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PREFACE

The modern theory of solvmanifolds began in 1949 with the beautiful
and fundamental paper of A. Malcev [M, A ;1]. In the past 20 years or so
the role played by algebraic group theory in establishing the basic structure
theorems of solvmanifolds has become more and more apparent. In this
exposition we have used algebraic groups as our basic tool in presenting
a unified account of solvable Lie groups and solvmanifolds. Although
there are few new theorems in this paper, many of the proofs given here
will appear in print for the first time.

The general reference for algebraic groups will be A. Borel [B, A] and
for Lie algebras will be N. Jacobson [J, N]. In addition we will use the
following general facts and notation throughout this paper:

Let G be a connected, simply connected Lie group. We will denote its
Lie algebra by L(G). The group of automorphisms of G and L(G) will be
denoted by A(G) and A(L(G)), respectively. Then A(G) and A(L(G)) are
canonically isomorphic. Further A(L(G)) = GL(L(G)) is an algebraic
group. Thus if we talk of an automorphism 6 of G being semisimple or
unipotent we will mean that the image of 6 in A(L(G)) is semisimple or
unipotent. Further if 6 € A(G), by the semisimple or unipotent parts of 6,
we will mean the semisimple or unipotent part of § when viewed in
A(L(G)) and since A(L(G)) is algebraic we know that the semisimple and
unipotent parts of § are also automorphisms of G. If ® is a subgroup of an
algebraic group G < GL(n, R) by the algebraic hull of ®, denoted by
A,(®), we will mean the intersection of all the algebraic subgroups of
GL(n, R) containing ®. Note that 4,(®) < G and is algebraic.

CHAPTER I: ABELIAN THEORY

Although the abelian theory is by now classical, let us quickly run
through it as a way of setting the stage for the generalizations to come.

Let R" be a connected, simply connected, abelian Lie group and let H
be a closed subgroup of R". We will also view R" as an algebraic group of
the form

1 0 0 X4
0 X,

0 Xn-1
0 1 Xn

1
in GL(n + 1, R). Note that viewing R" as an algebraic group in this manner
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has the important consequence that the algebraic subgroups of R" are
exactly the linear subspaces of R". Thus if H — R" we may talk either of
the linear span of H or the algebraic hull of H, A,(H). We will now briefly
outline how we will think about the structure of R"/H.

Global theory. Let H, denote the identity component of H and let
A,(H) be the linear span of H or the algebraic hull of H. Then H, is a
connected normal subgroup of A4,(H) and A,(H)/H is a compact abelian
group or torus whose fundamental group is H/H, Further since
R" =V @ A,(H), where V is a vector subspace R"/H ~ V x A,(H)/H ~
V x T, where T is the torus 4,(H)/H. Thus R"/H is compact if and only if
R" = A,(H).

Rational theory. Let ey, ..., e, be a basis for R" and let Q" < R" be the
subgroup of all rational linear combinations of this basis. We will call 9"
a rational form of R". Let G be a subgroup of Q". It is well known that G
is a discrete subgroup of R" if and only if G is finitely generated. Now let
7 be a finitely generated subgroup of Q" and let 4,(r, Q) be the rational
subspace of Q" spanned by =, or, equivalently, all the rational points of
A,(n) < R Further, let W be any rational subspace of Q". Then

Am W, Q) = Ay(n, @) N W.

Compact theory. Let m = R™ be a discrete subgroup of R™ (or,
equivalently, a finitely generated subgroup of a rational form of R™) such
that A,(n) = R™ Let n; = R" also be a discrete subgroup of R" such that
Ay(n)) = R*". If Y :m - n; is an isomorphism then ¥ can be extended
uniquely to an isomorphism y*: R™ — R". Hence m = n and y* induces a
diffeomorphism of R"/n and R™/x;.

CHAPTER II: NILPOTENT LIE GROUPS AND NILMANIFOLDS

1. What is a nilpotent Lie group? Classically, a connected, simply con-
nected Lie group N is said to be nilpotent if the Lie algebra of N, L(N), isa
nilpotent Lie algebra. This is then shown to be equivalent to requiring that
N is nilpotent as an abstract group. (Recall that an abstract group is
said to be nilpotent if its lower central series is finite. This amounts to
requiring that if G, is defined inductively by G, = G and [G,._,, G] = G,
where [H, K] is the group generated by all elements of the form khk~*h™?1,
ke K, he H, then G, = e for some finite k, where e is the identity element
of G)

It is a consequence of the Birkhoff imbedding theorem, [B, GJ3, that we
may find an isomorphism of any connected, simply connected nilpotent

Lie group N into the upper triangular unipotent matrix group, U(m),
where

3 See references at end of paper.
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1

U(m) =
0

is a subgroup of GL(m, R), for some m. But any connected subgroup of
U(m) is easily seen to be an algebraic group. What is also important is
that the algebraic subgroups of N for any imbedding in U(m), any m,
consist exactly of the connected subgroups of N. (Notice the similarity
with R" from Chapter 1.) Thus if H is any subgroup of N we may form the
algebraic hull of H, 4,(H), in N, which is defined as the intersection of all
the algebraic subgroups of N that contain N or equivalently the smallest
connected subgroup of N containing H.

Our ability to represent N faithfully in U(m) also enables us to do the
following: We can find a coordinate system X = (x;,...,X,) in all of N
such that multiplication in N is given by

(1) X Y=(xb"*axn)'(yl"'-ayn): (pl(Xa Y)9'~"pn(X7 Y'))

where the p;,i = 1,..., n, are polynomials in 2n variables. The converse
is also true and a proof can be found in [T, R; 5]. The converse may be
formally stated as follows: Let N be a group with coordinates
X = (xy,...,X,) whose law of composition satisfies equation (1), then N
is a nilpotent Lie group.

Henceforth, we will adopt either the point of view that N is an algebraic
group or that the group multiplication is polynomial in talking about or
working with nilpotent Lie groups. Hence, unless explicitly stated to the
contrary nonabelian nilpotent Lie groups will always be connected and
simply connected. We will say that a field & is a field of definition for the
nilpotent Lie group N if there exists a polynomial law of composition in
N all of whose coefficients are in & or if N can be represented as an alge-
braic group with & as field of definition. We may now talk of the points
of N in any field A4 containing & ; i.e., a point of N in )£ is any n-tuple
(kyy...,k,), kie A . For the rest of this paper we will call a nilpotent Lie
group defined over the rational field Q a rational nilpotent Lie group.
These will play a particularly important role in our theory.

2. Global nilpotent theory. Let H be a closed subgroup of the nilpotent
Lie group N and let H, denote the identity component of H. If 4,(H) again
denotes the algebraic hull of H in N and if 4,(H) # N, it is easily seen that
N/A,(H) is topologically a vector space V' and that

N/H ~ V x A,(H)/H

where & denotes homeomorphism.
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Let us now examine the case where H < N and 4,(H) = N. We begin
by observing that, in this case, H, is a normal subgroup of N, because H,,
is normal in H and N is the algebraic hull of H. Thus we may form the
nilpotent Lie group M = N/H, and consider H/H,, as a discrete subgroup
7 of M. It is easily seen that 4,(n) = M. Now, by standard results in the
theory of algebraic groups,

A([r, 7)) = [Ay(r), 4(m)] = [M, M].

A simple inductive argument now permits us to conclude that M/n ~ N/H
is compact or we have that if H is a closed subgroup of the nilpotent Lie
group N then N/H is compact if and only if A,(H) = N. Let us explicitly
see that if 4,(H) = N, then N/H is compact. This amounts to showing that
M/r is compact and by the above relation and induction we may assume
that [M, M]/[n, =] is compact. From this it follows that the image of ©
in the abelian group M/[M, M1 is discrete and, by an easy argument on
algebraic or linear hulls, it follows that the image of = in M/[M, M] is
cocompact or spans the vector space. Hence M/x is a fiber bundle with
compact fiber [M, M]/[M, M] n = and compact base (M/a[M, M]) and
S0 is compact.

Let us now adopt the language of calling the homogeneous space of a
nilpotent Lie group a nilmanifold. Then we may summarize our results of
this section by the statement that a nilmanifold is the Cartesian product of a
vector space and a compact nilmanifold.

3. Rational nilpotent Lie groups. Let N be a nilpotent Lie group and let
(x4,.-.,X,) = X be a coordinate system in N such that multiplication is
given by polynomials defined over the rational field Q. Let Ny (X) denote
the rational points of N relative to coordinate system. Now let (y,, ..., y,)
= Y be another coordinate system in N such that multiplication in N is
given by polynomials defined over Q. Let Ny(Y) denote the rational
points in N relative to this polynomial rule of multiplication. Then it may
happen that Ny(X) and Ny(Y) are not isomorphic. We will call Ny(X) a
rational form of N. Thus a nilpotent Lie group may have nonisomorphic
rational forms (see [S, J] for examples). However in our discussion we will
always be dealing with a fixed rational form and so we shall write Ny
rather than Ny(X). It should also be remarked that not every nilpotent
Lie group has a rational form (see [M, A ;1] for example).

Let N be a nilpotent Lie group and let Ny be a rational form of N. Let
7 be a subgroup of Ng. Then nis discrete if and only if n is finitely generated.
It is easy to see that, if = is discrete, it is finitely generated as this follows
immediately from the fact that = is the fundamental group of the compact
manifold A4,(rn)/m. Hence it is the converse that needs our attention.

