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Introduction. We wish to summarize here some new asymptotic
fixed point theorems. By an asymptotic fixed point theorem we mean
roughly a theorem in functional analysis in which the existence of
fixed points of a map ƒ is proved with the aid of assumptions on the
iterates fn of ƒ. Such theorems have proved of use in the theory of
ordinary and functional differential equations (see [7], [8], [9] and
[l5]). It also seems likely that many of the fixed point theorems which
have been used in nonlinear functional analysis can be unified by
obtaining them as corollaries of general asymptotic fixed point theorems. These theorems also give new results, of course.
In our first section we restrict attention to continuous maps ƒ defined on closed, convex subsets of Banach spaces. We obtain a general
fixed point theorem (Theorem 1 below), and we prove that certain
fixed point theorems of R. L. Frum-Ketkov [5], F. E. Browder [ l ] ,
[2], W. A. Horn [ó], G. Darbo [3], the author [ l l ] , [12], [13] and
others follow as corollaries. In the second section we consider maps
defined on more general spaces than closed, convex subsets of Banach
spaces, and we generalize some of the results of §1.
1. We begin by recalling some notation from [ l l ] . If U is a closed
subset of a Banach space X, we shall say that £ / £ $ if there exists a
closed, locally finite covering {CJ}JGJ of U by closed, convex sets
CjQ UC.X. We shall say that J7G^o if there exists a finite number of
closed, convex sets G, Ci, • • • , Cn in X such that [7 = U7=i Cj.
The basic lemma in all our work is the following geometrical result,
which can be viewed as a generalization of a theorem of Dugundji
[4]. If X below is a locally convex topological vector space, the same
conclusions hold, with the exception that R may not be a retraction.
LEMMA 1. Let C and D be closed subsets of a Banach space X with
CDD. Assume that C = U"„i Cj and Z) = U^i Dj, where CjZ)Dj and Cj
and Dj are closed, convex subsets of Xfor 1 Sj ^ n. Suppose that, for each
subset JQ {1, 2, • • • , n}, flyej Cj is nonempty if and only if OJEJ DJ
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is nonempty. Then there exists a continuous retraction RiC-^D
that R(C3) C Cj for 1 £j g ».
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T H E O R E M 1. Let G be a closed, convex subset of a Banach space X
and f:G—>G a continuous map. Assume there exist a sequence of nonempty sets { Um: 1 Sm< oo }, UmQG for 1 Sm< oo, a sequence of nonnegative real numbers {rm\ such that lim,»-*, rm — 0, and a nonempty
compact set MC.X such that the following conditions hold:
(1)
Ume$Qandf(Um)CUmforl^m<<».
(2) UmCNrm(M) =
{xeG:d(x,M)<rm}.
(3) Given any compact set AQG and any Umt 1 ^m < oo, there exists
an integer N (depending on A and Um) such
thatfN(A)C.Um.
Then A g e n (/| Um), Leray's generalized Lefschetz number for ƒ restricted to Um (see [lO]), is nonzero f or all m, and f has a fixed point.

The proof runs roughly as follows. By using Lemma 1 and some
elementary facts about the generalized Lefschetz number, one proves
t h a t A g e n ( / | Um) 7*0. Since Um&o and since UmQNrm(M), one proves
that C/m=U?ÜÏ) Ci,m, where C\-,m are closed convex sets of diameter
less than or equal to sm and lim™^ sm —0. By using Lemma 1, one
proves that there exists a continuous map i£ m : Um—>Um such that the
range of Rm lies in a finite-dimensional subspace Fm of X and R(Ci,m)
QCi,m for lSiHkn(m).
Since Rmf and ƒ are homotopic in Um,
Agen(Rmf \ Um) 5^0. If Km= Um^Fm, which is a compact, metric ANR,
this implies that Agen(Rmf\Km)?é0f
and since the ordinary Lefschetz
fixed point theorem applies to Km, Rmf has a fixed point xm^Km- One
proves that ||/(xOT) — xj\ S sm. Since d(xm, M) g rm, xm has a convergent
subsequence approaching some point xÇzMC\G, and clearly ƒ (x) = x.
Our first corollary was obtained by F. E. Browder (see [l, Theorem
16.3]) for the case of Hubert spaces. Browder's proof does not seem
to generalize directly to Banach spaces.
COROLLARY 1. Let G be a closed, convex subset of a Banach space X
and f:G—>G a continuous map. Assume that there exists a compact set
MQX and two sequences of positive numbers {ak} and {bk} with
ak > bk and lim*.^ a& = 0 such that
(1) for each open neighborhood W of M in X and each # £ G , there
exists an integer N (depending on x and W) such that fn(x)E:W
for
n^N;
(2) f maps Nak(M) = {xEG:d(x, M) <ak] into Nh(M)for
allk^l.
Then ƒ has a fixed point.
PROOF.

