual
texts on elementary number theory. We will not summarize Gauss’ proof, but
we do seriously suggest that all readers examine Rademacher’s account of this
remarkable achievement.

We know two different analytic proofs of Theorem I.1.2 and these are the
proofs most often found in elementary texts. Schur’s proof was the first proof
that stressed the role of the finite Fourier transform and its eigenvalues.
Accordingly, we will begin with a brief discussion of Schur’s proof. We will
follow it with McClellan and Park’s proof of Theorem I.1.2". We will then
discuss the two analytic proofs of Theorem 1.1.2.

We will present Schur’s proof of Theorem I.1.2 only when n is an odd
prime p as this makes the discussion simpler, but exhibits all the most
interesting aspects of the method of proof. For those who want the whole
story, this can be found in [6].

As in §1.2, let m;, m,, m;, m, denote the multiplicity for F(p) of the
eigenvalues 1, -1, i, —i. In §1.2 we showed that

p+1 p—1

m,+m2=—5——-, m3+m4=——2—

and
Tr(F(p)) = my — my + i(my — my).

Schur’s method of proof is simply to obtain enough relations amongst the m’s
to enable them to be computed.

We begin with a result that shows that it is the sign that is the difficult part
of Theorem 1.1.2.

LEMMA 1.4.1. Let F(p) denote the finite Fourier transform on L*(Z/p), p an
odd prime. Then

+1 ifp=1mod34,

Tr(F(p)) = { +i ifp=3mod4.

PrOOF. A multiplicative character A of Z/p> is a homomorphism of the
multiplicative group Z/p™ into C}‘. We extend A to a function on Z/p by
defining A(0) = 0. Now let A be a nontrivial multiplicative character of
Z/p™; ie., there exists £ € Z/p™ such that A(§) # 1. View A as an element of
L*(Z/p). Since the characters

N = e, ae/p,

determine an orthogonal basis of L*(Z/p) and <A, A,> = p, we can write
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A =3 ,ez2/p G\, Wherea, = A\, A> /por

g, =1 S A@)ermtse,
P tez/p

An argument similar to that given in Theorem I.1.1 gives

LUORE N (£)eer.

Thus, Tr(F(p)) =V p a, where

a=5{G)™)

and ( /p) is the Legendre symbol that was defined as a multiplicative
character.

Again let A be an arbitrary multiplicative character. For ¢ 2 0 mod p,
Mex) = D a(cx).
a€EZ/p
Since A(cx) = A(c)\(x) we have
2 ad(ex)= X Mc)aA(x).
aE€Z/p

a€Z/p
Now A (cx) = A, (x) and so if a = ¢™'B we have

2 ar(ex) = X ah,(x)

a€Z/p a€Z/p
= > ax(x)= D A)aghs(x).
=7 1= 7 I

Hence a._g = A(c)a, for all B. Hence |a,| = |a |, where | | denotes the
absolute value, ¢ 2 0 mod p. Thus

AN =p(p—-1Da’=p—1
and

la;|=1/Vp .
Since Tr(F(p)) = V'p a, when A = (5), we have
|Tr(F(p))| = 1.
It is an elementary fact that (-1/p) = (-1)®~ /2, By Theorem L.1.1

Tr(F(p)) = (-1/p)Tr(F(p))
where the bar denotes the complex conjugate. Hence

Tri(F(p))(-1/p) = 1
or

_ [ %1 ifp=1mod4,
Tr(F(p)) = { +i ifp=3mod4.
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Lemma I.4.1 implies that
m —my==x1, m=m, if p =1mod4,
m, = m,, my— my=*1 ifp=3mod4
The fact that det(F(p)) = (— 1)™4™(— i)™+ will enable us to obtain the last

relation we require.
Let

A= det(ezm‘as/ ?)o <at<p
then
A = p?/*det(F(p))
and A is a Vandermond determinant. Hence
A= H (e2m'r/p _ e21lis/p)‘
0<s,r<p
Letn = e™/?; we have

A= H ,qr+s(,nr—s — ,q—(r—s))
0<s,r<p

= II 9+ I 2isin Z=n
0<s,r<p 0<s,r<p p
Because =23}, r + 5 = 2p((p — 1)/2)* we have [l n"** = 1. Hence

A = io=ve/2pe-0/2 ] sin (r=9)m
0<s<r<0 p
Because we know the form of F(p)* we see that

A2 = pp(_l)P(P“l)/Z
and
A = % p0=-D/2pp/2,
Since sin[(r — s)7/p] > 0for0 < s <r < p — 1 we must have
det 4 = iP@=D/2pp/2 = pP/2 det( F(p)).
Hence i??~V/2 = (—1)™i"™(— i)™. Thus

p_(_pz—_l) =2m, + my — my, mod4.
From which we have
m; — my,=mod 4 ifp=1mod4,
my — my,=mod 4 if p =3mod4.
This combines with our previous results to
1 ifp =mod4,
T(Fp) =1 . 7P~
i ifp=3moda4.
1.4.2. McCLELLAN AND PARK’s PROOF OF THEOREM 1.1.2°. The proof of
Theorem 1.1.2" by McClellan and Park is interesting for three reasons. First, it
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is the first direct proof of Theorem 1.1.2"; second, it is extremely explicity, in
that it exhibits eigenvectors; third, it rests on the use of Chebyshev sets. Using
Chebyshev sets is a very novel idea and we do not believe it would have
occurred to many “pure” mathematicians. It is also interesting to note that
McClellan and Park were ignorant of Schur’s work (see [15]). We will now try
to present the flavor of their proof. For complete details see [16].

We will list some basic facts about Chebyshev sets.

DEFINITION. A set of n smooth functions on an interval is a Chebyshev set
for the interval if any nonzero element in the linear span of the n functions
has at most » — 1 distinct zeros.

THEOREM C.1.
{1,cost,...,cos nt}is a Chebyshev set on [0, w].

{sint,...,sin nt} is a Chebyshev set on (0, ).

THEOREM C.2. If {@\(f), ..., 9,(£)} is a Chebyshev set on an interval and
15 « « « 5 t,4q are distinct points of the interval, then the matrix

oi(t) - d(2)

¢l(tn) Tt ¢n(tn)

is nonsingular. If 8, i = 1,...,n + 1, are all nonzero and alternate in sign,
then

o,(t)) v o,(21)8,

¢l(tn+]) tee ¢n(tn+l)8n+l

is a nonsingular matrix.

We will now list certain elementary facts about the finite Fourier trans-
form. Proofs can be found in [16].
DEFINITION. A function fon Z/n is called even if

fla)y=f(-a), a€Z/n
A function fon Z/ n is called odd if
fla) = —f(—a), a€Z/n

1. For f € LXZ/n), FA(n)(f)(a) = f(-a).

2. Let [x] denote the greatest integer less than x. Then L*(Z/n) has a
v = [n/2] + 1 dimensional subspace of even functions and an n — » dimen-
sional subspace of odd functions.

3. If f is an eigenvector of F(n), then f is either an even or odd function.

4. Even eigenvectors have eigenvalues *+ 1. Odd eigenvectors have eigenval-
ues *i.

5. If f is an even function, then F(n)(f) + f (F(n)(f) — f) is an eigenvector
of F(n) with eigenvalue 1 (—1). If fis an odd function, then iF(n)(f) —
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SFUF(n)(f) + f) is an eigenvector of F(n) with eigenvalue i (— ).

6. If g is an even (odd) eigenvector of F(n), then there exists an even (odd)
function f such that g = F(n)(f) = f (g = iF(n) ¥ f). We are now in a
position to outline the McClellan-Park proof.

Consider the cases N = 4m, 4m + 1, 4m + 2, 4m + 3 separately. Let m,,
i=1,2, 3,4, be as in the statement of Theorem 1.1.2". The steps of the proof
are as follows: Exhibit f, even functions 1 < k < m, such that F(n)f, + f,
k=1,...,m, are linearly independent. Since F(n)f, + f, has eigenvalue 1,
this will prove that the multiplicity of the eigenvalue 1 is greater than or equal
to m,. Exhibit f; even functions 1 < k < m, such that F(n)f, + f; are linearly
independent. Since F(n)f, — f, has eigenvalue —1, this will prove that the
multiplicity of the eigenvalue -1 is greater than or equal to m,. Similar
statements hold for m; and m,. Since m; + m, + m; + m, = N, this will
prove Theorem 1.1.2".

We will indicate the method of proof by working out for the case N = 4m
that the multiplicity of the eigenvalue 1 is greater than or equal to m;, = m +
1. Let f,, a=0,...,4m — 1, be the bases of L2(Z/N) where f, is the
function that takes the value 1 at « € Z/ N and zero at all other points. Let

g0 =Jo 8n = fom> g=f+fy_p i=1...,m—1
We need to study

m

20 a,(F(N)g + &)

i=

or
m
(F(N)+ 1) ag =0.
i=o
Since e ~27*/N = 2mN=K/N the coefficients of f,,, . . . , fo,, yield m + 1 equa-

tions in m + 1 unknowns that can be written as

(1 cos t, s cos(m — 1)¢, ce -n" a,
2a,

1 cos t,, ce- cos(m — 1)t,, e (-1)*"!
1 cost,,, ~--+ cos(m—1Dt,, -+ (1+VN) 2a,,

where t, =[(m + i —1)/m][#/2], i=1,...,m+ 1. We now apply Theo-
rem C.2 to conclude that the images of the vectors g, . . ., g, are indepen-
dent and so the multiplicity of the eigenvalue 1 is greater than or equal to
m+ 1for N =4m.

1.4.3. DIRICHLET’S PROOF OF THEOREM 1.1.2. We will now outline Dirichlet’s
proof of Theorem 1.1.2. Complete details can be found, for instance, in Lang
[14].

