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We present here the spectra of operators from a basic collection con-
sidered in the scale of Lebesgue spaces of pth power summable functions
over a finite interval.

Without loss of generality we confine our attention to complex valued
functions over the interval [0, 1]. The associated Banach spaces are
denoted by L?, 1 < p < c0. The results lift to any underlying bounded
interval [a, b] through, for example, the mappings induced by the linear
map [a,b] 3s »(b — a) (s — a) = t€[0, 1].

The results unfold primarily through certain formal manipulations on
some basic relations in an algebra of elementary operations.

On complex valued functions over the interval [0, 1] we consider the
operations (see [2])

() = T(p)* j (t — P~ Y)dx, 0<Ref.

= lim J** () (LP-limit), Ref =0,
-0+
= dJ** WY(r)/dt, —1<Rep <0,

and

s =) e P dx. 0 < Ref.
= lim J*hy@) (LPlimi,  Ref =0,

= —dJ*P L)/t —1<Rep<O.

In addition let M? denote the operation given by M"(t) = t"y(t), y-
complex, and R the operation Ry(t) = Y(1 — ¢). Further denote by H the
finite Hilbert transform

1
) = 2o P ax

the integral being the Cauchy principal value. We consider also H as
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extended to a bounded operator in L?, 1 < p < 0.

The algebra of elementary operations mentioned above is that gener-
ated by the collection {J#, R, M"}.

The basic operators under study here are those defined by the
operations

§)) Y- JT*ETNY, Rea| < 1.
Such operators arise quite naturally in diverse settings; see, for example,
[3] and Kalisch [4].

The results to be presented here, combined with those in [2] and [3],
lend themselves to the analysis of some fundamental operators; in par-
ticular, the classical operators defined for 0 < Rea < 1 by
Ysgn(t —

sw0 = [ an o= [

xll a

I a,l//( x) dx.

Note that I'(a)~ 'S, = J* + J** and TI'(0)"!T, = J* — J**. Then on
formally factoring one encounters the operations (1). Such study will be
included elsewhere.

The question of when the operations (1) give rise to bounded operators
in L? was considered in [3], and it is summarised here.

THEOREM 1. The operation ¥ — J*J*~ %Y, |Rea| < 1, a # 0, defines a
bounded operator in L, 1 < p < oo, if and only if —1 <pRea <p — 1.

A fundamental relation in the algebra is that expressed in the following
(see [2], [3)).

THEOREM 2. For |Re f| < 1,
) (cos mP)I + (sinnB)H = M~ BJej*—FMP,
With the aid of this basic relation (2) we are led to the following.

THEOREM 3. For z = sin no cot n{ + cos na, |[Rea| < 1, |Re | < 1,
{#0,
(Ma+LRM—a—§)JaJ*—a(Ma+CRM—a—{)
3) = (cos )] + (sin mo) (M*+RM ~5)H(MRM ~*~%)

and
(sin )2 (M RM ~*~%)(zI — J*J*~*)(M***RM ~*~%)(zI — JJ*7%)
= (sin 7ar)l.

The equalities (3) and (4) are valid for Re a0 # 0 as arithmetical identities
on applying each side to an arbitrary smooth function compactly sup-
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ported in (0, 1) and in the sense of L? (1 < p < o0) when Rea = 0.

THEOREM 4. For |[Rea| < 1, |Reb| < 1 the operation
¥ — (M*RMY)H(M ~*RM )y

defines a bounded operator in L?, 1 < p < oo, if and only if, —1 < pRea
<p—1land —1 <pReb<p— 1

The special case of Theorem 4 where a = 0 played a central role in
the proof of Theorem 1 ; see [3]. In addition, the case where Re(a + b) = 0
reduces to Theorem 3 in [2].

The above theorems combine to give the following.

THEOREM 5. Let |[Rea| < 1,0 # 0, and 1 < p < 00. Denote by K, the
operator defined in L? by J*J*~* where —1 < pRea <p — L.
(i) Spectrum

sp(K,|L?) = ¢l — {sin na cot n{ + cos na : [Re { — 3(1 —Re )|
<151 — Rea) — p [}
(ii) The resolvent set
p(K,|LP) = {sin no cot n{ + cos ma : |Re { + 3 Re

<} — (1 —Reo) — p~'|, { # 0}
and for z € p(K,|L?) the resolvent
(zI — K,)™ ' = (csc ma)(sin m{)>(M**RM ~*~ %) (z] — K,)(M***RM ~*~%)
where z = sin o cot n{ + cos na.

REMARKS. (I) In the case p(1 — Re «) = 2 the spectrum is the circular arc
with endpoints e* ™ that contains the point 1. The limiting, or degenerate,
case where Re o = 0 is an interval on the real axis.

(IT) For a case where p = 2 the spectrum is the segment of the disk
bounded by the circle through the points 0 and e*™ that is cut off by
the secant with endpoints e*"™* and that contains the point 1. As in (I)
the limiting case where Re o = 0 is again the interval on the real axis.

(ITII) The cases where o = it (that is, Re a = 0) relate to the continuous
boundary group of the holomorphic semigroup (see Hille—Phillips
[1, §23.16]). Here the spectrum for each 7 is described using the disks
bounded by the circles centered at ¢ and ¢,

¢ = cosh nt + i(sinh 7|t|)|cot 2n/p|,

that pass through the points e*™"!,
(@) For 0 < |p~!— 4| £ i the spectrum is the intersection of the disks.
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(b) For p = 2 the spectrum is the interval [e™ ™", ¢™'*!],
(c) For |p~! — 4| = 1 the spectrum is the union of the disks.
This is similar to the situation for the finite Hilbert transform given in [2].
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