By standard algebraic group arguments it is easy to see that it is no
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restriction to assume that 4,(x) = N. Let us now consider /[N, N]nn c
Ng/[Ng, Ng). 1t is finitely generated in the rational vector space
Ng/[Ng, No] and so n/[N,N]n = is discrete in N/[N,N] and, since
A,(n) = N, (N/[N,N))/(n/[N,N]nr) is compact. But, unlike general
groups, subgroups of finitely generated nilpotent groups are finitely
generated. Hence © N [Ny, Np] is finitely generated and so by induction
n N [Ng, Ng] is discrete in [N, N]. These facts combine to prove that n is
discrete in N.

By an argument similar to the one above, it can be shown that if 7; and
m, are finitely generated subgroups of N such that 4,(n;) = A4,(rn,) then
7, and 7w, are commensurable. (Recall that two groups G, and G, are
called commensurable if G; N G, is of finite index in each.)

Let us now prove one of the fundamental existence theorems in the
theory of nilmanifolds. Let N be a nilpotent Lie group with rational form
Ng. Then there exists 1 = Ng such that 7 is a discrete subgroup of N and
N/m is compact.

Let My = Ny be of codimension 1 or such that No/M,, is isomorphic
to @ and let the real points of My be M. By induction on the dimension of
N there exists A = My which satisfies the conclusion of our theorem rela-
tive to M. Now it is easily seen that Ny = Q X M, where we will use the
notation 4 x B to denote the semidirect product of A with the normal
subgroup B. Now let g # 0,q€ @, and in N, consider the subgroup =
generated by g and A. Since A is finitely generated, so is 7, and, since
A,(A) = M, it is easily seen that A,(z) = N. This proves our assertion.

Now let L(N) denote as usual the Lie algebra to the nilpotent Lie group
N and let exp:L(N) - N denote the exponential mapping. Then by the
Hausdorff-Campbell formula it follows that the exponential mapping is
a homeomorphism. We will denote the inverse mapping to exp by log.
A discrete subgroup © = N will be called a lattice nilpotent group if log ©
is a subgroup of the vector space L(N). Not every discrete subgroup ©
of N such that A,(n) = N is a lattice subgroup of N. For instance, if N
is given by

1 x z
Ny=<{0 1 ylp, X,y,Z€R,
0 0 1
then
1 ny ny
= 1 nylr, nmei=1273,
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is not a lattice nilpotent group, but the group =, generated by = and

1 0 3
1 0
1

is a lattice nilpotent group.

The definition and the basic facts about the existence of lattice nilpotent
groups are due to C. C. Moore [M, C]. Moore showed the following that
will be of great importance to us in our later discussion. Let 1 =« Ny = N
be discrete. Then there exists a lattice nilpotent subgroup A > 7 such that
A/m is finite. We will not prove this. However the proof of the assertion
below can be easily modified to prove this fact.

Let (Xy,..., X,) be a basis of L(N) such that Ny = exp(} 4;X;), ;€ Q,
i=1,...,n. Let G be a completely reducible group of automorphisms of
L(N) contained in GL(n, Z) relative to the basis (X,...,X,). Then Ny
contains a lattice nilpotent subgroup A such that A,(A) = N and G maps A
onto itself.

In L(N)let & be the lattice generated by X 4, ..., X, ie, & = {d mX,|m;
€Z,i=1,...,n}. Let A be the last nontrivial term of the lower central
series of N and let L(A) n ¥ = Ay. Since A is a rational subgroup of
Ny, Ay is a lattice subgroup of 4 which we will identify with L(4). Now
consider My, = Ng/Aq.Since Gactscompletely reducible, there is a rational
vector subspace W of L(N) relative to X,,...,X,, such that
L(N) = L(A) @ W, and W is G-invariant. Clearly G maps W n %. onto
itself. If we identify W and L(M) under the natural 1-1 mappings we have
that £* = W & is a lattice invariant under G acting as automorphisms
of My. Hence by induction there is a lattice nilpotent subgroup A* in
L(M) or W which is invariant under G. Now let A be the subgroup of N
generated by exp(d), 6 € A*. It is easy to see that ¢ is a finitely generated
subgroup of N and for any element 6 € A, log § may be written uniquely as
a + 6* ae L(A)and 6* € A*. Since A is central it follows that the set of all
points of a that occur as the A coordinate of log d, § € A, is a subgroup B of
Ag and is finitely generated. Hence, there exists ke Z" such that Ay/k
contains B. One now verifies that the group BA is a lattice nilpotent
subgroup of N, invariant under G.

There is one further concept that is important about lattice nilpotent
groups that we should mention before leaving this subject. This is the
concept of a lattice hull and is defined as follows. Let 1 = Ny = N be
discrete. Then there exists a lattice nilpotent subgroup A > x such that
A © Ny and A/n is finite. If we let 7, denote the intersection of all the
lattice nilpotent subgroups that contain = it is easy to see that n; is the
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smallest lattice nilpotent subgroup of Ny containing n. We call =, the
lattice hull of n.

4. Compact nilmanifolds. Let 7 be a discrete subgroup of a nilpotent
Lie group N such that 7 is cocompactin N or equivalently N/x is compact.
Then = uniquely determines N. This statement may be made precise as
follows:

Let m; = N;,i = 1,2, be discrete, cocompact subgroups of nilpotent Lie
groups N,;,i = 1,2. Further, let

oIy > T,

be an isomorphism. Then a extends uniquely to an isomorphism
oa*:N;y— N,.

We will prove this theorem by induction on the dimension of N,. Let
M, be a connected subgroup of N, of codimension 1 and such that
M,/n, n M, is compact. (The existence of M, follows from the fact that
the image of =, in N,/[N,,N,] is discrete and cocompact.) Let
n¥ =7, "M, and note that o, = Z x nf and N; = R, x M, with
Z, < R,. Now let 7, = (Z,) x anf) and let M, = A,((nF)) = N,.
Then, by induction, « extends uniquely to an isomorphism of: M, - M,
since a(n¥) is discrete and cocompact in M, and dim M, = dim N, — 1.
Now it follows by a dimension argument that N, = R, x M, with
Z,) = Z, = R,. We next note that Z, acts by inner automorphisms of
7, as a group of automorphisms of n¥ and hence Z; may be considered to
act as a group of automorphisms of M ;. Further Z, acts unipotently on
M, and so the algebraic hull of Z, acting on M, is exactly the same as the
action of R, on M,. A similar statement holds for «(Z,) = Z, acting on
M,. Now a:Z, —» Z, extends uniquely to af:R; - R,. We now define
o*: Ry x M, —» R, x M, by o*(r,m,) = a¥(r )ot(m,). It is now a straight-
forward verification that a* is the desired unique isomorphism extending a.

The type of argument we have just used can also be used to prove the
following important fact. Let 1 = N, N a nilpotent Lie group, be discrete
and cocompact. Then there exists a rational form Ny such that 1 < Ng.

Again the proof is by induction on the dimension of N and we begin by
choosing M = N such that M/n n M iscompact, N =R X M,trnR=2Z
and © = Z x nf where n* = n n M. By induction there exists a rational
form Mg, of M such that My, o n*. Let 7§ denote the lattice hull of n*
and recall that Z acts as a group of automorphisms of 7} and so we may
view Z as a subgroup A of GL(n, Z), where n = dim M. Hence 4,(4)q is a
subgroup of GL(n, Q) of dimension 1 and contained in A(M). It is now
easily seen that Ny = A4,(4)p X M, is a rational form of N.

We can repeat this type of argument once more to show that if  is any
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finitely generated torsion free nilpotent group then there exists a nilpotent
Lie group N such that n = N and N/n is compact. The argument rests on the
group theoretic fact that such groups = have a semidirect product repre-
sentation of the form = = Z x z*, where n* is again torsion free, finitely
generated and nilpotent. Thus there exists M such that M is a nilpotent
Lie group and n* = M with M/n* compact. But then Z acts as a group of
unipotent automorphisms of M and so we may form N = 4,(Z) x M and
this group is easily seen to satisfy the conclusions of our theorem.

Since N and N, are uniquely attached to = and if zis faithfully imbedded
in U(m) for some m, N will be isomorphic to the algebraic hull of x in
U(m). We will often call N the algebraic hull of m. We will often denote
N and N, by ng and 7y, respectively.

We come now to our final result about compact nilmanifolds. Compact
nilmanifolds with isomorphic fundamental groups are diffeomorphic. To see
this, note that if X, and X, are compact nilmanifolds with fundamental
groups 7, and m,, respectively, then there exist nilpotent Lie groups N,
and N, such that 7; is a discrete cocompact subgroup of N;,i = 1,2, and
X, ~ Nym;,i =1,2. Now let a:m, - n, be an isomorphism. Then o
extends uniquely to an isomorphism o*: N, — N, and thus induces a
difftomorphism a**:N,/n; —» N,/x,.

CHAPTER III: SOLVABLE LIE GROUPS AND SOLVMANIFOLDS

1. Examples. Let N be a nilpotent Lie group and let R® be the s-dimen-
sional vector group. A (connected and simply connected) solvable Lie
group is any Lie group R satisfying the exact sequence

1> > N->R->R->1

Now let H be a closed subgroup of the solvable Lie group R. In this
Chapter we will study the homogeneous spaces R/H which are called
solvmanifolds.

Let us begin our discussion by some examples that show that many of
the assertions proven for nilpotent groups and nilmanifolds are false for
solvmanifolds.

EXAMPLE 1. Let C denote the complex numbers and let R = R x C?,
where R acts on C? by

ad(t)(zy, z,) = (e*™z,, €™M z,), J irrational,

te R and (z,, z,) € C2 The solvable Lie group R is not an algebraic group
in any matrix representation because the image of R under the adjoint
representation in GL(5, R) is not a closed subset of GL(5, R). If R were an
algebraic group in any representation then the image of R under the adjoint
representation would have to be an algebraic group and hence closed.
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ExampLE 2. The group R, of affine transformations of the line

R, = {(8 II’)} abeR,

has no discrete cocompact subgroup although in the above matrix
representation it is a rational algebraic group.