This proof of Theorem 1.1.2 rests on the following classical result about
Fourier series.
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THEOREM F.1. If 0 is a C’ function on [0, 1] then

o0

0(x)= > ¢, 0<x<lI,
m= — oo
and
9(0) + (1 ad
()2 ()=,,.=2.ow
where

1
c. = | O(x)e ¥m* gx,
. fo (x)
Now let fix) = e*™/" 0 < x <1, and let f(x)=f(x+ k), k=0,...,
n — 1. Then

£0) + £ (1) &2 4 2mitk+ 1),
2 - 2 '

Hence
n—1 £.0) + £.(1) 1+ e2mi/n N exmi/n 4 p2mi2*/n
k=0 2 2 2
ezm'(n-l)’/,, + e2min/n

2
By reassociating the terms in the sum, we obtain

”il £0) + £(1) =_;_+ S
k

1
SR/ 4 3 =\ Te(F(n)).
£=0 2 1 2
Let@=fy+--- +f,_,. Then § is C’ on [0, 1] and so, by Theorem F.1, we
have

n—1

Vi T(F(n) = 3 3 fo ' (x)e=2mms gy,

m= —oo

After some elementary operations that include completing the square, we
obtain

et o2 n N 2
\/; TI‘(F(n)) = 2 e~ minm /2f e2m(x—nm/2) /n dx.
0

m=—o0
If m is even e~ ™"/2 = 1 and if m is odd e~™"""/2 = j=" We split the sum
over even m and odd m. A computation that involves letting m = 2r or

m = 2r + 1 shows that the sums of the integrals over m even or m odd are
equal to

In —_ foo e2m‘/ny’ (b’.
— o0
One verifies that the above improper integral converges and that I, = V7 I,.
From all this we otain

Te(F(n)) =1 +i™")/ (A +i™h
which is another form of Theorem 1.1.2.



COMPUTING WITH THE FINITE FOURIER TRANSFORM 865

1.4.4. LANDSBERG’S PROOF OF THEOREM 1.1.2. We will now outline Lands-
berg’s proof of Theorem I.1.2 as presented in Bellman [5]. This proof is
particularly interesting in light of Theorem 1.3.3 and the fact that the algebra

is the algebra of theta functions of characteristic (0, 0) and period i. Lands-
berg’s proof rests on the famous functional equation satisfied by the theta
constants. To be more precise, the theta constants are the first order theta
functions of period ¢ = r + is, r > 0, evaluated at the origin. This is the

function
- .

(=3 e

n=-—oo

and f(¢) satisfies the functional equation

a\1/2 [ 7?
A0 =(%) f( , )
Clearly f(r) diverges along the line Re(#) = 0. To find the relation between
Gaussian sums and the theta constant f(¢), we examine f(¢) in a neighborhood
of its line of dlvergence
Let S(p,q) =29} e e~/ (p,q)=1. Set t = ¢ + wip/q where & > 0.
Then

q
d + E—l_p_) m— 1 + 2 2 e“"""%/q{ § e_('+3q)2'}.
q r=1 s=0

The function of ¢ in the right-hand bracket behaves like the integral

fwe‘('“")z' ds = faoe"‘"2e dw/q.
(V] r

Now as ¢ — 0 the above integral is asymptotic to

fwe“"zdw= vV .
gVe Yo 2qVe

Hence as ¢ — 0, we have f(¢ + wip/q) is asymptotic to Vr S(p, ¢)/q Ve .

One similarly finds that f(#>/f) is asymptotic to Vo S(—gq, p)/qVe as
¢ — 0. Using the fundamental functional equation and the asymptotics dis-
cussed above, we find

1 q-1 e-—m/4 p—1
_ 2 —nirp/q — S emitale,
Vgq r=o0 Vp r=0

Choosing q odd and p = 2 yields Theorem 1.1.2 for n odd.

5. The finite Heisenberg groups and the finite Fourier transform. In this
section we will begin to discuss the role that nilpotent harmonic analysis plays
in the theory of the finite Fourier transform. The reason for the importance of
nilpotent harmonic analysis is that certain finite nilpotent groups have the
finite Fourier transform built into their structure. The first indications of this
are given in this section and will be looked at again in Chapter II.
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Let R be a commutative ring with identity and such that 2x =0, x € R,
implies x = 0. We define the R -Heisenberg group as the group of matrices

1 a c¢
0 1 b
0 0 1

with a, b, c € R. It is easy to see that the R -Heisenberg may be defined as
the set

NR)=RXRXR = {(a,b,c)la,b,c € R}
with multiplication given by
(ay, by, ))(ay, by, ) = (ay + ay, by + by, ¢; + ¢, + a;b)).

The center of N(R), z(N(R)) = {(0, 0, ¢)|c € R} and N(R)/2(N(R)) ~ R
@ R . Clearly z(N(R)) is isomorphic to the R as an additive group.

We will now review some of the basic facts about unitary representations of
the groups N(Z/ n).

Let C™ denote the m-dimensional complex vector space (¢, ..., ¢C,) = C.
Define the usual Hermitian structure on C” by

m

{e,d) = 3 ¢4,
i=1
where bar denotes complex conjugate. Let U(m) denote the group of linear
transformation of C” such that for U € U(m) and ¢, d € C”

<c’ d> = <U(c)’ U(d)>'

U(m) is then called the group of unitary transformations of C". A unitary
representation p of a group G is a homomorphism of G into U(m). A unitary
representation p is called irreducible if the only subspace of C” invariant
under p(g), g € G, is C™ or 0. Also, p is called faithful if p is a monomor-
phism.

Let p, and p, be unitary representations of G on C”. We will say that p, is
unitarily equivalent to p, if there exists a unitary matrix U such that

U 'p(8)U =pyg), allg EG.

U is then called an intertwining operator for p, and p,.

Let I be the identity matrix in U(m) and let x be a character on an abelian
group A. By x/ we mean the unitary representation of 4 defined by (xI)(a)
= x(a)l,a € A.

Let G be a group and let z(G) denote the center of G.

THEOREM R.1. Let p, and p, be unitary representations of G and assume, in
addition, that p, is irreducible. Let U be an intertwining operator for p, and p,.
Then p, is irreducible and U is unique up to multiplication by an element of C{".

THEOREM R.2. Let p be an irreducible representation of G and let z(G) denote
the center of G. Then z restricted to z(G), p/z(G) = x - I, where x is a
character of z(G).

We will now state two results that are specific for the groups N(Z/n).
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These results give a picture of the faithful irreducible unitary representations
of N(Z/n).

THEOREM R.3. Let p, and p, be two irreducible unitary representations of
N(Z/n) then p, and p, are unitary equivalent if and only if p,|z2(N(Z/n)) =
p2|2(N(Z/ n)).

THEOREM R.4. Let A be a maximal abelian subgroup of N(Z/n) and let x be
a character on A such that x|z(N(Z/n)) is a faithful character. Then inducing x
Jrom A to N(Z/n) gives an irreducible unitary representation of N(Z/ n).

Thus, every faithful character x of z(N(Z/n)) extends to a faithful irreduc-
ible unitary representation of N(Z/n) and every faithful irreducible unitary
representation of N(Z/n) restricts to a faithful character on z(N(Z/ n)).

In order to introduce two irreducible unitary representations p, and p, of
N(Z /n) that have the finite Fourier transform as intertwining operator; i.e.,

F(")PzF(")—l =0/
we need to define the following matrices.

re2m‘a-0/n 0
Dn(a)= . s 0<a<n,
| 0 e2m’(n ~1a/n
(0 1 0 0
s=|" - .. .0
0 1
|1 0 e 0

Let A = (a, 0, ¢) and let x(0, 0, ¢) = €*™/". Inducing x from A to N(Z/n)
gives the following irreducible unitary representation of N(Z/n) =
{(a, b, c)la, b,c € Z/n}

pi(z2(N(Z/n))) = x - I,
Pl(a’ 0,0) = Dn(a)’
p1(0, b, 0) = (S,)".
Let B = (0, b, ¢) and let x(0, 0, ¢) = €>™/". Inducing x from B to N(Z/A)
gives the following irreducible unitary representations of N(Z/n)
pA(z(N(Z/n))) = x - I,
p2(a’ 0’ 0) = (Sn)a’
p2(0, b, 0) = D,(b).
It is an elementary exercise to verify that p, and p, are irreducible unitary
representations of N(Z/n) and if
1

F(n) = —(&?™/™), 0 <a,b<n,
Vn
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that
}‘-.(")PzF(”)_I =p/
or F(n) intertwines p, and p,. By the uniqueness of intertwining operators,
F(n) is essentially determined by the representations p, and p,.
At this point the appearance of F(n) as an intertwining operator for unitary
representations of N(Z/n) is totally unexplained. In §11.3 we will see another

way of looking at p, and p, that better explains the finite Fourier transform’s
role as an intertwining operator for p, and p,.

6. A proof of Theorem 1.3.3, nil-theta functions and theta functions. In this
section we will outline a proof of Theorem 1.3.3 that uses harmonic analysis
on the real Heisenberg group and is completely independent of Theorems
I.1.2 or 1.1.2". This proof shows the deep relation between the finite Fourier
transforms, F(n), n > 0, and the algebra of theta functions with periods 1 and
V-1. A complete exposition of this material can be found in Chapter II of
[1].

Let R denote the reals and Z C R, denote the integers. Let N = N(R) be
the R-Heisenberg group and let I' = N(Z) be the Z-Heisenberg group. Then
I'c N and T'\ N is a compact manifold. If (x,y,z) € N, x,y,z €R, then
the 3-form dx /A dy /\ dz induces a probability measure on I'\ N. We form
the Hilbert space LXT\N) and define a unitary representation U of N on
L¥T \ N) as follows: Forg € N, f € L? € (T \ N) define

(U(g)f)(Th) = f(Thg), h€EN.
It will be convenient to consider functions I' \ N as functions on N such that
f(yh) = f(h), y €T, h € N. In general, if fis a function on N and y € N we
set
L,(f)(h) = f(r'h)
and call £ the left action. For each m € Z, let
H(m) = {f € LT\ N)|f(x,y,z + t) = &"f(x,y, 2)}.
One verifies that U(g)H(m) = H(m), g € N, and that

L T\N) = %Z @ H(m)

where the sum is the orthogonal sum.
We now want to better understand the spaces H(m). To do this we
introduce the automorphism

D,:N—>N

given by N, (x, y, z) = (mx, y, mz). By letting f — f o D,, we may use D,, to
induce a linear mapping of LT \ N). By a slight abuse of notation we will
denote this linear mapping also by D,,. Then

D, (H(1)) c H(m).
One verifies that

m—1
H(m) = jgo £0/mo Dn(H(1))).
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We will denote £;/,,0/(D,(H(1))) by H(m,j), 0<j<m—1 Then
U(g)H(m, j) = H(m,j), g € N, allj. A deeper fact is that each of the spaces
H(m, j) is irreducible under the action of U and that H(m, k) and H(n, k) are
unitary equivalent with respect to U if and only if m = n.

