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Consider the initial value problem

0 ‘ 0
(1) Eu + j;l A;(x, t)g;u =0, u(x, 0) = O(x).

J

Here A4 (x, t) are smooth k x k matrix-valued functions on R" x R, con-
stant for large |x| + |t|, and u, € H*(R") for some s € R. We assume that (1)
is strictly hyperbolic in the sense that '} & jA; has real and distinct eigen-
values for all & = (£,,..., &,) # 0. The solution to this problem is a weak,
i.e., distribution, limit of solutions u, of the problem

2 gus + Y Aj(x, t)iu8 = eB(x, Du,,  u,x,0) = O(x),

ot =1 0x;
where ¢ > 0 and B(x, D,) is an elliptic operdtor of order two, whose
principal symbol is a k x k matrix with positive eigenvalues?. In fact,
this is the well-known technique of parabolic regularization, or the “vis-
cosity”” method.

Our interest in these problems arises from the study of systems of non-
linear conservation laws. In studying computer output of such systems,
we observed that for certain viscosity matrices, suggested in [1], the
solutions u, were not converging to the correct solution, but were con-
verging to a solution containing an extraneous shock wave. We discovered
similar behavior for linear systems and it is this phenomenon which we
investigate here.

It is known (see [3], [S]) that the singularities of the solution u to (1)
propagate along bicharacteristics through the singularities of the initial
data ®@. In our numerical experiments, for n = 1, k = 2, we took ® to
have a single singularity at the origin, and we knew that the singularity
of the solution lay along precisely one bicharacteristic ray through the
origin. However, we found that the approximate solutions seemed to be
developing a singularity along the second bicharacteristic through the
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origin. This suggests two problems: look for examples of “‘illusory”
singularities of the solution u, to (2); and investigate whether such sin-
gularities only occur along bicharacteristics through singularities in ®.
We outline our results here; complete proofs will be given elsewhere.

ExamPLE 1. Letn =2 =k, A = (§9), B = (} 9), U = (u, v), and consider
the system

0 0 0*
Ut AU =Boale >0

with initial data u = §, v = 0. The solution is given by the well-known
formula

oo}

where T' = (iA¢ — eBE)t + ixE, and ® denotes the Fourier transform
of @, which in this case is the vector (1, 0). In order to evaluate this integral,
we diagonalize I': If A, are the eigenvalues of I', and A = diag(41,,1_),
then e’ = SeAS™!, where S = ({9), 0 = iec.

One finds that

u(x, 0 [~
(vg(x, t)) - J_w

and a calculation yields

Ul 1) = er e IB(E) dE,

e

ixE(err — e“)) 4

= 2 e”Xt Qx4 1) e TV
v (X, t) = — —
¢ t (er)'? t (et)!/?

This sequence does indeed converge pointwise to zero as ¢ — 0, but
does not converge uniformly (in x) to zero. It is precisely this phenomenon
which showed up in our numerical calculations. We thus see that great
care must be taken in applying the viscosity method for numerical cal-
culation of discontinuous solutions to initial value problems, in particular
for nonlinear hyperbolic conservation laws.

ExamPLE 2. If one gives up strict hyperbolicity then the u, need not even
converge pointwise to the correct solution. To see this, let n = 2 = k,
let A = identity, B = (}9), and take the same data as in Example 1.
Calculations similar to those above show

e—(x +1)2/2et e-(x +1)2/et
en)17? et

so that v, (x, t) only goes weakly to zero.

We now investigate the question of the propagation of singularities.
Recall that if ue 2'(Q), then its wave front set, WF(u), is a subset of
T*(Q)\0 defined by

Ue(x, t) =
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WF(@u) = () {y(4): Aue C*, Ae L} ,(Q)},

where A4 is a pseudodifferential operator of order zero and y(A) is the set
of characteristics of 4. We refer to [3], [4] for notation and further details.
If {u;} is a directed set of distributions, and if u; — u in 2'(Q), we define
the wave front set of {u;}, WF {u;}, as follows: Call a pseudodifferential
operator A € L{ ((Q) smoothing for {u;} if Au; > Auin C*(Q). Then

WF{u;} = () {y(A): A is smoothing for {u;}}.

A related concept is the following. Let I' be a closed conic subset of
T*(Q)\0 and let HX(Q) = {ue H(Q): WF(u) = I'}. Then u e H¥Q) if and
only if both (i) u € H¥(Q), and (ii) Aue C*(Q) for each 4 € LI ((Q) whose
symbol is of order — oo on a conic neighborhood of I'. Since it suffices
for (ii) to hold for a countable set of A, H*(QQ) can be given a natural
topology by means of (i) and (ii) and is thus a Fréchet space. Note that
u; — u in H{(Q) implies that WF{u;} < T.

Let Q = R" and consider the behavior of Fourier integral operators on

H:(R"). We shall say that ge C*(R" x R") is in ST o(R") if |DED% q(x, Q) =

C,p(1 + &)™ 1. Now suppose that ¢(x,¢) is a nondegenerate phase
function, associated with the canonical relation C, and consider the
Fourier integral operator

Lu(x) = (20)"" j a(x, O I(E) de.