ExAMPLE 3. The Klein bottle is a compact solvmanifold. Once we have
shown this, we will have proven that not every compact solvmanifold can
be written in the form R/T", where I' is a discrete subgroup of the solvable
Lie group R. To see that the Klein bottle can be presented as a solvmani-
fold, let R = R x C, where ad(t)(z) = e*™"z,t € R, z € C. If the elements of
Rare given by (¢, z), t € Rand z € C, let H be the closed subgroup consisting
of all elements of the form (m/2,n + iy),m,ne Z, ye R. Then it is easily
seen that R/H is the Klein bottle.

ExAMPLE 4. Let R be the universal covering group of the group of rigid
motions of the plane. We may write this group as R = R [X C where
ad(t)z = e*™'z, teR, zeC; ie., it is the same group as in Example 3.
Let I" be the subgroup of R consisting of (m, n, + in,), m,n,neZ,
Then it is easily seen that R/T" is topologically the three-dimensional torus.
Since R is nonabelian, this shows that, for solvable Lie groups, isomor-
phisms of discrete cocompact subgroups may not extend to the connected
groups containing them.

These examples show that the attack used in the study of nilmanifolds—
a direct approach using algebraic groups—will not work for solvmanifolds.
Although much work has been done in the study of solvmanifolds since
the fundamental paper of Mostow in 1954 [M, G ; 1], the global theory of
solvmanifolds and the role played by algebraic groups in the study of
solvmanifolds first became available in joint work of the author and R.
Tolimieri in 1970 [A, L; 8, 13). It was in [A, L; 8] that we first established
the fundamental global result—every solvmanifold is a vector bundle over
a compact solvmanifold—a result first conjectured by Mostow in his
1954 paper. Before we begin the study of solvmanifolds let us set the stage
by establishing how we will think about solvable Lie groups. The basic
idea we will discuss can be traced back through the works of H. C. Wang
[W,H]and A. I. Malcev [M, A ;2] and much further back into the history
of group theory. It is interesting to note that the construction we are going
to discuss and the wreath-product of groups have the same genesis.

2. The structure of solvable Lie groups—splitting theorems. There exist
two fairly recent and complete accounts of the ideas in this section in
[A,L; 5] and [T, R;1]. However, we will present an outline of this material
that should help to serve as a guide through the above mentioned papers.

Let R be a solvable Lie group. Then R has a unique maximal normal
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nilpotent connected subgroup which is called the nil-radical of R and
which we will denote usually by N. Then R satisfies the exact sequence

1 > N->R->R -1

and so N o [R, R]. Thus the description of R involves the “action” of
R° on N and a group extension with nonabelian kernel. It is well known
that it is very difficult to work with group extensions that have nonabelian
kernels. It is also clear from Chapter II that we have great control over
nilmanifolds because of the algebraic group structure of nilpotent Lie
groups. Hence we want to describe solvable Lie groups in terms of groups
that look as much like algebraic groups as possible. In order to do this,
we will replace presenting R as an exact sequence by presenting R as a
subgroup of a special sort of group.

Nowif R = GL(n, R)isanalgebraicsolvable Lie group,thenR = T x U,
where U is a connected subgroup of U(n) and T is an abelian group of
semisimple matrices. (Although U is nilpotent, it is important to note that
U need not be the nil-radical of R.)

At this point two options are open to us. We can use a nonintrinsic
approach that makes use of the Ado imbedding theorem or an intrinsic
approach that is a modification of ideas first introduced by A. I. Malcev in
[M, A ; 2]. We have chosen the second approach.

Let L(R) denote as usual the Lie algebra of R and consider the adjoint
representation ad(R) on L(R). If A(L(R)) denotes the algebraic group of
automorphisms of L(R), then ad(R) = A(L(R)) and so A,(ad(R)), the
algebraic hull of ad(R), is contained in A(L(R)). Since ad(R) is solvable,
A,(ad(R)) is a solvable algebraic group and so

A,@dR)=Tx U
where T is semisimple abelian and U is unipotent. In T consider the image
of ad(R) and denote this by Tz. We may view Ty as a group of automor-
phisms of R and so we may form
RS = TR X R.
If R satisfies an exact sequence
1> > N>R->FR-1

where N is the nil-radical of R, it is easy to see that dim Tz = s and if ~
denotes universal covering group then

R =Tg x R=R*x R.

We have called R the semisimple splitting of R, although the name Malcev

splitting might be also appropriate. Let us now list the basic properties of
R

s



238 LOUIS AUSLANDER [March

1. Ty acts as an abelian semisimple group of automorphisms of R.

2. Ry = Mg x Tz = R x Ty, where My is the nil-radical of R;.

3. R, is uniquely determined by properties 1 and 2.

We will often call M the nil-shadow of R.

We may also relate R to some exact sequences. To be precise R~
satisfies the commutative diagram below where all horizontal sequences
are exact and all vertical arrows are monomorphisms with the right
hand arrow being an isomorphism.

1- N> R ->R->1

l Lo
l>Mg—>R >R -1

The crucial property is that the bottom exact sequence splits. Thus we see
the reason for the name splitting in semisimple splitting.

One of the facts that makes R, so useful is that every automorphism
0 of R gives rise to an automorphism (not unique) of R,. The basic tool
for understanding this result is the following fundamental general theorem
of Mostow [M, G ;2] which we will call the “conjugacy theorem”.

Let G be a Lie group with a finite number of components and Lie
algebra L(G). Further, let R be the radical of G and N the radical of
[G, G] (note, N is nil-radical of R). Let H; and H, be two closed subgroups
of G each with the property that ad(H,) is a maximal subgroup of ad(G)
with respect to the property of semisimplicity ; i.e., any invariant subspace
of L(G) under ad(H;) has a complementary invariant subspace under
ad(H,),i = 1,2. Then there exists ne N such that ntH;n"! = H,.

The Mostow-conjugacy theorem enables us to prove (see [A, L; 5]) the
following: Let R be a solvable Lie group with semisimple splitting R, and let
A(R) denote the group of automorphisms of R and A(R,, R) the group of
automorphisms of R, that map R onto itself. Then the restriction mapping

r:A(R,, R) - A(R)

is a surjection and there is a monomorphism c:A(R) - A(R,, R) such that

roc is the identity on A(R). Hence every group of automorphisms of R lifts
to R, but not uniquely.

3. A splitting theorem and a global theorem about solvmanifolds. Now
just as Malcev proved that solvable Lie groups have semisimple splittings,
H. C. Wang proved that certain disconnected solvable groups have
splittings. For later purposes we will state Wang’s results in a slightly more
general form than in his paper [W, H] butin slightly less generality than the
results established by Toliemeri in [T, R ;1].

By a CN group we will mean any closed subgroup of a nilpotent Lie
group. Let N be a nilpotent Lie group and let H be a closed subgroup of
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N with algebraic hull 4,(H). Since A,(H) is the same no matter what nil-
potent Lie group we take to contain H as closed subgroup, we will adapt
the notation Hg = A,(H). If H, is the identity component of H then H,
is normal in Hg and Hg/H, contains a unique rational form, say Q, such
that Q o H/H,,. Let H, be the pre-image of Q in Hg.

We will call a group a CS group if it is a closed subgroup of a solvable
Lie group. One can demonstrate (see [A, L;14, Corollary 2]) that a CS
group D satisfies an exact sequence

1o-H->D->Z@R -1

where H is a CN group. By the unique extension of automorphisms for
CN groups, we have easily the following commutative diagram with
horizontal exact sequences and vertical monomorphisms:

1- H-> D —->D/H-1

Vool !
1->Hy— Dy— D/H—1
ool 1

1> Hg— Dg— D/H — 1

All the statements we are about to make regarding Dy, also hold for D,

We will now show how to construct a semisimple splitting or simply a
splitting of Dg. The method we will follow here is analogous to using the
Ado theorem to prove the Malcev or semisimple splitting for solvable Lie
groups. (The reader should note that in general Dg has an infinite number
of components.) What H. C. Wang actually proved we will discuss in the
next section and call it the abstract or the Wang splitting.

Let us begin by noting that if D = R then Dg = R. Now let R, be the
semisimple splitting at R and let My be the nil-shadow of R. Further let
R,/My = Ty and let the image of Dg in Ty be T*. Our main assertion is
that there exists a monomorphism o.: Tg - A(R) such that Ry, = Mg x o Tg)
and oa(T*) maps Dg onto itself.

Since we wish to be able to use algebraic group techniques to prove
our assertion, we will begin by taking a particular faithful matrix repre-
sentation of R;. To be more precise, we will use the Birkhoff Imbedding
T heorem which states that if N is a nilpotent Lie group with automorphism
group A(N) then there is a faithful imbedding B:N — U(n) and
B:A(N) — GL(n, R) such that B(6(n)) = B(0)B(n)B(0)~' where 6 A(N)
and ne N. This representation of N x A(N) has the property that if
R, = Tz X Mjp then not only is B(M) unipotent, but B(Ty) is semisimple.

We may now proceed to prove our assertion. Let A = A,(B(Dg)). Then
[A, A] is the algebraic hull of [B(Dg), B(Dg)]. But [B(Dg), B(Dg)] < B(Hpg),
which, being a connected nilpotent group, is algebraic. Hence



240 LOUIS AUSLANDER [March

[A, A] < B(Hg). Now let A = M, x T,, where M, is unipotent and
T, is semisimple. Now let T# be the image of B(Dg) in T,. Then, for
c€ B(Dg) and t € T, we have

[t,c] = tct ¢~ ' e B(Hg) = B(Dg).