The notions of irreducibility and unitary equivalence are the general
Hilbert space analogues of those introduced in the previous section. We will
say more about the structure of H(1) in §II, where we consider the Weil-
Brezin map.

We next observe that

J(.X;,y, Z) = ('_ya X, 2 — xy)
is an automorphism of N such that J(I') = I" and such that J(H(m)) = H(m).
Hence J induces a unitary operator on H(m) which we call J,,. The action of
J, on H(1) corresponds to the real Fourier transform in a sense that will be
discussed in Chapter II.

In [1] we showed that J enables us to define a first order differential
operator D(J) on I' \ N such that

D(J)f=DW)J(f), feC?T\N).
Let
O(m)={f€ C®°n Hm)|D(J)f=0}, m>0.
We will now outline the main properties of the subspaces ®(m) and © =
2 >0 D O(m). (Notice, since f € O(m) and g € O(n) are both C* functions
on I' \ N their product fg is a C* function on I'\ N.) First, O is an algebra
and ©O(m)O(n) C O(m + n). Second, J(B(m)) = O(m). Third, dim O(m) =
m. Finally, © has no zero divisors.
The representation theory can be used to prove that

m—1
o(m) = 3 & 6(m.))
I=
(p(x$ Vs Z) = ez""‘ 2 e—"()’*'l)zeZm'Ix.
leZ

The relationship between the algebra ® and J and the space 2 = 2, ®
L*(Z/n) and the finite Fourier transform extend to 2 by F =3, ., ® F(n)
is given by the following theorem.

THEOREM 1.6.1. There exists a unitary operator V: © — 2 satisfying
(1) V(©(n)) = LXZ/n),
Q@ F=viv.

It follows that @ can be given the algebra structure of ® and since

JU1 ) = JDI(f), fis fo € O, we have

F(g,8) = F(8)F(g). 8.8 €2.
It is also proved in [4] that © is isomorphic to

ClX, X3 X3]/ (X5 + X{X3 + X5)
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and so Theorem 1.3.1 follows from Theorem 1.6.1.
The proof of Theorem 1.6.1 proceeds in the following way. We need to find
a basis of ®(m) such that the matrix of Jm with respect to this basis is

g, =
Vm

We do this as follows. Let

e2meB/m 0 < a,B < m.

¢, (x,v,2) = o2miz 2 e-—'rrm(y+l)2e217ilx.
I'ez

Then D, (¢,) € O(m, 0) and we can form the basis

@i = Loj/mo)(Pp(®y)),  0<j<m,

of ©(m). In [1] we show that ¢,,;, 0 < j < m, is the required basis.

We can also verify this result using the ideas of §1.5. First, we define a
representation U, of the Z/m-Heisenberg group N(Z/m) on ©(m) as follows.
Forf € ®(m)and a, b, c € Z let

Ul(m)(a’ O’ O)f = L(a/m,O,O)f’
U,(m)(0, b, 0)f = Lo,/ morfs
U,(m)(0, 0, ¢)f = e*m(c/myf,

It is not hard to see that with respect to the basis ¢,,;, defined above, that
U,(m) is a unitary representation of N(Z/m) on ®(m) and that the matrix
U,(m) = p,, p; as defined in the previous section. Also one verifies that

J'U(m)J = p,.

Since J(m) intertwines p, and p, it follows that J(m) = cF(m) where |c| = 1.
One then verifies that ¢ = 1 and we have our assertion.

CHAPTER II. THE COOLEY-TUKEY ALGORITHM AND THE WEIL-BREZIN MAP

1. The Cooley-Tukey algorithm. Currently the most popular algorithm for
computing the finite Fourier transform is called the Cooley-Tukey algorithm.
The history of this algorithm has been set forth in an interesting article by
Cooley et al. [9] and the original paper is Cooley and Tukey [10]. It is our
intention in this section to analyze in some detail the basic construction upon
which the Cooley-Tukey algorithm rests. This will enable us to relate the
Cooley-Tukey algorithm to the Weil-Brezin map (see [19], [7]) and the proof
of the Plancherel theorem for the reals as given in Chapter 1 of [3].

Because it has been so important in the theory of numerical computations
and because it is so brief, we will begin by reproducing the few paragraphs in
Cooley and Tukey [10] that-aside from induction-set forth the idea of the
Cooley-Tukey algorithm,
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“Consider the problem of calculating the complex Fourier series

N-1
X(j)=k§0A(k)Wf’°, j=0,...,N—1, ¢))

where the given Fourier coefficients A(k) are complex and W is the principal
Nth root of unity

W = e2m/N, )

A straightforward calculation using (1) would require N? operations where
‘operation’ means, as it will throughout this note, a complex multiplication
followed by a complex addition.

The algorithm described here iterates on the array of given complex
Fourier amplitudes and yields the result in less than 2N log, N operations
without requiring more data storage than is required for the given array 4. To
derive the algorithm, suppose N is composite, i.e., N = r;r,. Then let the
indices in (1) be expressed

J=intje jo=01...,r-1, j,=01,...,r-1,
k=klr2+k0, k0=0, l,.--,rz’l, k1=0, ],...,rl—lo (3)

Then, one can write

X(jrsdo) = g ; A(ky, ko) Wi apko @
0 1
since
ij"l = Wjokl’z' (5)

The inner sum, over k,, depends only on j, and k; and can be defined as a
new array,

A,(Jo ko) = ; A(ky, ko) Wi, (6)
1
The result can then be written

X Jo) = ; A\(jo ko) W i1 *idko, )
0

There are N elements in the array A4,, each requiring r, operations, giving a
total of Nr, operations to obtain A,. Similarly, it takes Nr, operations to
calculate X from A,. Therefore, this two-step algorithm, given by (6) and (7),
requires a total of

T=N(rp+r)

operations.”
Let us now formalize the steps of the Cooley-Tukey algorithm. We let F()
denote the complex functions whose domain is the set in the parens and
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F(X, Y) denote the mappings from X to Y. Then the Cooley-Tukey algo-
rithm rests on the commutativity of the following diagram:

F@r,ry) —— F @, x L) ~F @y, FEr,)

11 x F(ry)
F(Z/r, x Zjry) ~F(@/r,,F (Z/r))
F(ryr,) M

F(Zfr, x Z/r)) ~F(@Jr,, F@r,))

J l X F(rl)
/\’ “1 P ~~ ~ A~
F(ZJr,ry) —2—F @, x Try) ~F@lry, F(@r,)

where the “hat” denotes the dual group or the group of characters and where
we must still define the various mappings of the above diagram.

DEFINITIONS. THE MAPPING = . Let f(x,y) € (X X Y). Then for each
fixed x, € X, f(x0,y) € F(Y) and so f(x,y) determines an element of
F (X, 9(Y)). It is obvious that this correspondence is 1-1.

THE MAPPING C. Between sets Z/r,r, and Z/r, X Z/r, define the follow-
ing homeomorphism C*. (Notice: C* is not a group homomorphism.) For
0< k<rnrletk =k, + k;r,, where 0 < k, <r,,0 < k; <r,. Define

C*(k) = (ks k)) EZ/ry X L/,

For f € 9(Z/r,ry) define C(f) = fo (C¥)' € F@/r X Z/ry.

THE MAPPING D. Between the sets Z/ r,r, and Z/ ry, X Z/r, define the
homeomorphism D* as follows: For 0 < k <r,r, let kK = k,r; + k;, where
0 <k, <r,y, 0 <k, <r,. Define

D*(k) = (ky, k,) € Z]r, X Z]r,.

For f € F(Z/r,r,) define D(f) = f o (D*)' € F(Z]r, X /] 1,).

THE MAPPINGS 1 X F(ry) AND 1 X F(r,). An element of $(Z/r,, 5(Z/ry))
determines an r,-tuple of elements of F(Z/ry). The mapping 1 X F(ry)
denotes applying the Fourier transform F(r,) to each of these r,-tuple of
elements of %(Z/r,). Define 1 X F(r,) similarly.

THE MAPPING M. For 0 < a <r,and 0 < b < r, define

M(F)(b, a) = e*™a/"":F(a,b), F € F(Z/r, X Z/r)).

For those people who believe that the Fourier transform is related to the
groups Z/n and Z/n as presented in modern texts in Harmonic Analysis, the
mappings C, D, and M involved in the Cooley-Tukey algorithm seem at best
formal and at worst arbitrary. We will show in the next section that if we use
the representation theory of the finite Heisenberg group, then the mappings
C, D and M are natural.
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2. The finite Heisenberg groups and the Cooley-Tukey algorithm. Before
going into the details of this section, we will, as promised, present some of the
material in §1.5 in a slightly different language. This language has the
advantage of showing the deep inter-relation of the finite Fourier transform
F(n), the dual pairing of Z/n and its dual group Z/ n, and the finite
Heisenberg group H(n).

Let C*(n) denote the multiplicative group of complex numbers e
k=0,...,n— 1 Let G(n) as a set be Z/n X Z/n X C*(n) and for
(a;, b,, ¢;) € G(n), i = 1, 2, define multiplication by

(a,, bl, cl)(az, bz, cz) = (al + a,, bl + bz, ¢yt (al, b}))

where {, > denotes the dual pairing of Z/n and Z7n to C*(n). Then G(n) is
a group with this law of composition. We claim that G(n) is isomorphic to
H(n). Let

2xik / n

a:Z/n—C*(n)

be defined by a(k) = €2™*/ It follows that a is an isomorphism between the
additive group Z/n and the multiplicative group C*(n).
We now define 8: Z/n — Z /n as follows: For k € Z/n define

(L B(k)Y = e*™*/m alll € Z/n.
Now define y: H(n) — G(n) by
(a,, a, a3) = (a,, B(ay), a(as)).

