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Introduction. The purpose of this note is to present two theorems
which provide necessary and sufficient conditions for the convergence of
the successive approximation method (Theorem 1) and of the convex
combination iteration method (Theorem 2) for quasi-nonexpansive
mappings defined on suitable subsets of Banach spaces and with nonempty
sets of fixed points. We also indicate briefly how these theorems are used
to deduce a number of known, as well as some new, convergence results
for various special classes of mappings of nonexpansive, P-compact, and
1-set-contractive type which recently have been extensively studied by
a number of authors. Complete proofs and detailed discussion of the
results presented in this note will be given in [15].

1. Let X be a real Banach space, D a closed subset of X, and T a
continuous mapping of D into X such that T has a nonempty set of
fixed points F(T) = D and

(1) |T(x) = p|| = |x — p| for all x in D and p in F(T).

In what follows we shall refer to T satisfying the above conditions as
quasi-nonexpansive. Condition (1) was introduced by Tricomi [17] for
real functions and further studied by Diaz and Metcalf [3] and Dotson
[4] for mappings in Banach spaces. It is not hard to see that the class of
quasi-nonexpansive mappings properly includes the class of nonexpansive
maps (ie, T is such that |Tx — Ty| < |x — y| for x,yeD) with
F(T) # 9.

The first basic result of this note is the following new theorem which
characterizes the convergence of Picard iterates for quasi-nonexpansive
maps.

THEOREM 1. Let X be a real Banach space, D a closed subset of X,
and T a quasi-nonexpansive mapping of D into X. Suppose there exists a
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point xo in D such that the sequence {x,} of iterates lies in D, where
X, (= T"(x,)) is given by

(M1) x,= T(x,_1), n=1234:-"".

Then {x, } converges to a fixed point of T in D if and only if the following
condition (C) holds:

©) lim d(x,, F(T)) = 0,

where d(x,, F(T)) denotes the distance from x, to F(T).

To outline the proof of Theorem 1 we first note that if { x,} converges
to a fixed point of T in D, the condition (C) clearly holds. Conversely,
if condition (C) holds, then in view of (1) it is not hard to show that {x,}
is a Cauchy sequence whose limit lies in F(T).

Although, the principal practical usefulness of Theorem 1 lies in the
fact that it yields an analogous result for the convex combination iteration
method (M2) below, nevertheless we mention here two of its practically
useful corollaries which among others include the somewhat stronger
versions of the corresponding convergence results in [2], [3].

PRrROPOSITION 1. Suppose X, D, T and x, satisfy the conditions of Theorem 1.
Suppose further that
(2) T is asymptotically regular at x, in the sense of [2] (i.e., | T"(xo) —
T"*Y(x,)| = 0 as n — o).
(3) If {y,} is any sequence in D such that |(I — T)(y,)| = 0 as n > oo,
then lim, inf d(y,, F(T)) = O.
Then { x,} determined by the process (M1) converges to a fixed point of
T in D.

PROPOSITION 2. Suppose X, D, T, and x, satisfy the conditions of
Theorem 1. Suppose further that
(4) for every x in D — F(T), there exists p, in F(T) such that

176 = el < ¥ = P -

(5) The sequence {x,} determined by (M1) contains a convergent sub-
sequence {x,, } converging to some x* in D.
Then x* € F(T) and the entire sequence {x,} converges to x*.

We add in passing that Proposition 2 has been first obtained in [3]
but under the condition
4') for every x in D — F(T) and every p in F(T),
ITG) = pll < [x = pl,
which is more stringent than our condition (4). In fact, an example is
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given in [15] for which condition (4) holds but not (4').

In view of Theorem 1, to prove Propositions 1 and 2, it suffices to
show that conditions (2) and (3) as well as (4) and (5) imply the condition
©).

REMARK 1. Although we have formulated Theorem 1 and Propositions
1 and 2 in terms of Banach spaces, a careful examination of their proofs
shows that only the distance function between points and sets has been
used. Consequently, the above results are also valid for complete metric
spaces.