Hence tct™! € B(Dg). Now let B(Mg) x B(Tg) be a semidirect product
presentation of B(R,) such that

B(Ty) > T, n B(TY).

Since B is an isomorphism, this proves our assertion.

If we let T, denote the restriction of T} to Dg, we may form (Dg), =
Dy x Tp,. We will call (Dg), a semisimple or Wang splitting of Dg.

We may now argue as in [A, L;5] and show that the following four
conditions are satisfied.

1. (Dg), has a maximal nilpotent normal subgroup, which we will call
the nil-shadow of Dg and denote by Hj,. Hp isa CN group. Let the algebraic
hull of Hj, be denoted by M, and be called the real nil-shadow of D.
The group (Hp), will be called the rational nil-shadow of D.

2. (Dg)s = Hp x Tp.

3. The set-theoretic projection p:H; x T, — H, maps Dz homeo-
morphically onto Hy,.

4. Dg and H), generate (Dg),.

We will now use the above properties of splittings of CS groups to show
that every solvmanifold is a vector bundle over a compact manifold. We
will, in the next sections, introduce the abstract splitting theorem and
indicate how these can be used to prove that every solvmanifold is a vector
bundle over a compact solvmanifold and that compact solvmanifolds
with isomorphic fundamental groups are homeomorphic.

Let R be a solvable Lie group and let D be a closed subgroup of R.
Further, let R, = My x Ty be the semisimple splitting of R. We define
the affine action of R on My, as follows: Let r € R and let r = (m, t), where
meMpg and te Ty. Let mye Mgz. We define a(g)m, = mt(m,), where
t(m,) is the image of m, under the automorphism determined by t. This
defines R as a group of transformations acting on M. Note that if we
denote the left multiplication by r in R by [, and projection of R onto
Mg by p, then

pl, = a(r)p.

As an immediate corollary of this observation, we have that the solv-
manifold R/D is homeomorphic to Mz/a(D), where Mg/a(D) denotes the
quotient space of Mz under the affine action of D. This observation has the
important consequence that the topological structure of R/D depends on
My and T3, but not on Tg. (This explains why nonuniqueness in the
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presentation of solvmanifolds is possible as exhibited in Example 4 of
§1 of this chapter.)
Now let D be a CS group and let

(Dr)s = Hp x Tp

be the semisimple splitting of Dg. Then if D, denotes the identity com-
ponent of D, it can be verified that the nil-shadow of D, in H, which
we will denote by H,, is normal in (Dg),. Let T} denote the image of
Tp on Hp, /H,. Then we easily have that

(D/Do)g)s = (Hp/Ho) x Th;

thus we have established that if D is a CS group then the orbit of D acting
affinely on its real nil-shadow M/, is compact and has fundamental group
I' = D/D,, where I satisfies the exact sequence

lon->T->2Z2->1

where nis the fundamental group of a compact nilmanifold or, equivalently,
a finitely generated torsion free nilpotent group. A group I satisfying the
above conditions will be called a FS group.

Now let D be a closed subgroup of R and let the semisimple splitting of R,
R, = My x Ty be chosen so that if (Dg), = H, x T} then H;, « My and
T} < Tg. Then M, the real nil-shadow of Dg is a connected subgroup of
My which is invariant under (Dg), and by the above discussion My /a(D)
is a compact manifold. Since My is nilpotent, we will, for the rest of this
discussion, view M and L(Myp) as identified by means of the exponential
mapping. Let V be a vector subspace of My such that T}(V) = V and
Mg = M, @ V. Then one can verify that every element of My can be
written uniquely as dv, d € M, and v € V. Hence if d = (m, t) € D, we have

ad(d)(6v) = mt(S)t(v) = m'v!

where m' e M, and v' e V. Thus we see that the images of the sets 8V,
0 € My, gives a fiber bundle structure to R/C ~ Mg/a(D) with M /a(D)
as base space and V as fiber with the linear action of the abelian structure
group T}. This proves our first structure theorem. Every solvmanifold is
a vector bundle over a compact manifold.

4. Abstract splitting theorems and uniqueness of compact solvmanifolds.
In §3 we established our first structure theorem for solvmanifolds. In the
next two sections, we will establish two further properties : First, compact
solvmanifolds are homeomorphic if and only if their fundamental groups
are isomorphic; second, given any FS group it is the fundamental group
of a compact solvmanifold.

Both of these results start from the Wang splitting theorem. Indeed,
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the first result is an almost immediate corollary of the Wang result while
the second uses the Wang splitting as a jumping off point. We will therefore
begin this section with a discussion of the Wang splitting.

In §3 we saw that if D is a closed subgroup of a solvable Lie group R,
or what we have been calling a CS group, then D satisfies an exact sequence

1) 1 > H->D->Z®R -1

where H is a CN group. The converse is false. In other words there exist
groups D satisfying (1) which cannot be imbedded as closed subgroups
of connected, simply connected solvable Lie groups. However, H. C.
Wang proved in [W, H] that if D satisfies (1) then Dg and D, have semi-
simple splittings (Dg); and (Dg); as defined for CS groups. One may then
use the Birkhoff imbedding theorem to show that groups satisfying (1)
have faithful matrix representations and can be imbedded in simply
connected solvable Lie groups with a finite number of components.
(Note that if we knew for some reason in advance that a group satisfying
(1) had a faithful matrix representation, the proof of its having a Wang
splitting would be a simple matter.)

Let D be a group satisfying the exact sequence (1). Again we will state
all our results for the group Dg with the understanding that exactly the
same results hold for Dgy. Let A(Dg, Hg) denote all continuous automor-
phisms of Dy that map Hg onto itself and induce the trivial automorphism
of Dg/Hg. We will say that 6 € A(Dg, Hg) is unipotent if 6 induces a uni-
potent automorphism of Hgz. We will call e A(Dg, Hg) semisimple if

(a) there exists a cross section f : Z°* @ R’ — Dg such that 6f(z) = f(2),
zeZ" @ R

(b) O|Hg is semisimple.

Wang has shown that, just as for linear transformations, every
0 e A(Dg, Hg) can be written uniquely as a product of two commuting
automorphisms s(6) and n(6) both in A(Dg, H g) such that s(0) is semisimple
and n(f) is unipotent.

Now let ad(Dg) denote the subgroup of A(Dg, Hg) consisting of inner
automorphisms. Let (Dg),, be the subgroup of A(Dg, Hg) generated by all
the semisimple and unipotent parts of 6 € ad(Dg). Let By denote a maximal
abelian subgroup of (Dg),, consisting of semisimple matrices. Then H. C.
Wang has shown the following :

1. There exists a cross section f:Z°@ R’ — Dy such that for each
ze Z° @ R' we can find b e Bp such that ad(f(z))b~ ! is unipotent.

2. The group U, generated by the unipotent elements ad(f(z))b~! and
Hpy is nilpotent and a CN group which is such that

1> Hg—>(Upg—>Z®RDR — 1.
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3. By, acts as an abelian group of semisimple automorphisms on (Up )
which maps Hg onto itself and is trivial on (Up)g/Hg-

4. Z°* ® R @ R’ contains a lattice Y such that if fis a cross section of
Z° ® R' — Dg satisfying 1 then there exists a cross section g:Y — (Up)g
such that the unipotent parts of ad(f(v)) equals ad(g(y)) restricted to Hg.

5. The group (Dg),, = Up % Bp.

Now let D be a CS group. Apparently the definition of semisimple
splitting of Dg given in §3 depended on the choice of enveloping group R.
We will now see that this is not the case. Let (Dg); = M x Tpbe a semi-
simple splitting of D and let (Dg),, = Up x B,. Then we may choose a
semidirect product representation of (Dg),, such that T, = By as a group
of automorphisms of Dg and if § assigns to each me M), the automor-
phism of Dg obtained by mDgm ™! then

B:Mp — Up

is an epimorphism.
Now let £ be an automorphism of Dg. Then & induces an automorphism
E* of (Dg),, if we define &* by

&) = EhE™',  he(Dg)y, = A(Dg, Hp).

Now &*(Bp) acts semisimply on Up and so by the Mostow conjugacy
theorem there exists u € U, such that

uBpu~' = E¥(Bp)

where u is in the range of (B, — I), where I is the identity mapping. Note
that Hg maps onto the range of (B, — I). Hence there exists n € Hg such
that

EBpE~™ ! = nBpn~ L.

This discussion may be formalized as follows: Let Dg be given with
semisimple splitting (Dg); = Hp % T, = Dg x Tp,. Let £ be an auto-
morphism of Dg. Then

@) ETpé™ ' = nTyn~ ' forne Hg,

(b) &*:(Dg)s — (Dg), defined by

E¥e 1) = (4(G), &7

is an automorphism extending &. This proves that groups Dg have unique
semisimple splittings and nil-shadows Hp,. Since Dg is a subgroup of (Dg),
that maps onto T}, by the homomorphism with kernel M,,, it follows that
we may view T, = Dg/Hpg as a group of automorphisms of H;, and form
the group (Dg)s” = Hp x T}

These algebraic facts have the following immediate implications for
solvmanifolds. Let R;/D; be solvmanifolds that are vector bundles over
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the compact manifolds M), /a(D;). Then if D;/(D;),, i = 1, 2, are isomorphic,
the manifolds M), /a(D,) are homeomorphic. This is an easy consequence
of the algebraic uniqueness theorems established above and immediately
implies that compact solvmanifolds with isomorphic fundamental groups are
homeomorphic.