It is an elementary computation to verify that y is an isomorphism. This
shows that the finite Heisenberg group is built from the group structures on
Z/n and Z/n combined with the dual pairing of Z/n and Z/n.

In this general setting, the finite Fourier transform is the isometry F(n):
L*(Z/n) — LXZ/n) defined by

(F(n)(f))(a)——l— S fa)a,a), a€Z/n.
n a€Z/n

Define the action of Z/n on L*Z/ n) as follows: For a,b € Z/n define
(T(a)f)(b) = f(b + a).

Similarly define T(a), for 4, 6 € Z/n, of f € LXZ/n) by
(T(@)f)(B) = f(b +a).

Let Gr(n) be the group of linear transformations of L%(Z/n) generated by
T(a), a € Z/n, and F'(n)T(&)F(n), @ € Z/n. We wish to now obtain a
matrix representation of the group Gg(n) in order to understand what the
group Gg(n) is really like. To do this, let f,, &« = 0, ..., n — 1, be the basis of

L*(Z/n), where f, takes the value 1 at « € Z/n and 0 at all other points.
Clearly T(1)(f,) = f,+1> and so, relative to the basis f, . . ., f,_;, 7(1) has the
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matrix representation

0 1 0 0
o1 -. 0}

0 1

1 0 0

Since (T(1)F(n)f,)(&) = (;x, 1%a,a>/Vn , we have

(F(ny ' T() F(m))S, = <a, 1.
Thus, using the isomorphism y defined above, we have F(n)~'T(1) F(n)( f,) has
the matrix representation

e21ri0/n 0

0 eZ'ni(n -1)/n

This proves that Gp(n) has the matrix representation p, of N(Z/n). This
argument shows the deep relation between the group N(Z/n) and the finite
Fourier transform F(n). It also proves that

1‘"(”)1021?“'(”)-I =D
as it is easy to see that p,(N(Z/n)) is the same as the matrix group generated
by 7(4), 4 € Z/n, and F(n)T(a)F(n)™,a € Z/n.
We now proceed to the task of characterizing the mappings C, D and M
discussed in the previous section.
Consider the Z/n-Heisenberg group, N(Z/n), n = ryry, r; > 1and r, > 1
where
N(Z/n) = {(a, b, c)|a,b,c €Z/n}.
Let I'(r,, r;) and I'(r,, r,) contained in N(Z/n) be defined by
I(ryr) ={(ar,br,0)|a €Z/r,b €Z/r,},
L(ry, ry) = {(b'ry, a'ry, 0)|a €EZ/r, b € Z/r,}.
An elementary computation shows that I'(r,, r) and I'(r,, r,) are subgroups
of N(Z/n). Let T be a subgroup of N(Z/n). Consider the homogeneous space

'\ N(Z/n) and give this finite set the measure where each point has measure
one. Form L*T \ N(Z/n)). Since N(Z/n) acts on T' \ N(Z/n) by

R(g)(Tn) =Tng, n,g € N(Z/n),
R(g), g € N(Z/n), defines a unitary representation R of N(Z/n) on LT \
N(Z/n)) by
(R(8)(F))(Tn) = F(Tng), F € LXT\N(Z/n)).

It will often be convenient to view functions on I' \ N(Z/ n) as functions F
on N(Z/ n) such that

F(yg) = F(g), vY€T,ge€ N(Z/n).
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Let x be the character on the center z(N(Z/n)) given by
x(0, 0, ¢) = e¥me/n,
Then —x is the character given by
- x(0,0, c) = e2/n,
Let 9 (x) denote the functions F(a, b, ¢) on N(Z/ n) such that
F(a,b,c + d) = ™¥/"F(a, b, c).
Define % (—x) analogously. Let
F(x, T(ry, 1)) = F(0) N Lz(r(’za r) \ N(Z/n))
and
F(=x T(ry, r2)) = $(=x) N LX(T(ry, r)) \ N(Z/n)).
It is easily verified that
R(F(x, T(rp 1)) = F(x, T(ry 1))
R(F(=x, T(ry, 1)) = F(—x, T(ry, ).
Let R*(x) denote the restriction of R to ¥ (x, I'(r,, r,)) and R*(—x) denote
the restriction of R to %(—x, I'(r,, r,)).

THEOREM I1.2.1. R*(X) is an irreducible unitary representation of N(Z/n)
that is unitarily equivalent to p, or p,.

PROOF. R*(x)(0, 0, d) is €*™@ by our definitions of F(x). Hence by Theo-
rems R.1 and R.3 the proof of our assertion reduces to computing the
dimension of F(x, I'(r,, r,)). But the dimension of ¥ (x, I'(r,, r,)) is easily seen
to be the same as the dimension of ¥(Z/r, X Z/r,) which is r,r, or n. Hence
R*(x) is irreducible.

(A similar argument shows that R*(—) is irreducible.)

Since R*(x), is unitarily equivalent to p,, there exists a unitary operator

W: LX(Z/n) — F(x, T'(ry 1))

such that W ~'R*(x) W = p,. Recall that W is unique up to multiplication by
a complex number of absolute value 1.

We will now build W from 1 X F(r,) o C, where C and 1 X F(r,) are as
defined earlier in this chapter. For f € L%(Z/n) define

W(f)= F(x,y,t) €E95(Z/nXZ/n X Z/n)
by
W(f) = e2m'l/n 2 f(jrz + x)eZwijrzy/n‘
0 <J <ry

W is the analogue of the Weil-Brezin map as defined in [19] and [7]. We will
now verify that W(f) € F(x, L'(r, r)). It is clear that W(f) € F(x). Hence it
remains to verify that

W(f)(ary, bry, 0)(x, y, 1)) = W(f)(x,, 1).

Now (ar,, bry, 0)(x, y, t) = (ar, + x, br, + y, t + ar,y). Thus the left side
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above equals
e2m‘(f+ar;y)/’n2 f(j’2 + ar, + x)eZWij’z()""b'l)/"
- e2m‘t/n 2 f((y + a)r2 + x)e21riir2(y+br,)/ne2m‘(ar2y)/n

= eZm‘t/uz f((j + a)r2 + x)ezm‘(j+a)r,y/n - W(f)(x,y, t),
and we have shown that W(f) € %(x, I'(r,, r,)) or
W: LY(Z/n) = F(x, T(ry, 1))

To relate W to 1 X F(r,) o C, we note that W(f) restricted to the set
S={(xy,00<x<r,0<y<r} equals (1 X F(r,) o C)f. Further, since
W(f) € F(x, I'(ry, r;)), knowing W(f) on the set S uniquely determines
w().

It is straightforward from the discussion above and the properties of the

mappings 1 X F(r,) and C to conclude that W is a unitary operator.
It remains to verify that

WAR )W = py.

But this is a formal calculation that the interested reader may easily verify.
This shows that 1 X F(r,) o C is essentially an intertwining operator between
two irreducible unitary representations of N(Z/ n).

We come next to the mapping M of the Cooley-Tukey algorithm. To
explain M one has to introduce a bit more of the structure of N(Z/n). To be
precise, we must introduce a particular automorphism K of the group
N(Z/n).For (x,y,t) € N(Z/n) let

K(x,y,t) = (x,y, —t + xy).
It is a straightforward computation to verify that K is an automorphism of
N(Z/n) and that K2 is the identity automorphism.

Consider the following general situation. Let B be a group, G a subgroup of

B and 4 an automorphism of B with 4(G,) = G,. Let f € %(B) be such that
f(gb) = f(b), b€ B, gEQG,.
If g € G,,A7'g € G,, and so if f(gh) = f(b), g € G,, we have

f(47'(gb)) = f(47'(8)47'(b)) = f(47'(B))
Hence if f* = f - A7 we have

f*(g,b) =f*(b), g, € G,andb € B.

Now apply this to the special case of the functions W(f) and the automor-
phism K above. Because K = K~' we have W(f)° K is invariant under
L(ry, ry) and so is in F(—x, ry, ry). Explicitly

W()K(x,y, 1)) = W(f)(», x, =t + xp)

= 2 f(ar2 + y)eZm'arzx/ne-—21rit/ne2frixy/n.
0<a<r
But the mapping W(f) o K on (x,y,0) is the same as applying M to
W(f)(x,y, 0). This supplies us with the group theoretic interpretation of M
that we sought.
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Now R*(—x) an irreducible unitary representation of N(Z/n) on
%(—x, r,, 7,)- One can show that D' e 1 X F(r)(x,y,0) determines an
intertwining operator between R*(—x) and an irreducible unitary representa-
tion of N(Z/n) on L2(Z7-r\1r2). Since the discussion is similar to that given
above for 1 X F(r,) ° C, we will not go any further into the specific details.

3. The Plancherel theorem for the reals and the Cooley-Tukey algorithm. We
will now show the general nature of the Cooley-Tukey algorithm by showing
how it can be used to prove the Plancherel theorem for the reals. Just as for
the Cooley-Tukey algorithm, the forthcoming proof of the Plancherel theorem
has an interpretation in terms of nilpotent harmonic analysis. We will not
present this material because a full discussion would be quite long. For the
interested reader the material in Chapter I of [3] or Chapter I, §5, of [1] can
be modified along the lines of the material in the previous section to obtain
all the group theoretic ramifications of our method of proof.

Let R denote the reals, Z the integers and T the circle group or R/Z, and
let F() denote the Fourier transform of the group in the parens. The diagram
of the Cooley-Tukey algorithm becomes in this setting the diagram below.

FR) < > §(T, 2)
1 x F(Z)
F(T x Z)
F(R) M
FZxT
11 x F(T)
F(R) « 2 FZ, T

Recall that as groups R is isomorphic to R, Zis isomorphic to T and T is
isomorphic to Z.