It is known (see, for example, [9]) that even if D is the unit ball B(0, 1)
in a uniformly convex Banach space X and T is a nonexpansive compact
mapping of B into B, then the method (M1) will not converge without
some additional conditions. It follows from Theorem 1 that (C) is the
weakest condition under which the method (M1) converges. Unfortunately,
the verification of condition (C) for {x,} determined by (M1) can be
obtained only under very restrictive conditions on T.

However, it was shown in [9] and then in [16] that if D is a bounded
closed convex subset of a uniformly convex Banach space, T a non-
expansive compact map of D into D, and if instead of the ordinary method
(M1) we consider the convex combination method

M2) x,=Tyx,_,), xo€D, T,=iT+(1—NI, 1e(0,1),

then {x,} converges to a fixed point of T in D. The results of [9], [16]
were extended first in [12] and then in [2] to certain classes of non-
compact nonexpansive maps. The further extensions of the results in [2]
to quasi-nonexpansive mappings were given in [3], [4].

Using our Theorem 1, we prove an analogous result for the iteration
method (M2) which not only unifies and extends the convergence results
of [9], [16], [12], [2], [3], [4] but also provides a necessary and sufficient
condition for the convergence of the method (M2).

THEOREM 2. Let X be a Banach space, D a closed convex subset of X,
and T a quasi-nonexpansive map of D into X. Suppose there exists a point
Xo in D such that, for some A in (0,1), the sequence {x,} = {T3(xo)}
given by (M2) lies in D.

Then {x,} converges to a fixed point of T in D if and only if

<) lim d(T*%(x,), F(T)) = 0.

In view of the fixed point theorem of Browder-Kirk-Gohde [1], [8], [7]
and the theorem on asymptotic regularity of Browder-Petryshyn [2],
an immediate consequence of Theorem 2 is the following proposition
which unites and extends the convergence results of [9], [16], [12], [2].
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PROPOSITION 3. Let X be a uniformly convex Banach space, D a closed
bounded convex set in X, and T a nonexpansive map of D into D such that
either

(6) I — T maps closed sets in D into closed sets in X or

(7) T is demicompact at O in the sense of [12].

Then, for any x, in D and 2 in (0, 1), the sequence {x,} determined by
(M2) converges to a fixed point of T in D.

REMARK 2. Joram Lindenstrauss informed the first author that he had
constructed an example of a nonexpansive mapping T of a unit ball
B(0, 1) of a Hilbert space into itself with F(T) # & for which the sequence
of iterates {T7,(x,)} does not converge to a fixed point of T in B.
Consequently, for the sequence {x,} constructed by the simple method
(M2) to be convergent to a fixed point of a nonexpansive mapping T
of D into D with F(T) # &, some additional conditions on T have to
be imposed. It appears that our condition (C') is the weakest (since it is
also necessary) condition which insures the convergence of the method
(M2).

We add in passing that the iteration result of Edelstein [5] for a non-
expansive compact map in a strictly convex Banach space X as well as
the result of Petryshyn [13] for set-condensing nonexpansive mappings
in general Banach spaces are also deducible from Theorem 2. It is also
shown that if D = B(0,r) = X, X is strictly convex, and T:B — X is
a nonexpansive set-condensing or ball-condensing map which satisfies
the Leray-Schauder condition on the boundary 0B of B, then there exists
an open set Q in B such that, for each x, in Q and A in (0, 1), the sequence
{T%(xo)} lies in B and converges to a fixed point of T in B.

In view of the fixed point theorem of Petryshyn [14] for 1-set and 1-ball
contractive mappings and the fixed point theorem of Frum-Ketkov [6]
(with the proof of the latter due to Nussbaum [10]), Theorem 2 is also
applicable to the classes of mappings studied in [14], [6], [10]. Mappings
which are P-compact in the sense of [11] are also treated.

Finally, we add that the problem of the weak convergence of the
sequence of iterates {x,} determined by (M1) or (M2), when (C) or (C)
does not hold, is also treated.
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