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1. Introduction. Let D b e a bounded domain in the plane whose
boundary consists of n + 1 nonintersecting, analytic, Jordan curves.
Let C be the space of continuous complex functions on dD and let A
be the subspace of C consisting of those functions with continuous
extensions to D which are analytic in D. Let m be harmonic measure
on dD for some point in D and let H2 be the L 2 (m)-closure of A. Let
P denote the orthogonal projection of L2(m) onto H2. For <j> in L™(m)
the Toeplitz operator T<t> on H2 is defined by T<t>(f) = P($/) for ƒ in
H2. This paper deals with the Fredholm theory and with invertibility
criteria for these operators.
On the Fredholm level, these Toeplitz operators are similar to the
usual Toeplitz operators on the disk (cf. [3]). For instance, if <j> is in
C, then the essential spectrum of 7^ is the range of $ (Theorem 3).
However, the spectrum itself may be considerably different: in this
setting there are self ad joint Toeplitz operators with eigenvalues
and disconnected spectrum.
This note is primarily a statement of results and discussion. Complete proofs will appear elsewhere. The results are from my dissertation written under the direction of R. G. Douglas.
2. The algebra H™. Let H°° be the weak star closure of A in L°°(m).
The following theorem is due to Tumarkin and Havinson [lO] and is
generalized to hypo-Dirichlet algebras by Ahern and Sarason [ l ] .
T H E O R E M . If u is a positive function in L^{m) and if log u is in
Ll(m)> then there is a <f> in H™ such that | $ | = u ax.

Now let Y be the maximal ideal space of L°°(m)> let <j>—»<£ be the
Gelfand transform from L°°(m) onto C(Y), and let Ê™ be the image of
iJ°°. It is a consequence of the preceding theorem that H00 satisfies
the hypotheses of the following lemma concerning function algebras.
LEMMA 1. Suppose BCC(X)
is a uniform algebra whose Silov boundary is X. Suppose U is a nonempty open subset of X and \f/ in B does not
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vanish on U. Then there is a 6 in B such that Bxj/ is not identically zero
and 6\f/ peaks on U.
The above theorem and the fact, proved in [ l ] , that H™=H2
P\L°°(m), give the following characterization of the spectrum of T<j,
for <j> in if00.
LEMMA 2. Let <j> be in H™. Then T<t> is invertible if and only if <j> is
invertible in H00.

3. The isomorphism theorem. I t is immediate from the definition
of T<f, that the map <£—»7"V is *-linear and contractive, that T<j>T$ = T^
for <j> in L™(m) and \p in H™, and finally, as a consequence of Lemma 2,
that || 7V|| =|kll f or <f> in H00. For B a closed subalgebra of L°°(m), let
3B be the smallest closed algebra of operators on H2 containing
{ ^ V ^ G ^ } and let Cj3 be the smallest closed ideal in 3# containing
[T^T^ — T^'^J ^EIB}.
If A is the map from B to 3j?/(3£ defined by
A(0) = 2^0 + C s then A is surjective, contractive, linear, and multiplicative. If A were, in addition, isometric, then A would be an isomorphism between B and 3B/QB and properties of the operators T^ could be
verified by considering the functions (j> and the ideal ©#. The purpose
of this section is to establish a condition on B which makes A isometric.
Set RB = Br\H°° and let SB be the semigroup of functions \p in RB
such that \{/~l is in B. If we set QB = { ^ / V ^ G - ^ J S , \pGSB} then QB is
a subalgebra of B.
THEOREM

1. If

QB

is dense in B, then A is isometric.

PROOF. Suppose QB is dense in B. Let "W be the smallest subalgebra
of 3j5 containing { T^.^ÇLQB)
and let Cw be the smallest ideal of *W
containing { T^T^ — T^:^, I ^ G Ö B } . Since QB is dense in B, it suffices
to show

(*)

|| T<t> + V\\ è IMI for 4> in QB and V in e w .

But if cj> is in Çj? and V is in Cw there is a ^ in SB such that (7V + V) T#
= T ^ and # is in if00. Thus, for any 0 in if00 with | | ^ | | > 0 ,

Let e > 0 and let Ü7= {^G 7 : | $(y)\ > | | 0 | | - e } . By Lemma 1 there is a
0 in H™ such that ||fl^|| > 0 and ty peaks on U. Hence

proving (*).
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4. Applications. In this section the isomorphism theorem is applied
to the algebras B = Lw(m) and B = C. T h a t (?z,«>(m) is dense in L°°(m)
is a consequence of the theorem of Tumarkin and Havinson stated in
§1 ; the argument is due to W. Rudin. T h a t Qc is dense in C is the
Hartogs-Rosenthal theorem on rational approximation [8, p. 47].
The isomorphism theorem says that
Ax,*
L°°(m) « Sz, 00 /^ 00

an

d

Ac?
C « Qc/Vc-

Theorems 2 and 3 below are consequences of these isomorphisms and
the fact that (Be is the closed ideal 3C of compact operators.
If £ is the Banach algebra of bounded operators on H2, then an
operator T in <£ is Fredholm if T+3Z is invertible in £/X: this is
equivalent to saying that the range of T is closed and the dimensions
of the kernels of T and T* are finite [5, Chapter S]. The index of a
Fredholm operator Tis defined to be Ind(T) = d i m ker !T—dim ker T*.
Let cr(T) denote the spectrum of T and let ae{T) be its essential spectrum—the spectrum of T+3Z in JB/3C. For a function <j> in L°°(w) let
i?(#) be its essential range.
T H E O R E M 2. If <t> is in L°°(m), then
Cconvex hull R(<t>) and thus ||7V|| =|MI*

i?(0)Co-«(r 0 )C<r(r*)

T H E O R E M 3. If <f> is in C, then <re{T^) =i?(#) and for X not in i?(0)
I n d ( r * - X ) = -Ind(tf>,X).