Define C*: R — [0, 1) X Z, where we identify T with [0, 1), as follows: If
xERx=y+n0<y<lLnelZlet

C*(x) = (», n).
For f € F(R) define C(f) = f = C*\. For F(y, n) € %(T, Z) define
o0
1 X FZ)(F(y,n)) = 3 F(y,n)e*™, 0<{<1
n=—o0

M is now interchange of £ and y and multiplication by "%, This gives

(X F(D) o Mo (1% F@) o C)f = 1§ F(y, mewtgrroetnm gy,

For the time being, let us proceed formally and interchange integration and
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summation to obtain

00

(IXF(T)eMo(1XF(Z)C(f)= > le(y, n)e2min+y)m+&) g,
0

n=-—oo

Applying D! we obtain
FR)(f)@ms) = [~ f(x)e= ds

wherex =n+ y,s =m+ &

We will now see how all this works rigorously.

Consider L%(R) with Haar measure dx and T X Z with Haar measure such
that the measure of T X 0 is one. It is easily seen that C: LA(R) — L¥T X Z)
is a unitary operator; i.e., a norm preserving surjection. Assume that F(T):
L¥T)— L¥Z) and F(Z): L*Z)— L*T) are unitary operators. Since M
consists of multiplying each value of a function by a number of absolute
value 1, it is trivial to verify that M is a unitary operator. This shows that

D' 1X F(T)-M-1X F(Z)- C: LA(R) > L*R)
is a unitary operator and shows that F(R) is a unitary operator.
We are left with the task of interpreting the interchange of integration and
summation used in deriving the integral formula for F(R). We will close this

chapter with a discussion of this process.
We may view

G(»,)=M-1X F(Z)- C(f) € LT X T).

As such, G(y, £) has a Fourier expansion

G(y,£)= 2 Babe—-Zm‘(a£+by)
a,beZ

where convergence is in the L? norm. Now

1 .
fo G(y, §e™™ dy = 1 X F(T)(G(», §))-
But the integral on the left is easily seen to be

fw B, e~ 2% = fQQn (¢ + m)).
m= — o0
We next note that if g,, and g € LX(T) with lim,_, g, = g in L(T), then the
mth Fourier coefficient of g, converges to the mth Fourier coefficient of g.
This shows that if f € L%(R), then

fams) = lim [ fx)em ds

where the limit is in the L2 norm.

CHAPTER III. ALGEBRAIC COMPLEXITY AND THE FINITE FOURIER TRANSFORM

1. Basic ideas in algebraic complexity. S. Winograd’s work on algebraic
complexity is very interesting at both the practical and the theoretical levels.
He has in [20], [21] produced algorithms for the finite Fourier transform that
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are more efficient than Cooley-Tukey. At the theoretical level, he has also
succeeded in [22] in defining the concept of essential multiplications or
divisions, or more briefly, essential m/d. This concept is important because
experience has shown that algorithms that minimize the essential m/d, or
minimal algorithms, possess interesting algebraic structures. We begin with a
formal definition of an algorithm that will permit us to define the concept of
essential m/d.

Let G be a field, called the field of constants, and let F = G(x,, ..., x,) be
the purely transcendental field extension of G obtained by adjoining the
indeterminants x,, . . ., x, to G. We use @ = {w,|i = 1, 2, 3, 4} to denote the
field operations of addition, subtraction, multiplication and division, respec-
tively. For f;, f, € F we will use w,(f;, f,) to denote the result of applying the
binary operation w; to f; and f, with the convention that

w(fis £2) = N/

Let B C F be the given objects for our algorithms. Usually, B = G U
{xy, ..., x,}. But often, in theoretical discussions, other given objects will
play important roles.

DEerINITION. We will define an N-step algorithm a over (F, B) inductively.

Step 1. Choose either an element of B or choose w(1) € @ and an ordered
pair (a(l), b(1)) from B. Require that O,(1) = w(1)(a(l), b(1)) be defined and
call O,(1) the output of the first step of the algorithm.

Step 2. Choose either an element of B or choose w(2) € @ and an ordered
pair (a(2), b(2)) from B U O,(1). Require that O,(2) = w(2)(a(2), b(2)) be
defined and call O,(2) the output of Step 2 of the algorithm.

Assume the first k steps of a have been defined.

Step k + 1. Choose either an element of B or choose w(k + 1) € Q and an
ordered pair (a(k + 1), b(k + 1)) from B U O, (1) U - - - U O, (k). Require
that

0, (k + 1) = w(k + D)(a(k + 1), b(k + 1))

be defined, and call O,(k + 1) the output of the & + 1 step of the algorithm.
If a has N steps, we will call it an N-step algorithm. We call O,(k),
1 < k < N, the output function of the algorithm a.
Two algorithms a, 8 over (F, B) will be said to be equivalent if

0.(k) = O4(k), 1<k<N.

The k step of an algorithm « is called an m/d step if w(k) is multiplication
or division; i.e., if w(k) = w; or w,. Clearly equivalent algorithms need not
have the same number of m/d steps. (For instance, x + x =2x and 2 - x =
2x.) This may serve to motivate the following definition.

DEFINITION. A step k for an algorithm a is called m/d essential if O(k) is
not in the G-linear spanof BU O(1) U - - - UO(k — 1).

DEFINITION. Let f, ..., f, € F. We will say that the N-step algorithm «
over (F, B) computes f,, ..., f, if for each f, 1 <i <s, there is an integer
k(i), 1 < k(i) < N, such that O (k(i)) = f.



880 L. AUSLANDER AND R. TOLIMIERI

It is obvious that f;, ..., f, € F can be computed by an algorithm over
(F, B)if and only if f}, . . ., f, are in the field generated by B.

DEerINITION. We will say that a is a minimal algorithm for computing
Ji» « « -5 fi if, among all algorithms over (F, B), a has the minimum number of
essential m/d.

The m/d number for computing fi, . .., f, over (F, B) is the number of
essential m/d steps in a minimal algorithm for computing f;, . . ., fi.

Let o be an N-step algorithm over (F, B) with output function O,(k),
1 < k < N. Lets: B— F be a mapping. Then, under certain circumstances, s
determines an N-step algorithm s(a) over (F, s(B)). We will now describe
this.

DEFINITION. Let B C F and let [ B] be the subring of F generated by B and
(B) be the subfield generated by B. A mapping s: B — F is called a basis for
substitution if the following are satisfied:

(a) There is a ring homomorphism s*: [ B] — F such that s*|B = s.

(Note. Since B generates [ B] as a ring, if s* exists, it is unique.)

(b) For b, b, € [B], if s*(b,) # 0, s*(b,)/s*(b,) is well defined. (Hence s*
can be extended to as much of (B) as possible.)

Let @ be an N-step algorithm over (F, B) and s: B— F a basis of
substitution. Let the k steps of a be w(k), (a(k), b(k)). Then s(a) is defined
and has k step w(k), (s*(a(k)), s*(b(k))) or s(O,(k)) if O, (k) € B provided
s*(b(k)) # 0 whenever w(k) = w,. If s(a) is defined then s(a) is an N-step
algorithm over (F, s(B)) and O,y(k) = 5s*(O,(k)).

DEFINITION. Let a be an N-step algorithm over (F, B) and 8 an M-step
algorithm over (F, B’). Let a © B be the N + M-step algorithm over (F, B U
B’) whose k step, 1 < k < M, is the k step of B8 and whose k step, M + 1 < k
< M + N,isthe k — M step of a.

Let a be an N-step algorithm over (F, B) that computes f), . . ., f, and let
a(k) or b(k), 1 < k < N, be in the subset b, . . ., b, of B. Let 8 be an (F, B’)
algorithm that computes b,, . .., b,. Then a ° B is an (F, B’) algorithm that
computes fi, . . ., f.

In particular, if s is a basis of substitution such that s(a) is an (F, s(B))
algorithm and B is an (F, B’) algorithm computing s*(a,(k)) or s*(b,(k)) for
a (k) or b,(k) € B, we have s(a) ° B over (F, B’) computes s(a).

2. Bilinear algorithms for the finite Fourier transform. S. Winograd has
recently devised algorithms for computing the finite Fourier transform that
work much better than the Cooley-Tukey algorithm. They are also of theore-
tical interest because they are based on expressing the finite Fourier trans-
form F(p), p a prime, in terms of the complex group algebra of the multi-
plicative group Z/p*. We will denote this group algebra by C(Z/p~).

Let us begin by writing Winograd’s algorithm for p = 7. Let

6
A, = kzo e/, j=0,...,6.

We will present the algorithm as a sequence of additions, then multiplica-
tions and then additions.
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S, = a, + aq, S, =a, — ag Sy=a,+a;, S,=a,— a,

Ss=a,—as, S¢=a,+ as S;=8+8;, S3=8,+S,
Sg+ap, Sp=8-8 Sh=8-S5 S,=8-3S5,
Si3=8,+8, Su=S3+Se Si5=85,-8, Si=S5— S
Sy = 86— S,

&
[

Letu = 27i/7.

cos u + cos 2u + cos 3u

ml = ( 3 -1 Ss,
2 cosu — cos 2u — cos 3u

my, = ( 3 )Sno,
cosu — 2 cos 2u + cos 3u

m, = ( ; )s“,
cos u + cos 2u — 2 cos 3u

my = ( 3 Sl2’
[ sin u + sin 2u — sin 3u

m5 = l( 3 S|4,
(2 sin u — sin 2u + sin 3u

mg = 1( 3 Sis
(sin u — 2 sin 2u — sin 3u

m, = z( 3 )S,6,
[ sin u + sin 2u + 2 sin 3u

ms - ( 3 )S17‘

Sig=So+m, Spo=S8gtm S=Se+tm S§=S85—m,
Sp=S8y—my Syu=Sg—my, Syu=Sytm, Sx=ms+mg
Sy =St my Sy=ms—mg Sy=Sy—m,; Sy=ms—m, .
St S S =886 Si3=Sp+ Sy
S3y =83 — Szp S35 = Ss + Sz, S3s = S2 — S3o

&
[
§
+
3
®
%]
=
]

This algorithm requires 8 multiplications instead of 8 -3 = 24 that
Cooley-Tukey requires for F(8).

We now will describe some of the theoretical considerations upon which
the above algorithm was built.