5. Existence of solvmanifolds. We have used the Wang splitting to show
that if D, and D, are CS groups such that D,/(D,), is isomorphic to
D,/(D,), then

My, /a(D)) = Mp,/a(D,)

and the fundamental group I' of Mp /a(D,), I = D,/(D,),, satisfies the
exact sequence

1) lon->T->2Z2>1

where 7 is a FN group. In this section we will show that given any group
I' satisfying (1) there is a compact solvmanifold X such that n,(X) = T.
This, combined with the results in §4, will complete the proof that any
solvmanifold is a vector bundle over a compact solvmanifold. We will not
present the original proof here [A, L; 6], but will present a new proof that
is both more invariant and gets deeper into the structure of solvmanifolds.
We will begin by motivating the proof and explaining where the diffi-
culties lie. The interested reader may compare this to the results and proofs
in [A, L;16].

We will begin by considering the special case where n is abelian, say
Z'. Thus A satisfies the exact sequence

() 1-Z'>A->Z5> 1.

In this special case we may proceed as follows to show why A is the funda-
mental group of a compact solvmanifold. First consider the commutative
diagram, where horizontal sequences are exact and vertical arrows are
monomorphisms:

1 Zt - A->Z->1
)] ! U
1oZ'"QR->Ag—> Z°— 1
Since Z' ® R = R', we have a natural imbedding j of Z* in GL(t, R). What
we would like to do is to complete the above diagram to the following:

1- Zt - A-> Z -1

! ! !
4) l1>Z'QR->Ag—~» Z° -1
! ! l

1-Z2Q®QR—-> R - Z°QR-1
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If this could be done we would easily have that R/A would be a compact
solvmanifold with fundamental group A. But the existence of the last
exact sequence would imply that j(Z*) = GL(t, R) is contained in a con-
nected abelian subgroup of GL(t, R). Since GL(t, R) is not connected, it
is easy to find A for which R satisfying (4) does not exist.

However we know that if we consider Z' ® C, C the complex numbers,
instead of Z* ® R, we have j(Z°*) = GL(t, C) and now it is well known that
we can always extend the homomorphism j from Z° to Z°® R. One can
now show, and we will see how in a few moments, to complete the com-
mutative diagram below with the usual conventions in vertical and hori-
zontal mappings.

1 Z' - A-> Z¢ -1

! ! !
(5) 1-Z'Q® Co>Ac—» Z° -1
! ! !

1-Z2'QC—> R ->Z®R->1

Unfortunately, R/A is not compact. This difficulty can be overcome by
letting D be the subgroup of R generated by the image of A and the sub-
group £ of Z° ® C consisting of the purely imaginary vectors. It is easily
checked that D is closed in R and that #,(R/D) = D/D, = D/# = A.Thus
we see how to go about solving our problem in this special case.

Let us now see what happens when we try to do this in the general case
of the exact sequence (1). Let N be the algebraic hull of = and let N be
the complex points of N. Then we may try to form (5) with Z* ® C re-
placed by N¢. Unfortunately this attack does not work. One reason is
that the subset of N with purely imaginary coordinates does not form a
subgroup of No when N is not abelian as the simplest examples will show.

Until now we have glossed over the problem of extending the cocycles
that are implicit in the construction of diagrams (4) and (5). The reason
for this was twofold: first to isolate the automorphism extension problem
and second because the Wang splitting will enable us to overcome this
difficulty. Let us now see how this is done.

Consider (Ag); = Z* x H, and let M, be the algebraic hull of H,.
Then M, satisfies the exact sequence

1-Z*QR->M,-Z'®R— 1.

Further we may form (M,). by requiring it to satisfy the above exact
sequence with Z ® R replaced by Z ® C.

Now let j(Z') = GL(s, C) and let j*(Z* ® R) be an extension of j. Let
A be the algebraic hull of j*(Z' ® R) and let A = T, @ U, where U, is
the unipotent part and T, the semisimple part of A. Let u': 4 — U, have
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kernel T, and s':4 — T, have kernel U,. Then form u:(Z'® R)
— GL(s,C) and s:Z'® R —» GL(s,C) by u=u'oj* and s = s oj* It
should be remarked that u is independent of how j is extended to j*, but
s is not. It is also easily seen how to form (Z'® R)s* x (M,)c, where
(Z' ® R)s* means that Z' ® R acts semisimply on (M,)¢ so as to agree
with s when restricted to Z°* ® C and to act trivially on (M,)¢/Z° ® C.
Further the following commutative diagram exists where ¢ is the mapping
defined by 6(z) = s*(z® 1) ® (z ® 1), ze Z*, and all vertical arrows are
monomorphisms:

1-2°® C— Ac - VA -1

l | |
15>Z°QC—(Z®R)s* x (Myc>((Z' QR D(Z'QR)— 1

If we let R=p"'z@r@®z®7r), ze Z', reR, it is easily seen that
R = (Z' ® R)s* x (M) satisfies (5).

Let us now go through the general arguments. We begin our discussion
with the introduction of the concept of the free nilpotent Lie group of step
k generated by a vector space V. This will be our replacement for Z°* ® C
in the above argument. We will begin by recalling some of the basic
properties of the free Lie algebra generated by F(V) a vector space V.

1. Let a: ¥V — Lbe a linear mapping of Vinto a Lie algebra L. Then «
extends uniquely to an algebra homomorphism o*: F(V) - L.

2. Let G be a group of automorphisms of V. Then G extends uniquely
to a group of automorphisms of F(V).

3. Let G be a group of automorphisms of Vand assume that W < Vis
a linear subspace that is G-invariant. Let (W) be the ideal in F(V)
generated by W. Then .#(W) is G-invariant.

4. Let F, (V) be the kth term of the lower central series of F(V). We call
F(V)/F,, (V) = FXV) the k step free nilpotent Lie algebra generated by
V.If N is a k step nilpotent Lie algebra and «: F(V) — N is a homomor-
phism then « factors through F*(V).

Henceforth we will identify a nilpotent Lie algebra with the corresponding
Lie group by means of the exponential mapping implicitly whenever this
is convenient.

Before we proceed to a proof of our main assertion, let us pause to
consider the following problem: Let M be a connected simply connected
nilpotent Lie group and let p:R°* —» A(M) be a homomorphism whose
image is semisimple. Let G = (R*)p x M, where (R°)p means that R® acts
on M as the image of the mapping p.

Problem 1. Give a necessary and sufficient condition for there to exist
a solvable Lie group R such that R = G.

Clearly if M x (R%)p is to be the R for some R, there must exist a



1973] THE STRUCTURE OF SOLVMANIFOLDS 247

connected subgroup N = M, such that N > [M, M] and

1. N is p(R®) invariant and p(R°) acts trivially on M/N,

2. dimM — dim N =s.
Now assume that G satisfies (1) and (2). Then G/N = M/N @ R°. Let
a:M/N — R° be a linear isomorphism and let A = {(x, ax)lx e MN}. If
u:G — G/N is the canonical map with kernel N, let u~*(A) = R. Then it is
trivial to verify that R, = M x (R%)p.

We now want to look at a slight variant of this problem. Consider a
group

1> H->D->Z->1

where H is a CN group. Let (Dg); = Hp x Z° is the Wang splitting and
let M, be the algebraic hull of Hj,. Assume (Dg); = M, x (R%)p, where
(R°)p acts semisimply on M,

Problem?2.Canwefind R « M, x (R°)psuchthatR > DandR; = M),
X (R%)p.

The answer is of course yes and is proven by combining the last two
arguments.

Now let I' satisfy the exact sequence

m lon->I->2Z -1

and let (T'g); = Hp x Z° have the property that Z° acting on M extends
to an action of Z° ® R acting on M and preserving eigenvalue one sub-
spaces. Then the group R constructed as the solution to Problem 2 above
has the property that R o I" and R/T" is compact. Thus we have proven
the following theorem.

A necessary and sufficient condition that group T satisfying (1) be a
discrete cocompact subgroup of a connected simply connected solvable Lie
group is that if My is the algebraic hull of the nil-shadow of T" and Z° is
the semisimple part of T" then the action of Z° in My can be extended to
Z° ® R and preserves the eigenvalue one subspaces.

This shows the central role played by the automorphism extension
problem for compact solvmanifolds.

We are now in a position to combine the free nilpotent Lie groups with
the above discussion to characterize the fundamental groups of compact
solvmanifolds.

Let I' as usual satisfy (1) and let (I'g);” = H x Z*° and let M be the
algebraic hull of Hy.. Viewing M- as a vector space, assume it is a subspace
of a vector space W such that Z *extends semisimply to W with the property
that this action of Z* in W can be extended to Z°* ® R. (Note we can always
take W = M ® C.) Let My be k-step nilpotent and form F¥W). Choose
a linear map W — M whose kernel K is (Z° ® 1)-invariant. Then we
may view Z° ® R acting on F{W) and so we may form Z°® R x F{W)
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and let .#(K) be the ideal in FXW) generated by K. Then let " : F{W)
— My be the homomorphism with kernel .#(K). One checks that " ex-
tends to a homomorphism X#*:Z°® 1 X F{W)— Z° x My. Now
I' = Z° X My and so we may consider # *~{(I') ¢ Z° ® R x F{W). By
the solution of Problem 2 there exists £ > 2 * (') and such that
R < Z°® R x F{W) with the full group as its semisimple splitting.
Clearly #/4*~(T) is compact and J™*~([")/#* ([, ~ T and this
proves our assertion that any group I' satisfying (1) is the fundamental
group of a compact solvmanifold.

6. Presentations of compact solvmanifolds. Let R be a connected, simply
connected solvable Lie group and let D be a closed subgroup of R such
that R/D is compact. If D has no connected subgroup normal in R, we
will say that R/D is a presentation of X = R/D, X a compact solvmanifold.
It is clear that the concept of presentation has been introduced to avoid
an annoying but trivial complication. For if H = D is connected and
normal in R then

(R/H)/D/H) ~ X

and so we may replace R by R/H when writing the homogeneous space
R/D.