LEMMA 1. For each closed conic subset T of T*(R")\0, 1, maps Ht into
HE ™ continuously, and the map q — 1, from ST o(R") into £ (Ht, He.r) is
continuous.

PROOF. That Iu € H¢ " for all u € Hy follows from [4], and the continuity
assertions follow easily from the closed graph theorem.

We apply this lemma to the system (2) where k = 2 and the coefficients
are constant.

THEOREM. Consider the initial value problem

o Lo &
- A
Ot X Az 8,”21 5 xedx,

u,, e > 0,u,(x,0) = O(x).

We assume that A;, By; are constant 2 x 2 matrices, that the eigenvalues of
Y. &;A; are real and distinct and that the eigenvalues of Y. &;&, By, are posi-
tive, both for real & # 0. If ® € H{(R") and if C, , are the canonical relations
on T*(R"\0 determined at time t by the bicharacteristic flows given by the
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hyperbolic operator L = 0/t + Y A;0/0x; (v = 1,2), then u,(x, t) — u(x, t)
in He, oroce,r-

We outline the proof, where, for simplicity, we take n = 1. We further
suppose 4 = A; has been put in diagonal form,®> 4 = —diag(a, f), and
only consider the case where B = B, is positive definite and symmetric,
ie, B = (%), where ab > ¢2, a > 0, and ¢ # 0. Thus, we consider the
problem

2
O - (“ 0) 0 (“ c);x—zue, &> 0, u,(x,0) = O(x).

at 0 plax" " \c b
The solution is given by
1 (™ e aens
) uy(x, 1) = @n—)lﬁj-w e 00(¢) dt,
where A = —itEA — eté2B. To evaluate this, we first diagonalize A. The

eigenvalues of A are

Ay = —3et V18 £ 58 (9387 — 93 + iedya)'? + itdys,
where y, =a+ b, y2 =(a—b)?> + 4c% y3 = (@ — P)% y2.= —2(a—b)
(0 — B), ys = (¢ + B)/2. Some easy calculations give

A o dingUiaid a1 _ 1 uyer —u_et u,u_(er- — e*)
e” = Se § = Av Ao A P
uy, —u_\ e —e u,et —u_e*
where
uy = (Ay + eté? — itp&)/—etéc.

We consider first the case y, #+ 0. Then u, (¢, £) are analytic functions of
£ for all real & and u, — u_ is never zero. The assertion that the wave
front set of u propagates along bicharacteristic strips issuing from the wave

front set of ®@ follows from

Lemma 2. The following sets of functions are all bounded in S9 o(R):
(@) s (uy —u )" (b) (uy —u )" (Quyu_(uy —u)” ', (d)explu, — ital],

(e) exp[u_ —itB&].
The last two are the hardest, so we consider only (d). Set
4:(&) = exp [u, (&, &) — ital];
we are to show that there exist C; independent of ¢, £ such that
(5) g9 = C1 + &N
If we write g,(¢) = %), then we have

3 Although this is not necessary, and could not be done if n > 1.
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Re S,(6) £ — de&2, for some § > 0,
and

©) WO=OF T S-S,

J=1 vi+ o +vi=j5vm20

for some constants k, ;; thus we are left with investigating the derivatives
of S.(¢). We have

Sy (&) = —ety & + %“(82?%52 — 93 + ieépy)'? — iy,)
3936282 + Liry, 8 ’
(629382 — y3 + iely,)'?

S(E) = 3 Le E—é—,(szviéz — 3 + iely,)'?
i di~
2 dEi1

with a term —ety, if j = 2. Hence we get an estimate of the form

+ (29382 — 93 + igey )2 > 1,

4
@(8 7387 — 73 + iepa)'?

< Cle?p3e? — 93 + ey &P Z (1 + 1),

We require
LEMMA 3. There exists a C independent of ¢, & such that

629382 — 93 + iey, &7 < C + Celé).

Using this lemma we get
5i
(7) 1SN = (1 +1E)TIA + elgly Y2 ZJ: e+ 1G> 2),
=j-

k 1

with a harmless term Ce thrown in for j = 2, and, forj = 1,
®) ISe(OI = C'e(1 + 1&)).

This estimate for S;(¢) is the one crucial place where the term —itaé in
the exponential plays a role. Without it, we would merely have |S,(&)| =
C + Ce(1 + |&|) and this is insufficient for (5). If we now use (7) and (8)
in (6), we get (5). Next, if y, = 0 and if ® € &'(R), we can write

1 i i VIR
u(x, t) = ——(2n)1/2J XE T FitEHin—et (+ir)2d O + iT) dé,
— o0

where 7 is fixed and chosen so that (¢2y3(¢ + it)> — y3)!/? does not vanish.
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The rest of the argument goes through without change except that Lemma
3 must be replaced by the following weaker estimate

le2p3(¢ + it)* — y3I71 < C + Celé)?.

However, this is still enough to prove (5).

We complete the proof of the Theorem. Set A,(®) = u,. Lemma 2
shows that we can write 4, =A,,+ A,, with {4,,:0<e=<1} a
bounded subset of I°(R", C, ), the space of Fourier integral operators of
order zero, with the topology induced by the set of symbols. From Lemma
1 we can deduce that {u,} is bounded in H} = Hi, , r,(c,,.r» and
moreover that u, —» u in H}..
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