Let w = €*™/?, p a prime, and w’* = €**/? 0 < j, k < p, and

p—1 r—1
A= 3 g = 3 wha. (1)
k=0 K=0
Since w’* = 1 forj or k = 0 we have 4, = @y + - - +a,_, and

A —ag=Ar, 1<j<p-1, @)
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where

r—1
Ar = kzle"ak, 1<j<p-1 3)

Let {m,, ..., m,_,} be the elements of (Z/p)* ordered so that m; - m; =
my, where k = i-j mod p. Then

p—1
(S e )(E am)) =3 Sotam @

because mj(m,()‘l = m, implies j = /- k mod p. Since T A4;*m, is the right side
of (4), computing the finite Fourier transform is the same as computing a
product in C(Z/p*). Because Z/p* is a cyclic group of order p — 1, we can
obtain another method for computing the terms 4%, /=1,...,p — 1. Let
m € Z/p* be such that m?~! =1&Z/p*; ie., m is a generator of the
multiplicative cyclic group Z/p*. Then m = m, for some 1 <a <p-1.
Hence

r—1 -
( 21 wjmj) = p'z:w"‘jmj (here k m’ = (mY)

and

( 2)’/(’"1:1) = D ey’

where 7(a’) - @/ = 1 mod p. Hence
ZAxm = (o m )2 uiarym’)-

But, multiplication on the right side is the same as multiplying the expressions
as polynomials in m and reducing modulo (m?~!-1). This directly relates the
finite Fourier transform to the group algebra C(Z/p — 1).

We may also present the above discussion in matrix language as follows:
Consider the matrix equation

At a,
= (wjk) ’ ’
Ap*_] ap-—l
A* = Qa.

The first row of the square matrix on the right is ', . . ., @?~!. Thus there

is a permutation of columns of this square matrix so that the first row of the
. . . =1 . . .
resulting matrix is w?% ..., @* . This permutation can be achieved by
multiplying the matrix (w?) on the right by a matrix P. Noting that P~! = P,
where the superscript ¢ denotes the transpose, we have
A* = QPP’a.
Then the first column of Q is (w', . . ., @”™!)". Forming

P'A* = P'QPP'a
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an elementary computation shows that

wa‘ RS wap—l
P'QP = |0* cee 0w
Thus, if we let
Y, 1
Y = PA* = ; Pig = =y
Y Yp-1
we have
Y = P'QPy

which is called the cyclic convolution of (Y}, ..., Y,_;) and (yy, ..., y,_).
It is now a straightforward computation to verify that

Y+ Yu+- - +Y_uP = (0" +0%u+- - +0% w2
1 2 p—1

s+ ymut - 472 mod(yP! - 1)

The above discussion shows that the m/d number of F(p), can be bounded
above by the m/d number of the right side of the above equation.

Let us now formalize the problem to which the above discussion has led us.
Let

a b
R(z) =3 x;z' and S(z) = D y;z'
i=0 i=0

be two polynomials with indeterminates as coefficients and let
T(z) = R(z)- S(2).

The a + b + 1 coefficients of T are a system of bilinear forms which we will
denote by 7. Let P be a polynomial over G of degree n and let

T,(z) = R(z)- S(z) mod P.

Let f;, denote the n coefficients of 7. Then f}, is a system of bilinear forms.
Let B=G U {x},...5 X Y15+ -5} Our problem becomes to compute
the m/d number of T and T,

We will take up this problem in the next two sections. In the final section
of this paper we will return and discuss how the above problem relates to the
m/d number of F(p), p a prime.

3. General results on bilinear algorithms. In this section, we will prove three
general theorems, that, at the present state of the art, are of fundamental
importance in the theory of bilinear algorithms.

Let G be a fixed infinite field and let x,, . .., x,, y;, . . . , ¥, be indetermi-
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nants. Let F = G(x;, .. -, X, Y15+« + » V) = G(x,y) and let
n
Ly=k21a,jkxk, 1<j<ml1<i<y,

be a set of linear forms and let
Y1
A(x)y = (Ly)
Ym

We call A(x)y a system of bilinear forms. We wish to study the m/d number
of A(x)y.

Notice that the columns (rows) of all possible matrices A(x) form a vector
space C (R) over G. We define the G-column (G-row) rank of A(x) as the
dimension of the vector subspace of C (R) spanned by the columns (rows) of
A(x).

In this section F = G(x,y) and B =G U {X}, .+« XV v+ sV}

THEOREM I11.3.1. Let A(x)y be a system of bilinear forms. If A(x) has G-row
rank s then this system of bilinear forms has m/d number greater than or equal
to s.

This theorem is actually much weaker than what is known to be true. Since
it is not harder to prove the more general result, we will prove it.

THEOREM II1.3.1". Let f,, ..., f, € G(x,y) and let a be an N-step minimal
algorithm for computing f,, . . ., f;. Then the m/d number of f,, . . . , f; equals
the dimension of the vector space W, defined as follows:

Let W} C G(x,y) be the vector subspace spanned by O,(1), ..., O (N) and
let L be the subspace of elements of the form 2 g,x; + 2 hy, + k, g, h, k € G.
Define W, = W} @ L/L.

PrROOF. Assume that f; = O,(N). (A relabelling can always achieve this.)
Then let o’ be the N — 1 step algorithm consisting of the first N — 1 steps of
a. Then o’ is a minimal algorithm for f,, . . ., fi_, a,(N), b, (N).

We will now prove Theorem IIL.3.1’ by induction on N. Since a 1-step
algorithm that has no essential m/d computes an element of L, we have
proven the theorem for N = 1.

By induction the theorem is true for &’ and f}, . . . , fi_y, a,(N), b,(N). Now
if the N step of a is not an essential m/d step, a and o’ have the same
number of essential m/d steps. But, clearly, W} = W* and the theorem is
true.

If the N step of a is an essential m/d step W, # W, or else a is not
minimal. This again proves our result.

Theorem III.3.1’ implies Theorem II1.3.1 once we observe that the row
rank of 4(x) is the dimension of the vector space V spanned by X a;;x,y; in
G(x,y). But V. ¢ W¥* and V N L = 0. This proves dim W, > dim V.

Before going on to Theorems II1.3.2 and II1.3.3 let us pause to give an
application of Theorem III.3.1 to the problem posed in §1I1.2. Consider the
system of bilinear forms that are the coefficients of the product of the two
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polynomials
a . b 3
> xz' and D vzl
i=0 Jj=0

This may be written in the form A(x)y, where A(x) has the special form
(assume a > b)

r B

xO 0 . 0

x, Xxo O
A(x) = | X,
0 x, Xo
0 x,
where A(x) has b columns and @ + b + 1 rows and

Yo
y=|:
Vb

It is easy to compute that the row rank of our special A(x)isa + b + 1.
Thus by Theorem I11.3.1 the m /d number of A(x)y is greater than or equal to
a + b + 1. Later we will see that it is actually equal toa + b + 1.

THEOREM 111.3.2. Let A(x)y be a system of bilinear forms. If A(x) has G
column rank s, then the m/d number of A(x)y is greater than or equal to s.

Again it is no harder to prove a slight generalization of this and we will do
so. This is Theorem 1 of [22].

Consider G(x;, . .., x,) = G(x). Let ¢ be a t X m matrix over G(x). We
shall use ¢,, ..., ¢, to denote the columns of ®. (Note. A(x) is a t X m
matrix over F.)

THEOREM I11.3.2". Let a be an algorithm computing ¢y over (G(x,y), B)
where B = G(x) U { ¥, - .« » Vu}- If there are s vectors in {¢,, ..., ¢,} such
that no nontrivial linear combination of them with coefficients in G lies in the t
dimensional vector space G', then a has at least s m/d steps of the following
Jorm: w,(a(k), b(k)) with a(k) and b(k) & G or wy(a(k), b(k)) with b(k) & G.

To relate Theorem I11.3.2 and Theorem II1.3.2’, we must first show that if
A(x)y satisfies the hypothesis of Theorem II1.3.2 then A(x)y satisfies the
hypothesis of Theorem II1.3.2". But a linear combination over G of the
columns of A(x) is in G* if and only if it is the O vector. This shows that our
first requirement is satisfied.

To see that the conclusion of Theorem II1.3.2" implies the conclusion of
Theorem I11.3.2 merely note that the s steps guaranteed by Theorem I11.3.2'
are essential m/d for a.
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Thus it remains only to prove Theorem III.3.2". To simplify the language of
this proof and only here, we have called those m/d not excluded by Theorem
II1.3.2’ essential.

We prove the theorem by induction on s. Clearly an algorithm with no
essential m/d steps can only compute elements of the form X gy; + f,
g € G,f € G(x). Butif s = 1 there exists a matrix coefficient of ¢ that is not
in G and so the algorithm must compute.

2 hy, someh; & G.

Hence we must have at least one essential m/d in the algorithm.

Suppose the assertion holds for a = N. Assume @ is such that at least
N + 1 of the vectors {¢,, . .., ¢,} have no linear combination over G which
is in G*. Let a be a minimal algorithm computing ¢y and let k& be the first
integer such that an essential m /d step of a occurs at step k. Then, either

O, (k) = (Zgwi+f) (Zhy + 1)

Zgyi+f
0u(k) = 53
for g, h; € G, and f, f' € G(x). Furthermore, we may assume the labelling
has been done so that one of the A; # 0, for otherwise the k step of a would
not be an essential m/d step.

Clearly s(y,) = — f— Z h,y;, s the identity on y, U -+ + Uy,_, U G(x).
G(x) is a basis of substitution. However s(a) may not be an algorithm. Since
there are only a finite number of divisions in any algorithm the substitution
s(a) can fail to be an algorithm only when s* applied to some finite set
{re, .51y} C G(x)[y]is zero. Choose g € G so that

s*(r) +g#0, JEL...,M

This substitution yields an algorithm that computes ¢’y" where ¢ = ¢; —
ho,j=12,...,n—1and y = (yy...,y,~1) The number of essential
m/d steps in a’ is at least one less than in a. This is because the image of the
k step in «' is not an essential m/d and the algorithm B computing
g — f' — 2 hyy; has no essential m/d. But there are at least N vectors in
{¢1, . . ., ¢,_1} such that no nontrivial G-linear combination is in G‘. Hence
by induction a’ has at least N essential m/d and so « has at least N + 1
essential m/d.