With this definition out of the way, we may state the two problems that
we will study in this section.

Problem 1. Find a necessary and sufficient condition for a solvable
Lie group to have a discrete subgroup I'" such that R/I" is compact.

Problem 2. Given a compact solvmanifold X find all pairs (R,, D,) such
that R,/D, is a presentation for X.

Both of these problems have been studied in some detail. The first by
G. D. Mostow in [M, G; 3] and the second by R. Johnson in [J, R]. How-
ever our treatment of both problems is different than the above treatments.
Indeed, to Problem 2 we will present a complete solution, up to isomor-
phism, which except for the torus Johnson failed to achieve. However
he did show that there exist presentations (S,, C,) such that dim S, - o
as o — 00.

Let R be a solvable Lie group with semisimple splitting R” = Mg X Ry.
Necessary and sufficient conditions for R to contain a discrete cocompact
subgroup are the following:

(1) M has a rational form Mgy such that if N is the nil-radical N of R
then My N N is a rational form of N.

(2) Consider Mg/N @ R°® which contains R/N as a subgroup. Let
p1:Mg/N @ R* - Mg/N and p,:Mg/N @ R* - R®. Then p,|R/N = q, and
P2IR/N = g, are linear isometries. Let q,q;7 *(Mg/N) be ® = R,. Then ®
contains a lattice subgroup L such that R,/L is compact and L acts as integer
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unimodular matrices on a basis of M.

The necessity follows easily by replacing a discrete subgroup by a
lattice nilpotent subgroup. The sufficiency follows from the fact proven
about lattice nilpotent subgroups invariant under groups of integer
unimodular matrices of Chapter II, §3 and the diagonal arguments of the
previous section.

Our solution to Problem 2 is also very simple once we are in possession
of the Mostow structure theorem for presentations of compact solvmani-
folds. We will state it and use it now although we will delay its proof to
Chapter 1V, §3. The structure theorem says the following: Let R be a
solvable Lie group and let D be a closed subgroup such that R/D is a
presentation. Let N be the nil-radical of R. Then D satisfies

1> NnD->D->Z°-1

where N is the algebraic hull of N n D and Z° is a lattice in R/N.

If we form (Dg); = Hp X Z° and M, is the algebraic hull of Hy, then
RS = M, X (Z° ® R)p where as usual (Z°* ® R)p denotes an action of
Z* ® R on Mj,. Now let D, be the identity compact of D then D, is a
normal subgroup of M, and Hj, and if ' = D/D,, then

(T'r)s = Hp/Doy x Z*

and Mp/D, is the algebraic hull of Hp/D,.

Now let M, be the k-step nilpotent and let o:F¥(Mp) — M/, be the
canonical mapping obtained from the identity mapping. Then since
(Z*® R)p operates on M we may extend ¢ to a homomorphism

0:(Z* ® R)p x F{Mp) - (Z° ® R)p x M,

andlet 6" Y(R) = A.
Now since Z° ® 1 operates semisimply in M, leaving D, invariant
we have
(Z° ® 1)p x F{(Mp) & Mp/Dy x Z°

is well defined. Now I' = M/D, x Z* and u~*(I') is cocompact in Z.
It is straightforward to now verify that R is obtained from £ by dividing
out by the maximal connected subgroup of p~!(I') that is normal in £.
This shows that the construction given in the previous section can be made
into a generic construction for all presentations of a compact solvmanifold
by dividing R by the maximal connected subgroup of A4 *~ (') that is
normal in R.

Thus we see that the presentation problem for a compact solvmanifold
reduces to an extension problem and an isomorphism problem.

7. Compact solvmanifolds with discrete isotropy groups. Let I" be a
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discrete subgroup of a connected nilpotent group N such that N/I" is
compact. Then, by the results of Chapter II, we saw that N is unique. But,
in Example 4 of Chapter III, §1, we saw that if R denotes the universal
covering group of the group of rigid motions of the plane, then R operates
transitively and with discrete isotropy group on the three-dimensional
torus. Hence a torus may be written in more than one way in the form
R/T" where R is a solvable Lie group and I is a discrete subgroup. The
basic question of this section is given two presentations R,/I" and R,/T’
of a compact solvmanifold with discrete isotropy group I', how much
structure do R, and R, have in common? (It will be clear from the discrete
case what will be true for the closed subgroup case so we will not present
the details.)

This problem has been studied in [A, L; 3, 12, 10] and [T, R; 2]. We
will use the semisimple splitting, in the spirit of [T, R; 2], to unify these
ideas and present a true uniqueness theorem that has already been used to
study the automorphism groups of polycyclic groups [A, L; 14].

Let X = R,T,i = 1,2, and let us write X in the affine presentation
X = M/a(T"), where M is the algebraic hull of the nil-shadow of the Wang
splitting of I' . Further a(I') is a faithful representation of I in A(M) x M.
Now we know from Chapter III, §4 that (R), = T; x M,i = 1,2, where
T; = A(M) is completely reducible and abelian.

Now let a: A(M) x M — A(M) be the homomorphism with kernel M
and let A° denote the identity component of the algebraic hull of a o a(T").
If T satisfies

lon->T->2Z->1

where 7 is nilpotent then ngz = M. Further A° acts trivially on M/mg
since I" does. Now a(T;) acts trivially on ¢(I') and so «(T;) acts trivially on
A°. Tt follows easily from this that a(T})A° = C; ® A°, where C; is a
compact abelian subgroup of 4(M).

Now let T’y = T be the subgroup of I" which is the pre-image of the
group (') N A°. In [A, L; 10, 14], I defined a subgroup of finite index of
I'y and called such groups “algebraic strongly torsion free S groups of
type T” and “‘predivisible” polycyclic groups in [A, L; 10] and [A, L;
14] respectively. For the rest of this paper we will call Iy “‘the predivisible
subgroup of T’ and if " is its own predivisible subgroup we will call T’
a predivisible polycyclic group.

Let I" be a predivisible polycyclic group.

Since A° is an abelian connected Lie group, A° has a unique maximal
compact subgroup C and so we may form A°/C and consider the image
aoa(l’)in A°/C. Let Wbe the linear hull of the image of a0 a(I') in A°/C
and let B be the pre-image of Win A°. Let D*(I') = M x B. Now let
7 o [I, '] and be such that = is nilpotent and satisfies the exact sequence
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lon->IT->2Z>1.

Let ng be the algebraic hull of 7. Then ng is normal in D*(I") and D*(I')/ng
is abelian. Thus we have a well-defined isomorphism

y:T/n > My x B/ng

which, since the right side is a connected abelian group, can be extended
to a continuous isomorphism

y*:T'/n ® R > My % B/ng.

Although y*(I'/r ® R) = D* is not unique, the group D*C contains
y¥(I'/mr ® R) for all possible choices of extensions. Letn : M x B - M.
X B/ng and let n~1(D*) = R(I') and #*(D*C) = D(I"). Clearly

1. D(') o T as discrete cocompact subgroup and D(I')/T" is compact.
Although D(T') is a solvable Lie group, it is not simply connected in general.

2.R(I') o I'and R(I')/T is compact. Although R(I') is simply connected,
it is not unique.

3. D(I') = C x R(I') where C is a compact abelian group.

The groups D(I') were introduced and studied in [A, L; 14]. From the
point of view adopted here Theorems 1 and 2 of that paper become trivial
consequences of the definitions and may be stated as follows: Let I be a
predivisible group and let D(I') be defined as above and called the split-
Lie hull of T.

1. Every automorphism of I' uniquely extends to an automorphism
of D(I').

2. Let G be a group that contains I" as a normal subgroup of finite index
and let F = G/T". Then if the group GD(T') is defined by the commutative
diagram

l1- ' - G —-»>F-1

l l !
1-DI)-»GDI)—>F -1

the bottom exact sequence splits.

The groups R(I') were first introduced in [A, L; 10] where their existence
and basic properties were first established. Again using the point of view
adopted here Theorems 1 and 2 of [A, L; 10] become trivial consequences
of the definition.

1. R(I') contains I' as a discrete cocompact subgroup.

2. Let 0 be an automorphism of I'g. Then if 6 is trivial in I'g/7ng, 6 is
uniquely extendable to an automorphism of R(I').

Until now we have not stated results using exact sequences. Such
results are of course implicit in what we have already proven and we will
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now make them explicit. The result below generalizes the results in [A, L;
3,16).

Let R, and R, be connected, simply connected solvable Lie groups
with nil-radicals N; and N, respectively. Further, let I'; be discrete co-
compact subgroups of R;, i = 1, 2, and let a be an isomorphism of I'; and
I', with the following properties:

1. o induces an isomorphism o, of I'y " N, onto I', n N, and so «
uniquely extends to an isomorphism o} of N; onto N,.

2. Let V; = R;/N;,i = 1,2, and let o induce the isomorphism o, of
I'y/Ty nN{and I',/T, n N,. Then «, can be extended uniquely to give
an isomorphism o¥ of V; onto V,. Further, we assume that

Vi » A(N,)I#(Ny)
o o>

V, = A(N,)/#(N,)

where the horizontal arrows are induced by coset actions is commutative
where #( ) is the group of inner automorphisms of the group in the
bracket and a}* is determined from af.

Under all the above conditions R, is isomorphic to R,.

We may see the assertion is true by noting that « induces an isomorphism
of (R,), onto (R,),. The rest is then trivial.

