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A general method of constructing finitely axiomatizable theories is
sketched. It is shown that every recursively enumerable Boolean algebra is
isomorphic to the Boolean algebra of sentences of some finitely axiomatizable
theory. More complete details of the proof will appear in a forthcoming mono-
graph by William Hanf, Dale Myers, and Roger Simons. This verifies Conjec-
ture I of Hanf [2] that every axiomatizable theory is recursively isomorphic
to a finitely axiomatizable theory. It solves a problem of [2] by showing
that there exists a finitely axiomatizable undecidable theory with countably
many complete extensions and shows that Conjecture II is false. Another
consequence is that there exists a finitely axiomatizable theory whose Boolean
algebra of sentences has an ordered basis of type 8 where 6 is any construc-
tive ordinal. A complete characterization of 8<2), the Boolean algebra of sen-
tences of first order logic with equality and a single binary predicate, is ob-
tained. These last two results answer problems considered by Tarski in the
late 1930’s and proposed to the author around 1960.

THEOREM 1. Given any recursively enumerable linear order type a,
there exists a finitely axiomatizable theory F whose Boolean algebra of sen-
tences has an ordered basis of type 1 + a.

SKETCH OF PROOF. Four two-tape nonwriting Minsky machines (see
[4, §1]) are constructed. Each machine has a halt instruction and a non-
deterministic branch instruction in addition to the four instructions for in-
crementing and decrementing the two tapes. Machine A is a universal machine
which can interpret the program of any Minsky machine. It will be used to
simulate the operation of machines B, C, and D. Each of these machines
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determines a sequence of 0’s and 1’s by executing a series of nondeterministic
branch instructions. Machine B halts unless the sequence is all 0’s, machine
C halts unless the sequence is all 1’s, and machine D halts unless the sequence
represents a cut in an ordering of w of type a.

The language of F contains two binary predicates R and S which are
“next to” relations on planes of points which satisfy unary predicates cor-
responding to tile types of a Robinson tiling (see [5, § §2 and 3]; additional
signals are provided to prevent misalignment along a fault line). The language
also contains a < predicate which is used to relate tape-square points above
and below the Robinson plane to points on a fault line of the plane which
satisfy additional unary predicates corresponding to instructions in the pro-
gram for machine 4.2 The axioms for F insure that the number of tape-square
points above and below the Robinson plane increase and decrease according
to the instructions given by machine A, that in any model of F there are ex-
actly three Robinson planes each with intersecting fault lines (marked by a
special unary predicate), that the operation of machine A starts off at the
three intersections with tape lengths corresponding to coded programs for
machines B, C, and D respectively, and that machine 4 never halts.

The Robinson tilings insure that there are no cyclic configurations of
points in any model of F and the presence of machines B and C and special
techniques employed in programming machine 4 guaranty that any local con-
figuration of points in a nonstandard Robinson plane of a model is already
present in one of the three standard Robinson planes. A lemma similar to
Lemma 2.3 of [2] thus insures that any model of F is elementarily equivalent
to a model with only the three standard planes and therefore every sentence
is equivalent to a Boolean combination of sentences concerning the nondeter-
ministic branches of machine D.

THEOREM 2. B, is pseudo-indecomposable®, B, is isomorphic to the
() B8P (2)

direct product B,,, x B,,,, and a Boolean algebra B is isomorphic to a direct

factor of 23(2) if and only if B is recursively enumerable (i.e. B is isomorphic

2The use of a less-than relation in the direction of the tapes was suggested by
Dale Myers who also participated in many useful discussions of earlier versions of the
proof.

3For Boolean algebra terminology, see [3]. Theorem 2 implies that Qz) is not
primitive and that it has factors with ordered basis of type w®, w+n, w ng,
(no + w-no)-no, etc. Theories with ordered bases of these last two types were found in
June 1973 by Myers (using Robinson planes).
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to the quotient algebra of the free Boolean algebra with denumerably many
generators modulo an r.e. ideal).

THEOREM 3. 8<2) has an ordered basis of type (Z;c, ;) *n, Where
; is any sequence consisting of r.e. order types (each having a first element)
and containing all of them.

Feiner points out in [1] that Conjecture I of [2] together with his
result that there are r.e. Boolean algebras that are not recursively presentable
implies that B,, is not recursively presentable.
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