It turns out that it is much easier to study minimal algorithms that use only
essential multiplications. The following theorem indicates why this is so. This
is contained in the proof of Lemma 2 in [22].

THeOREM II1.3.3. Let A(x)y be a system of bilinear forms and let a be an
algorithm that uses the minimal number s of essential multiplicatons. Then there
exist 2s linear forms L(x,y), L{(x,y), i=1,...,s, such that A(x)y = Um
where U is a matrix over G and m is the column matrix
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L,L;

L L

We call this a presentation theorem because it shows that no matter how
complicated the original « was we can produce a minimal algorithm for
computing A(x)y of the following form: Compute the linear forms L, L/,

i =1,...,s, multiply, using essential multiplications, the linear forms to
form the quadratic forms L;- L/, i=1,...,s, form linear combinations of
the quadratic forms L, - L],i = 1, ..., s, to obtain the elements A(x)y.

Notice the algorithm presented at the beginning of §11.2 for computing F(7)
was of the above form. We will call algorithms of the above form quadratic
algorithms.

PRrOOF. Let k,, . . . , k, be the steps of a where the essential multiplications
occur.
If m is a step of the algorithm a then

0,(m) = L,(0) + L, (x) + L,(») + L,(x*) + L, (»*) + L, (xp) + ...

where L, (0) is a constant and L,( ) is a form in the type of term in the
bracket. We will denote O,(k;) by L(0) + .... Then we can compute the
system of bilinear forms A(x)y by linear combinations over G of O,(k)),
i=1,...,s. Hence there is a linear combination of the L(xy),i = 1,...,s,
terms that equals each bilinear form in 4(x)y.

It is crucial to our argument to observe that we may modify the algorithm
to obtain a new algorithm «’ without introducing any new essential m so that
L,(0) is always zero. This is because L,(0) € G and subtracting by it is not an
essential m. We will henceforth assume that a = a’ or that the desired
modification has been made.

Now O,(k;) = 0,(1)O,(m) where | and m are steps of the algorithm. Note
that we may form U, = L(x) + L(y) and U,, = L,(x) + L,(y) without any
essential m. Further U,U,, and O,(/)O,(m) have the same quadratic terms.
Since forming linear combinations preserves degree, it follows that we may
replace the terms O,(/) and O,(m) in our algorithm by U, and U, respec-
tively, and still compute the bilinear forms 4(x)y. This proves our theorem.

4. Some minimal algorithms. In §III.3 we established some results that
enabled us to put lower bounds on m/d numbers. In this section we will see
how to use the Chinese Remainder Theorem to produce algorithms. We will
also prove that in certain cases we can actually compute m/d numbers.

One version of the Chinese Remainder Theorem goes as follows. Consider
the polynomial ring G[z] over a field G and let Py, ..., P, € G[z] be such
that P; and P; are relatively prime for i # . Then the proof of the Chinese
Remainder Theorem assures the existence of polynomials Q,, i=1,...,k,
such that

0, =§; mod P

where §; = 1 if i =j and 0 otherwise. The usual statements then stress the
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following: Given B,, . . ., B, in G[z] there exists a B such that

B =B, mod P,
Indeed
B = 2 B,Q;
will do.
But it also follows that if
B =B; mod P;

then
B=3BQ, modP whereP=][P,.

It is this last assertion that we will need to construct algorithms. We will
now give two applications of this idea.

Let R(z) = ¢_q x,z" and S(z) = =J_, y,2’. Using the notation of §IIL.2 we
wish to compute T or the coefficients of the polynomial T(z) = R(z) - S(2).
We will use the Chinese Remainder Theorem to produce an algorithm that
does this in @ + b + 1 essential m/d. Combining this with the results in
§II1.3 we will have proven that the m/d number of Tisa + b + 1.

Choose ay, . . . , a,,, distinct elements of G and let

a+b
0= 1I (z - ).
i=0
Then Q is a polynomial of degree a + b + 1 and so 7(z) may be identified
with 7(z) mod Q.
Now let Q; = (z — ;). Then Q; and Q; are relatively prime for i #;. We
observe that if

& = H (o — aj)’
J#i
then
G = gi-l H (z - O‘j)
J#i
is such that
G, =§; mod Q..

Hence

T(z) = T(z) modQ = (2 G(R-S modQ)) modQ
a+b

= 3 GR(@)- 5(a).

The above equation shows that 7(z) can be computed in the a + b + 1
essential multiplications R(«,) - S(a,).

A second method for computing 7 starts by choosing a + b elements of G,
Bi - - ., B+ and uses the identity
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a+bd a+b

R(z)- 8(z) = R(z)- S(z) mod ‘I;[l (z = B) + x ‘,1;[1 (z = B

As before R(z) - S(z) mod [1%2%(z — B;) is computed by the Chinese Re-
mainder Theorem using @ + b multiplications and x, -y, is the a + & + 1
essential multiplication.

We will say that the second method uses ay = o in the first method.

Now if P=2" + 2" o &2', since reducing mod P involves no essential
m/d, we can compute T ifa>nandb >nin2n —1 multlphcatlons

Let R(z) and S(2) be of degree n — 1 and let P = [I¥_, P, where the P, are
pairwise relatively prime and P, = P} where P, is 1rredu01ble By the Chmese
Remainder Theorem there exist Q: € Glz},i=1,...,k,suchthat

Q,=9§; modP,
and
T(z) mod P =(Z Q(R-SmodP)) modP
=(Z 0(R-S) mod P,) mod P.

Since multiplying by Q; and reducing mod P involve no essential multiplica-
tions, we have that all the essential multlphcations occur in computing R« S
mod P,. If the degree of P, = n,, then 2,_1 n, = n and by the above discus-
sion we can compute R - S mod P; in 2n;, — 1 essential multiplications. Then
our algorithm takes 2,, 1@2n; — 1) = 2n — k essential multiplications to com-
pute T(z) mod P or T in the notation of §III.2.

We will now show that all minimal bilinear algorithms for computing T are
almost the same as the two algorithms we discussed above.

THEOREM I11.4.1. Any bilinear algorithm for computing T in a + b + 1
essential multiplications involves computing the a + b + 1 bilinear forms

(gR(«)) - (hS(a)),
where g#0, h#0€E G, ap,...,0,,, € GU 0 and o; Fa; for i#].
(Assume a > b.)

PROOF. Let T be the set of bilinear forms defined by

’x00 0 |
X» Xo
. Yoy _
()’b)—X’
Xa X5
0
0 0x,
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By our presentation theorem, we have that there exist my, . . ., m,,, bilinear
forms where

m = (Zax + Zby)(Zaix + Zhy)
andan(a + b + 1) X (a + b + 1) matrix U over G such that
my
Xy=U
Myvp

The essence of this theorem is to prove that each

m; = (g i xiai)(hjéoyjaj)

i=0
a . a . a .
= k{( S et (Eratr it o+ (S50 ]
i=0 i=0 i=0
or
m; = 8XVp- ©)

As we discussed in §I11.3, all the rows of X are linearly independent over
G. Hence the set of bilinear forms Xy span an a + b + 1 dimensional space.
Hence the set of bilinear forms Um span an a + b + 1 dimensional subspace
of the space of bilinear forms. This implies that U is nonsingular and so we
may let W = U ~! and write

WXy = m. (1)
Let (wg, - - . » ), ,) be the ith row of W. Then substitution in (1) yields
Yo
a . a ry .
mi=(2wj‘xj,...,_2wj+bxj) - . (9))
Jj=0 Jj=0 :
Vb

This implies that the bilinear form on the right side of (2) can be computed in
1 essential multiplication. By Theorem I11.3.2 of §II1.3 the column rank on
the right side must be 1, or all the forms 27_, wj‘+ kX k=10,...,0b, are all
G-multiples of one. This implies that the matrix

,
]

i ..
Wo Wi Wa
i . i
wl v wa+l
(3)
i . i
& ° Wa+b |

has rank 1. .
We claim this can happen only under two circumstances: either wy =
0,...,Wj,p—y =0, wi,, # 0; or there exists o; (which may be zero) such
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that
wi=aws, j=0,...,a+b wherea/ = (o)

(when 0° = 1).
We may verify this assertion as follows: We have two cases to consider.
Case 1. w§ = 0. Then since (3) has rank 1,

wews — (wf)2 =0 or wj=0 4)
and

wiwj — (wz")2 =0 or wij=0. 5)
We may proceed by induction to verify that wi =0, 0 <k <a+ b -1

Since rank of (3)is 1, w/, , # 0.
Case 2. wy # 0. Let w{ = k,w{ and w} = k,wi. By (4)

k, = k3
and by (5)
kiky = ki or ky=Kkj.
We may proceed by induction to verify that if
w = kwg.

Then k, = k. We let a; = k,.
Since W is nonsingular at most 1 row can be of the first kind and for two
rows with wj # 0 and w{ # 0 we must have a; #* a;, i # j. Thus (2) becomes

Yo
a a a
: . 1 b .
wol 2 afx, 2 ol g, Xt
j=0 ,I=0 j=0 M
I
or m; has the form (0). This proves the theorem.
C
o --- 0 1
Wo 0 1 a, ceeapth
W =
0 Wasb
1 a e . a+b
L a+b Lo )
or
( +b)
. o a
0 1 gy . (40
W,
(¢ 1 a, cee aftt
W =
0 Watb b
a+
L 1 aa+b tte aa+b )

REMARK. We see that the Vandermonde matrix enters into every bilinear
minimal algorithm a.
We will now prepare ourselves to prove the following result. Let P = z” +
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S"2d gz', where P = P’ and P is irreducible over G. If

n—1 . n—1 )
R =2 xz', S= > yz
i=0 i=0
then the system of bilinear forms 7, has m/d number 2n — 1.
Let C, be the companion matrix of P acting on the column vector space
V*.