CHAPTER 1V : DISCRETE SEMISIMPLE SPLITTING AND APPLICATIONS

1. Introduction. Let me begin by explaining the reason for the length
and detail of the next section. When I first proved the Philip Hall conjec-
ture [A, L; 15], H. C. Wang found a way of shortening the proof. The
shortened version was the one that was published in [A, L; 7]. The pub-
lished version does not show how the Hall conjecture can be derived
from a discrete semisimple splitting theorem. Instead, one directly proves
the Hall conjecture. Later it was stated that one can derive the discrete
semisimple splitting theorem from the Hall conjecture. Since it is my
belief that the discrete semisimple splitting is the key tool, I will reproduce
here a refined version of my original proof. This starts by directly proving
the existence of a discrete splitting theorem and deduces from it the Hall
conjecture. We also use the discrete splitting theorem to prove Mostow’s
structure theorem for presentations of compact solvmanifolds.

Before plunging ahead with the details of this discussion let us pause
to resumé some facts and notations that have already been established.

Let N be a connected, simply connected nilpotent Lie group. A closed
subgroup of N will be called a CN group. We know from Chapter II that
a CN group A can be characterized as a torsion free nilpotent topological
group whose identity component A, is a connected, simply connected
Lie group and such that A/A, is finitely generated. Further, if A is a CN
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group, there exists a unique nilpotent Lie group Ag (Ag) such that Ag > A
and Ag/A is compact (Ag/A, is a rational nilpotent Lie group and the real
completion of Ag is Ag). If A is a CN group with trivial identity component
we will call A an FN group.

We have seen in Chapter III that I is the fundamental group of a com-
pact solvmanifold if and only if T" satisfies an exact sequence

(1) l1oA->T > 72> 1

where A is an FN group. Fundamental groups of compact solvmanifolds
will be called FS groups. If Ain (1)is a CN group we will call T"a CS group.
If T is a CS group satisfying (1), there exists a unique group I'y (I'g)
satisfying the commutative diagram

1A -»T -2Z°->1
l l l

1Ay —>To—>2°>1
(Tg is defined as above with A, replacing Ag).

2. Discrete semisimple splittings. Let us begin by formally stating the
main existence theorem.

LetI" be a CS group. Then there exists a closed subgroup A* of A, such
that

(a) A* o> A and A*/A is finite,

(b) A* is normalized by I".

Further if we let I'* = I'A* and let (I'g), = Ty x Hp, then we may choose
ne Hp such that nT7n™' = T has the property that

(c) T* and A* are invariant under T

Given a CS group I the group T x I'* whose existence we have just
asserted is called a discrete semisimple splitting of T".

We will only prove the existence of a discrete semisimple splitting of I'
under the restriction that I" has trivial identity component. The proof in
the general case goes through in essentially the same way or may be re-
duced to the special case treated here.

Let us begin by remarking on the following: Let I" satisfy

l1-A->T->Z°>1
where A is an FN group. Let A, be the lattice hull of A. Then there exists
a unique group I, satisfying the following commutative diagram:
1A -»T - Z°>1
Lol
1A, -»T, > Z -1

Further any automorphism of I is uniquely extendable to I',. We will
call I, a lattice polycyclic group.
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We next need the following fairly straight forward result. Let
l1oA->T>2Z>1

be a lattice polycyclic group and let (T'g)y = Hp X Z°. Let ey,...,e, be
a basis of L(AR) that generates log(A) as a Z module. Then using the cross
section f and the mapping g introduced in Chapter 111, §4, we have ad(g(y)),
y € Z%, is rational relative to e,, ..., e, and [g(y,), g(y,)] €A for y;,y, € Z®.

This assertion may be verified as follows. Since log(A) is a lattice in
L(AR), and ad(f(g)) preserves log(A), g € Z5, we have ad(f(g)) is integer
unimodular and so its semisimple and unipotent parts are rational.
But ad(g(y)), y € Z°, is exactly the unipotent part of ad(f(y)).

To see that [g(y,), g(y,)] € A we just have to see that [f(y,), f(y,)]€A
and that ad(f(y,)) = b; ad(g(y,)), b; semisimple and acting trivially on
gy all y; e Z°

Let us now state the discrete splitting theorem we will actually prove
and give a proof for it.

Let T be a lattice polycyclic group and let (I'g); = Hy x Z°. Then Hp
contains a discrete cocompact subgroup D such that

(a) D is a lattice nilpotent group,

(b) DN Ag 2 A,

(¢) D contains the set g(Z*) in the above notation,

(d) Z° acting on H maps D onto itself.

The existence of D satisfying (a), (b), and (c) follows easily from the
fact that (Hp)g is rational nilpotent relative to the appropriate basis of
L((Hp)g)- It is thus condition (d) that is the essential condition. We will
prove this by a slight modification of the argument given in Chapter
I1, §3. Let M = (H)g and let M, be the last nontrivial subgroup in the
lower central series of M. Then Hp/M, n Hy x Z° is the Wang splitting
of I'/M, - Hence by induction we may find D’ in M/M, satisfying the
conditions of our theorem. Now Z° acting on M, is integer unimodular
relative to A n M,. But then the construction of lattice nilpotent sub-
groups discussed in Chapter II, §3 assures us that the group generated
by a pre-image of D’ in M and (D n M,)/e, some ec Z*, will be a lattice
nilpotent subgroup of M invariant under Z*. This proves our assertion.

Given a group I' the group Z° x D constructed above will be called a
discrete splitting of I'. It is easy to see that the intersection of all D’s
satisfying the conclusions of the above theorem also satisfies the theorem.
Henceforth we will restrict ourselves to this minimal D and call Z* x D
the discrete semisimple splitting of I'. It is easily verified that every auto-
morphism of I" extends uniquely to its discrete semisimple splitting.

3. The P. Hall conjecture and Mostow’s structure theorem for solv-
manifolds. In this section we will prove the P. Hall conjecture and then
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the Mostow structure theorem for presentations of solvmanifolds as
corollaries of the discrete semisimple splitting theorem. In Chapter III,
§3 we discussed the Birkhoff imbedding theorem [B, G]. We will need
the following slight refinement of the results stated in Chapter III, §3.
Let L be a nilpotent Lie algebra and let e4,...,e, be a basis of L with
integer constants of structure. Then the Birkhoff imbedding of L, B(L),
will have the property that B(e;),i = 1,...,r,areinteger nilpotent matrices.
Further if 4 is an automorphism of L which is integer unimodular relative
toey,...,e, then B(A) is an integer unimodular matrix.

The following is the key step in proving the P. Hall conjecture from
one point of view.

Let D be a lattice nilpotent polycyclic group and let K be a group of
automorphisms of D. Then there exists a subgroup D* of finite index in D
such that D is invariant under K and K X D* has a faithful representation
in GL(n, 2).

Let eq,...,e, be a basis of L(Dg) be such that the Z-module generated
by this basis is log(D). Since the constants of structure of L(Dg) are rational
relative to ey, . . ., e,, there exists an integer d, such that L(Dg) has integer
constants of structure relative to d,e,...,d;e,. Further, K acting on
L(Dg) is still integer unimodular relative to the basis d,ey,...,de,.
Hence the Birkhoff imbedding B of L(Dg) maps d, log(D) into nilpotent
integer matrices and B(K) is a group of integer unimodular matrices.
Let Exp denote matrix exponentiation. Then it is easy to see that
Exp(d, log(D)) n GL(n, Z)= D* is commensurable with D and K
invariant. Thus clearly D n GL(n, Z) = D* has the same property.

P. Hall conjectured that every polycyclic group G has a faithful repre-
sentation in GL(n, Z). We are now in a position to prove this conjecture.

We first note that, using induced representations, it is enough to
prove that a group commensurable with G satisfies the Hall conjecture
to conclude the Hall conjecture is true in general. It is a fact, essentially
proven by Malcev [M, A ; 3], that any polycyclic group is commensurable
with a lattice polycyclic group I'. Imbed T in its discrete semisimple
splitting Z* x D. Then by the above Z*x D has a commensurable sub-
group imbeddable in GL(n, Z). This proves that I" has a commensurable
subgroup imbeddable in GL(n, Z) and thus we have proven the P. Hall
conjecture.

We now turn to the proofs of two theorems of G. D. Mostow. The first
theorem may be stated as follows:

Let R be a connected, simply connected solvable Lie group and let H
be a closed subgroup of R such that R/H is a presentation of a compact
solvmanifold. If N is the nil-radical of R then HN/N is a discrete subgroup
of R/N.
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Let us first reformulate this assertion using the language of semisimple
splittings. Since R/H is compact, we have by the Mostow conjecture that
the real points of the nil-shadow of the semisimple splitting of Hy is the
nil-shadow of R. Let us introduce the notation (R), = My x Ty and
Hg= My x Ty with My < Mg and Ty < Tg. It is now trivial to verify
that the following holds: HN/N is a discrete subgroup of R/N if and only
if Ty is a discrete subgroup of the group A(Mpg). Now let M, denote the
nil-shadow of H,. Let us now check that if R/H is a presentation of a
compact solvmanifold, then the natural map q:Ty — A(Mg/M,) has
trivial kernel.

To see this, let t € Ty be in the kernel of gq. Then the range X of (t — I),
where I is the identity on My, is such that X n M, = X’ is nontrivial.
Since Ty is abelian X and M| are invariant subspaces of My under Tg.
Hence the ideal I(X’) generated by X' in My is in M, and invariant under
Tk - This means that I(X’) is an ideal in R, and certainly in R. Since R/H
is a presentation, this implies that X’ = 0 and the kernel of g is trivial.

Now we can prove the Mostow structure theorem. The proof is that
since q(Ty) preserves a discrete cocompact subgroup of Mg/M, q(Ty) is a
discrete subgroup of A(Mg/M ) and hence certainly of A(My).