In computing Ind(#, X), the boundary of D is oriented positively.
5. The algebra H™+C. Let H«>+C be the set of functions in
L°°(m) of the form </>+f where 0 is in H00 and ƒ is in C. H°° + C is then
a closed subalgebra of L°°(w) (cf. [14]). For a function <j> in L°°(m) let
$ denote its harmonic extension into D.
4. For <f> in jff°° + C, the following statements are equivalent:
(i) TV is Fredholm.
(ii) <j> is invertible in H°° + C.
(iii) There is a compact set K in D and an e > 0 such that

THEOREM

\$(z) | è e for z in

D\K.

If these conditions are satisfied^ then Ind(TV) = — Ind(<? o er, 0) where
<r is a cycle in D\K homotopic in D\K to the positively oriented boundary

ofD.
PROOF. T h e proof of the equivalence of (ii) and (iii) is similar to the
proof for the disk [4], [5, Chapter 6]. T h a t (ii) implies (i) is a consequence of the isomorphism theorem. To show that (i) implies (ii),
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it is sufficient to consider the case </> in iï 00 (cf. [4]). In this case, one
lifts the function <t> to a function $> on the disk by means of a covering
map. <3> is then factored 3> —\f/F where \p is inner and F is outer; these
factors are modulus automorphic [ l l ] . The assumption that 7^ is
Fredholm implies that ^ is a Blaschke product for finitely many points
in D. One then produces an outer function G in H™ of the disk which
is bounded below and modulus automorphic such that xp/G and GF
are automorphic. Moreover, the function \f//G is the lift of a continuous function on D. Since <£ = (FG) (jp/G), <j> is invertible in if00 + C. The
statement about the index of T<t> is verified for <t> in H™ by showing
Ind(T^) = —numbers of zeros of <£; the statement for general <j>
in H™ + C is a consequence of this and Theorem 3.
6. Reduction to Toeplitz operators on the disk. Let JB0, • • • , Bn
be the components of the boundary of D with B0 forming the outer
boundary. Let Do be the interior of Bo and Du ' • • » Dn be the exteriors of Bu • • • » Bn including the point at infinity. By the Riemann
mapping theorem there is a conformai equivalence 11» from the open
unit disk A to D% and since the boundary of D is analytic IIt- extends
to a homeomorphism from Â to BiKJDi. Associated with a function <f>
in L°°(m) are the functions<f>% =c/> oil* in L°°(ôA). The following theorem
relates to Toeplitz operator 7^ with the Toeplitz operators 2 \ . on
H2 of the disk.
T H E O R E M 5. T4, is Fredholm if and only if T^. is Fredholm for
i = 0, 1, • • • , n and thus <r6(T+) =U?„ 0 <re(r^.)« V ^0 is Fredholm then
Ind(r^)-U.oInd(r^.

Theorem S has two interesting corollaries. The first is a consequence
of a recent result due to Douglas and Sarason which says that for a
Toeplitz operator on the disk, the property of being Fredholm is a
local property [7]. This says that if <t> "looks Fredholm" in a neighborhood of each point on the circle, then T^ is Fredholm. Theorem 5 extends this result to multiply connected regions. Furthermore, it shows
that the local property involved is the same.
The second corollary stems from Widom's proof that the spectrum
of a Toeplitz operator on the disk is connected [13]. With minor
modifications [5, Chapter 6] this proof shows that the essential spectrum is also connected. From Theorem 5 we may conclude that the
essential spectrum of a Toeplitz operator on an w-holed region has at
most n + 1 components.
7. Remarks. Let <j> be the characteristic function of a component
of the boundary of D. Then T+ is selfadjoint, <T9{T<t)— JO, l } , and
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0 and 1 are not eigenvalues of TV (fo r this would imply that a nonzero
function in H2 could vanish on a set of positive measure, an impossibility). Thus, the spectrum of T<f> consists of JO, l } and eigenvalues of finite multiplicity in (0, 1) which accumulate at 0 and 1.
This provides an example asked for in [6] of a generalized Toeplitz
operator with disconnected spectrum. The example shows that the
nature of the spectrum of a Toeplitz operator is considerably different
when the domain D is not simply connected. Two reasons for this
are suggested below.
A lemma due to Coburn [2 ] says that a nonzero Toeplitz operator
on the disk has trivial kernel or trivial cokernel. Thus, the spectrum
is obtained from the essential spectrum by filling in the components
of the essential resolvent which have nonzero index. The lemma is
proved in the following way. If T^f) = 0 and T*(g) = 0 then <j>fg is in
N, the Z^-annihilator of A +A. In the disk, dim Af = 0 and the lemma
follows from the F. and M. Reisz Theorem. In an w-holed region dim N
— n. Thus, it is possible to have a Fredholm Toeplitz operator on a
multiply connected region with zero index which is not invertible.
A second difference between the disk and the multiply connected
case is the appearance of important spaces of multiple-valued functions. For each character a on the first homology group G of D, there
is associated a Hubert space H\. Elements of H\ may be thought of as
functions on the disk which are modulus automorphic [ l l ] or they
may be thought of as certain functions on DXG [9]. For each <j> in
L°°(m) and each character a there is a Toeplitz operator T% on H%.
In some cases, the proper generalization of a theorem about a Toeplitz
operator T^ on the disk is a theorem about the entire bundle of operators {T%}. For instance, for a unimodular function <t> on the unit
circle, T^ is left invertible if and only if the distance from <f> to if00
is less than 1 [12]. In a more general region we have
T H E O R E M 6. Suppose \</>\ = 1 a.e. Then T% is left invertible f or each
a if and only if the distance from <f> to H°° is less than 1.
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