0 SR )

1 .
CP=

0 1_gn—l

The minimal polynomial of C, is P itself. This means that P(Cp) is the zero
matrix and any other polynomial with this property is divisible by P. Now let
v € V, v # 0. Consider the set § of polynomial Q such that

vQ(Cp) = 0.

Clearly 4 is an ideal, § O P. Since C, is nonsingular z &€ § and § # G|[z].
Let (P) be the ideal generated by P. If B and P are relatively prime then the
ideal generated by B and P is G[x]. Since $ # G[z], § c (P). Hence if Q is
not divisible by P, vQ(Cp) # 0 any v € V'* and so Q(C,) is nonsingular.

LeMMA 111.4.2. Let Vp = {v € V| there exists a polynomial Q of degree < n
and vQ(Cp) = 0}. Then dim V, < n.

PROOF. Let W = {v € V|vP'"!(Cp) = 0}. Claim W = V). Clearly W C
Vp. If vQ(Cp) = 0, then by the above discussion

Q = P’Q’, Q' relatively prime to P,

where / >r > 0 and Q'(Cp) is nonsingular. But then vP"(Cp) = 0 which
implies vP'~!(Cp) = 0.

LemMA II1.4.3. Let Cp be the companion matrix to P(z). If

then the coefficients of z ="Z) t,z' mod P(z) are Cp(2).
This is essentially the definition of Cp.

LemMa I11.4.4. Let R(z) = 272} x,z" and S(z) = S"24 y,27 and let T} be the
system of bilinear forms that are the coefficients of R(z) - S(z) mod P(z). Let
Tp = A(x)y as in §111.3. Then

A(x) = (X, CpX, ..., C7X)

where
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Xo

Xn-1

Cp is the companion matrix to P, and Cg is the a power of the matrix Cp.

PROOF. We have, since R(z) = = x,z’ and S(z) = = y;2/, that

S(2) R(2)=po 2 xz' + piz2xz' + -+ 4y, 2" 2 x2
By Lemma I11.4.3 we have
S(z)-R(2) =yoX + y,CpX + + + + +y,_Cp™X.

The coefficients of z* in S(z) - R(z) is 2 y,&,, where £ is the k entry in the
column vector CAX, k =0,...,n— L.
We are now in a position to prove the following theorem.

THEOREM I11.4.5. Let R(z) and S(z) be polynomials of degree n — 1. Let
P = P! where P is irreducible over G and let deg P = n. The minimum number
of multiplications needed to compute T is 2n — 1, where TP is the system of
bilinear forms that are the coefficients of R(z) - S(z) mod P(z).

PROOF. Let r be the minimum number of multiplications needed to com-
pute TP By Theorem II1.3.3, we have
A(x)y = Um

where U is an n X r matrix over G and

L,-L}

LI M L[l

Let ¥ be an n-dimensional G-vector space, let V'* be its dual space and let
w € V* Then wA(x) # 0 because its first coefficient is

S wx.
Hence wUm is not zero and so wU is not zero. Since w was arbitrary, this

shows that the rank of U is n. By reordering columns, if necessary, we may
assume that we have a nonsingular n X n matrix W since

= (1|U)
where I is the n X n identity matrix.

Let V, be as in Lemma III.42. Then, because W is nonsingular, there
exists a row of W, say the first, denoted by w, which is not in V,. Then
wA(x)y is a bilinear form and

wA(x)y =(10...0u] ...u"_)m.

Thus the bilinear form on the left, above, can be computed using r — n + 1
multiplications. We now claim that the n columns of wA(x) are independent.
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This would imply our theorem for by Theorem II1.32 r -~ n+12>n or
r>2n-1
To show that the columns of wA(x) are independent, assume that

n—1 n-1
0= > wCiX a; = w( > a,.C,';)X.
i=0 i=0

Since the elements of X are indeterminants over G

n—1
w( > a,.c;;) = 0.

i=0
But w & ¥V, and the above contradicts Lemma I11.4.2.

COROLLARY I11.4.6. Let P = Ph, ..., Pk where P, are distinct irreducible
polynomials over G. Then f‘P can be computed in 2n — k multiplications and no
divisions.

This follows easily from the discussion at the beginning of this section.

Before coming to the final result to be proven in this paper, we would like
to remind the reader of the relation between the Chinese Remainder Theorem
and the rational form theorem for a matrix.

Againlet P = P,, ..., P, where P, = P} and the P, are distinct irreducible
polynomials in G[z]. Let Cp, be the companion matrix to P acting on V*. By
the Chinese Remainder Theorem

k
a[:)/P=3 @ G()/P,

where equality denotes isomorphic. The rational canonical form theorem says
that there exists subspaces V* of V* such that

@V*=3 @V

(®) Co(V¥) = VF,

(©) Cp| V¥ = Cp,
where Cj is the companion matrix to P;.

THEOREM 111.4.7. Let P = P,, ..., P, where P, = P" and P, are distinct
irreducible polynomials in G[z). Further let the degree of P; = n; and n =
St n. Let R(z) = =123 x,z' and S(z) = S22} y,z'. If T=R-S then T,
cannot be computed with less than 2n — k essential multiplications and no
divisions.

We have already seen in Corollary 111.4.6 that the m/d number is bounded
above by 2n — k. In the proof of the theorem we will need the following
purely technical lemma. We will state and prove this lemma below, but the
reader may prefer to skip directly to the proof of Theorem II1.4.7 and return
to the lemma later.

LeMMA II1.4.8. Let P = P,, ..., P, be as in Theorem 111.4.7 and let VP‘,
i=1,...,k, be as in Lemma 111.4.2. Let W be a nonsingular n X n matrix
and let W' be the first n, columns of W, let W* be the next n, columns of W,
etc. Then each W' has a row w'(j(i)),j a function of i, such that w'(j(i)) & Vp.
Further, there exists a 1 X n matrix 8 with nonzero entries only at the j(i),
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i=1,...,k,coordinates such that

BW = (-5 %)
whereyjisaIanmatrixj=1,...,kandyj$ V,;.

PROOF. Since W is nonsingular, each matrix W,j=1,...,k has rank n,.
By Lemma II1.4.2 there must be a row w'(jj(i)) & V5. Consider the set U of
1 X n vectors with nonzero entries only at j(i),i =1, ..., k. Uis a k-dimen-
sional vector space.

In W' consider the row vectors w'(j(i), j(i)=1,...,k, and form
=% Biyw'(j(i)). The set U(i) of B such that

k
igl Bj(i)wi(j(i)) & Vp,

is the complement of a proper linear subspace in U. Hence N%_; U(i) is not
empty. Any point in (M U(i) satisfies the conclusion of Lemma I11.4.8.

Proor oF THEOREM. By our discussion about the Chinese Remainder
Theorem and Rational Canonical Form~ Theorem, we see that we may assume
(without use of essential m/d) that T, corresponds to A,(x")y’ and T to

A(x)y where

A,(xh 0 y
- -]
0 A (x%) yk

Let A(x)y = Um, by Theorem II1.3.3. Then U is an n X ¢ matrix over G
where ¢ is the number of essential multiplications. Since all rows of 4(x) are
linearly independent, the rank of U is n. Therefore, there exists an n X n
nonsingular matrix W such that

WU = (I|U’), where I is the n X n identity matrix.

Applying Lemma II1.4.8 to W and letting B be as in Lemma II1.4.8, we
consider the bilinear form

BWA(x)y = B(I|U")m.
We claim that at least n multiplications are needed to compute this bilinear
form. We prove this by showing that the column rank of the left side above is
n. Let y = W and consider every nontrivial linear combination of the
column of BWA(x) = yA(x). Substituting Cfx’ for the j element of 4,(x’) we
obtain this linear combination as

2 Y.-(E aijC{’,)xi'
This vanishes only if ;2 a,.jC{;, =0fori=1...,k. Buty & Vp, and so
a; = 0 for all i and j. Thus by Theorem IIL.3.2 it requires at least n essential
multiplications to compute yA(x)y. But B(I|U’) has at most k + ¢t — n
nonzero coefficients. Hence
k+t—n>n or t>2n—k
and our theorem is proven.
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S. Algorithms for computing the finite Fourier transform. In §III.2 we
presented S. Winograd’s algorithm for computing F(7). We are now in a
position to outline the steps for creating that algorithm as discussed in [21].
However, before proceeding to this, let us at least mention a fundamental
result proven in [24].

THEOREM I11.5.1. The m/d number for computing the finite Fourier transform
on a prime number p is 2p — 3 — &(p — 1), where &(n) is the number of d such
that d|n.

We cannot discuss the proof of this theorem in this paper as it is too long.
It does show that the algorithm of §I11.2 which uses 8 multiplications achieves
the minimum number of multiplications for computing F(7).

We will now outline the steps that are followed in creating the algorithm
for F(7).

Step 1. Consider the cyclic group (Z/7)" of order 6 and show that

e?™/7 = (3 is a generator of (Z/7)* and that «', &%, w? &5, W% W® corre-

spond to 1, (&%), (@)%, (@), (&%), (&)
Step 2. This enables us to show that the Fourier transform can be
computed from the coefficients of the polynomial

R(z)-S(z) modz—1=(0'+ 0w’ + 0%2? + &% + %% + 0%°)
s (ay + asz + a2® + agz® + a,z* + a;2%) mod 26 — 1

in the notation of §II1.2.
Step 3. We verify that

N=1=x-Dx+1Dx*+x+1)(x2-x+1)
= P, P, P, P,
Step 4. If
Q;,=98; modP, ij=1234,

as in §II1.4, we compute and find
0= g(x + D+ x + D = x + 1,
0= —g(x = DG+ x + (2= x + 1),

0,= - (F+3)02 - DG —x+1),

Q4
Step 5. Compute

- (% - %)(ﬁ — 1)(x2 + x + 1).

R mod P, .
S mod P, i=1234,
and so compute

R-Smodz®—1=3 Q(RmodP)(SmodP,) mod:z®— 1.
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Step 6. Apply the Chinese Remainder Theorem twice more to compute
R;S;mod P; and R,S,mod P,
where
Ry=RmodP; and R,= Rmod P,

S;=Smod P, and S,= S modP,
Step 7. Combine all the previous computations into a bilinear algorithm.
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