Our final assertion of this section may be stated as follows: Let R be a
connected, simply connected solvable Lie group with discrete cocompact
subgroup I'. Then there exists a faithful representation { of G in GL(n, R)
such that {(G) n GL(n, Z) is commensurable with I. To see this let
R, = My x Ty be the semisimple splitting of R and let I'; = A x Tr
be the discrete semisimple splitting of I' with Ar = My, Ty = Ti. Now
(Ap)r = Mg. Hence the Birkhoff imbedding imbeds R, and I'; in GL(n, R)
with I'; n GL(n, Z) commensurable with I";. This proves our assertion.

4. Solvable Lie groups of exponential type. There are two main classes
of solvable Lie groups that have been studied. These are the exponential
groups (groups of type E) and the type R solvable groups (groups of type
R). We will discuss groups of type E in this section and type R groups in
the next section.

A connected, simply connected solvable Lie group R is said to be of
exponential type if the exponential map of L(R) to R is a homeomorphism.
The simplest solvable Lie group that is not of type E is the universal
covering group of the group of rigid motions of the euclidean plane, %.
This may be seen by noting that & has a matrix representation

cos 2nt sin 2mt 0 x

—sin 2xt cos2nt 0 y
0 0 1t
0 0 0 1
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X, y, t€ R. It is easy to check that the element x = 4,y = 0,¢ = 1 has no
square root in 4.

Groups of type E have been characterized of J. Dixmier [D, J] and M.
Saito [S, M]. Clearly if R is type E both any connected subgroup of R
is type E and any simply connected homomorphic image of R is type E.
(Note the first assertion follows from the semisimple splitting of R and
the fact that nilpotent groups obviously have this property.) Hence it is
clear that R is not of type E if it has a connected subgroup H such that H
has a homomorphism onto . The next theorems show that this condition
is also necessary and give a simple criterion for R not to be of type E.

Let R be a connected, simply connected solvable Lie group with semi-
simple splitting R, = My x Tg. Then there exists te€ Ty which has an
eigenvalue 0 such that 6 # 1 but 16| = 1 if and only if R has a connected
subgroup H which has a homomorphism onto X.

Let us begin by assuming that H — R exists such that y:H —» # is a
surjection. Let H, = My x Ty be a semisimple splitting so chosen that
My = Mg and Ty < Ty. Let the kernel of y be K. Note that K n My is
normal in H and so invariant under Ty. Hence the action of Ty on the
complementary invariant subspace in My to K n My is the same as the
semisimple part of ad(%#). Thus T has an element ¢ with an eigenvalue 0
such that [0] = 1 but  # 1.

Conversely, let t € Ty act on M with an eigenvalue 6 such that |6] = 1
but 0 # 1. Let (My);,i = 1,...,k, be the lower central series of M.
Then there is a largest index j such that t|(My); has eigenvalue 6 with
|8l = 1 and 6 # 1. Then notice that Ty is connected and hence there are
to € Ty arbitrarily close to the identity with the same property for its eigen-
values. Hence there is in R a one parameter group p(s) such that the semi-
simple part of p(s) contains t, € T;. This is because the exponential map
is a homeomorphism in some neighborhood of the identity.

Now form the subgroup p(t) x (My); = R. It is easily seen that
p(t) x (Mpy); has a homomorphism onto . Indeed in L(M) ;) choose any
subspace W containing L((My);, ) and of codimension 2 in L((M);) with
the property that it is p(t) invariant and ad(p(t)) has eigenvalue of absolute
value 1, but not constantly 1, on the complement of W. Clearly, exp(W)
is a normal subgroup of p(f) x (My); with quotient group A.

We will now give a criterion that tells when a solvable Lie group is of
type E.

Let R be a connected, simply connected solvable Lie group with semi-
simple splitting R, = My X Tg. Then R is type E if and only if T; has no
eigenvalues such that |0] = 1 but 6 # 1.

By our previous discussion if T, has an eigenvalue 6 such that || = 1
but 6 # 1, then R has a subgroup H with a surjection onto & and so R
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is not type E. Hence it only remains to verify the converse.

Now let Ti have no eigenvalue 0 such that |6] = 1 but 8 # 1. Then it s
easily verified that Ty is simply connected and if ¢, € T, with eigenvector v
with eigenvalue 1 and #(s) = Ty is the one parameter group through ¢,
then #(s)(v) = v for all s. Now let r€ R and let R; = My x Ty be chosen
so that r = mt with me Mg, te Ty and mt = tm. Let t(s) be the one
parameter group in T such that t(1) = t and m(s) the one parameter group
in My such that m(1) = m. Then it is easily verified that m(s)t(s) = t(s)m(s)
and so is a one parameter group and also that m(s)t(s) = R.

In the course of the above discussion we showed that if R is of type E, Ty
is simply connected. The converse to this assertion is easily seen to be
false.

Our discussion above has four important but easily verified conse-
quences (in the order presented) by us. Let R be a connected, simply
connected group of exponential type and let I" be a discrete subgroup of R.

(1) Let i(I") be the intersection of all the connected subgroups of R
which contain I'. Then R/T is compact if and only if i(I") = R.

(2) Let reR, let p(s) be the one parameter group such that p(1) = r
and let X be the tangent space to p(s) at s = 0. Then [X,L(R)] =
L([p(s), R]) = range(ad(r) — I)L(R).

(3) Let G be a connected subgroup of R such that G/T" n G is compact.
Then [L(G), L(R)] = L[G, R] = span| J{(ad(y;) — I)L(R)} where y,eI'nG
and the one parameter groups through y; have tangent vectors that
span L(G).

(4) Let V be a connected abelian subgroup of R such thatI'n V' =L
is cocompact in V. Then I" n [R, V] is compact in [R, V]. (Note in proving
this last assertion that, for y eI, (ad(y) — I)L is a discrete cocompact
subgroup of (ad(y) — V)

We will now discuss the result we have been aiming towards in this
discussion. This result was first presented in [A, L; 17, Appendix to VII].
On rereading the proof it seems confusing to me and not all assertions are
correct. However the argument in broad outline seems to me to be about
the same as presented here.

Let R be an exponential solvable Lie group and let I' be a discrete
cocompact subgroup. Let G be a connected normal subgroup of R such
that I' n G is cocompact in G. Then [R, G]/T" n [R, G] is compact.

Let [G,G] = N and let M be the nil-radical of G. Then ' " M is
cocompact in M and hence I n [M, M] is cocompact in [M, M]. Since
[M, M] is characteristic in M it is normal in R and so, by induction, it is
easily seen we may reduce to the case where [M, M] = e.

We may now use assertion 4 above to conclude that I' n [G, G] is
cocompact in [G, G] and so we may again assume that [G, G] = e. But
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then G is abelian and applying 4 again completes the argument.
If we define

R°°=,1§130[R-;(-[R,R]---]

we have by simple induction that I’ n R® is cocompact in R®.

5. Type R solvmanifolds and their generalizations. Let us begin by
defining type R solvable groups. Let R be a connected, simply connected,
solvable Lie group with semisimple splitting R, = Mg x Tx. Then R is
said to be of type R if all the eigenvalues of Ty have absolute value 1.
(Note. A solvable Lie group is of type R and type E if and only if it is nil-
potent.) Let us begin this section with a proof of a theorem on the structure
of presentations of compact solvmanifolds R/H where R is a type R
solvable Lie group. (See Theorem 4.2 of [A,L; 4].)

Since Ty is a subgroup of the orthogonal group if R is type R its closure
T%is compact. Let R¥ = My x T%. If R/H is the presentation of a compact
solvmanifold then Ty = T¥ and H/H n My is finite.

We may see this as follows. Since R/H is compact and R¥ = R x C,
where C is a compact group, R¥/H is compact. Let R* be the universal
covering group of R} and let H* be the pre-image of H in R*. Then
R* = V x Mg, where V is the vector space covering group of T¥. Now
the nil-radical of R* is easily seen to be Mz. Hence, by the Mostow
structure theorem, M z/H* n My is compact and the identity component
of H* H¥, is contained in H* n My. Further, the image of H* in
R*/My = Vis a lattice and so discrete. Hence H/H n My must be finite.
Hence H* n My is cocompact in My and the theorem is now trivial to
verify.

It now follows easily that if R/H is the presentation of a compact solv-
manifold with R of type R then R/H is finite covered by a nil-manifold
of the form Mz/H?* where My is the nil-shadow of R and H? is of finite
index in H.

These results may be looked at from a different point of view that leads
to the relation between our results and some classical results of Bieberbach
and Zassenhaus. Let M be a connected, simply connected nilpotent Lie
group and C a compact abelian group of automorphisms of M. Form
M x Candlet I" be a discrete subgroup of M x C. Then our results above
assure us that M/M N T is compact and I'/M n I is finite. It is reasonable
to expect this result to be true if we drop the hypothesis that C is abelian
and only require that C be a compact group of automorphisms of M.
This was verified in [A, L; 2] and a simple proof of the classical theorems
of Bieberbach (the special case where M is abelian) was given in [A, L;9].

The main tool theorem in [A, L; 2] is the following:
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Let R be a connected, simply connected solvable Lie group and let C
be a compact group of automorphism of R. Further, let I" be a discrete
subgroup of R x C and let 'R denote the closure of the group generated
by the elements of I" and R. Then the identity component of IR is solvable.

In [A, L; 1], we re-examined the above tool theorem to try and remove
the hypothesis that C is compact. We then obtained the following result.

Let G be a Lie group with radical R. Further let I" be a discrete sub-
group of G. Then the identity component of I'R is solvable.

We will content ourselves with the statements of these results and how
they relate to the theory of solvmanifolds. We do not know how to improve
on the proofs in the original articles and so will refer the interested reader
to these papers.
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