Sn(m).

For each m^l, let Xi,m be an (am — bm)/2 net for M,
l^i
Let J7»,w= { x G G : | | x - ^ , m | | ^am) and let Um = DTiUi,m.
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I t is not hard to check that all the conditions of Theorem 1 hold with
M and { Um} as above.
Our next corollary was claimed by R. L. Frum-Ketkov [5] for the
case that G is a closed ball in a Banach space, but Frum-Ketkov's
proof appears to be incorrect. A correct proof for the case of a closed
ball in a so-called 7Ti-space was given in [12] and [13].
COROLLARY 2. Let G be a closed, convex subset of a Banach space X
and f\G—*G a continuous map. Assume that there exists a compact,
nonempty set M C X and a constant k<l such that
d(f(x),M)
^kd(x, M) for all x £ G . Then f has a fixed point.
PROOF.

This is a very special case of Corollary 1.

COROLLARY 3. Let G be a closed, convex subset of a Banach space X
and f:G—>G a continuous map. Assume that there exists a compact,
nonempty set MQ.G such that:
(l)f(M)CM.
(2) Given any compact set AQG and any open neighborhood W of M,
there exists an integer N {depending on A and W) such
thatfn(A)QW
for
n^N.
(3) There exists an open neighborhood V of M such that ƒ | V is a
k-set-contraction k<l. {See [ l l ] for definitions.)
Then io(f,V), the generalized fixed point index defined in [ l l ] , is
nonzero, and ƒ has a fixed point.

Corollary 3 follows from Theorem 1, but the argument is more involved than for Corollary 1. Corollary 3 immediately implies a theorem of G. Darbo [3] and the final two theorems given in [ l l ] .
Before stating our next corollary, we recall some further notation.
If G is a topological space, f:G—>G a map, and A a subset of G, the
orbit of A u n d e r / , 0(A), is I W ' C < 4 ) (f°(A)=A).
If ƒ and G are as
above, we write Cw{f, G) =O n ; >i/ n (G).
COROLLARY 4. Let G be a closed, convex subset of a Banach space X
and f:G—>G a continuous map. Assume that
(1) Coo(/, G) has compact closure.
(2) If A is any compact subset of G, the orbit of A has compact closure.
(3) There exists an open neighborhood V of cl(Coo(/, G)) such that
f\ V is a k-set-contraction,
k<l.
Then %(ƒ, V) ^ 0 and ƒ has a fixed point.
PROOF. One can prove this follows from Corollary 3 with M
= cl(C 00 (/, G)).
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Our next corollary is obtained by F. E. Browder in [ l ] and in less
generality by H. Steinlein [14].
COROLLARY 5 (BROWDER [l]). Let G be a closed, convex subset of a
Banach space X andf:G—>G a continuous map. Assume that
(1) Coo(/, G) has compact closure.
(2) For each point x £ G , the orbit of x has compact closure.
(3) There exists an open neighborhood V of c\{Cw{f, G)) such that
ƒ (TO has compact closure.
Then i<y(/, V)^0 and ƒ has a fixed point.
PROOF. With the aid of some lemmas of A. Gleason and R. S.
Palais (unpublished) one can prove that under the above hypotheses
the orbit of a compact set in G has compact closure. Corollary 5 now
follows from Corollary 4.
COROLLARY 6 (W. A. H O R N [6]). Let G be a closed, convex subset
of a Banach space X and f:G—*G a compact map (ƒ is continuous and
takes bounded sets into precompact sets). Assume there exists a bounded
set E such that f or each x £ G there exists an integer m{x)—m such that
fm(x) £ E . Then iG(f, G) =^0 and f has a fixed point.

Corollary 6 also holds for ƒ a ^-set-contraction, k<l, with the
added assumption that f(E) QE. For ƒ compact this assumption is
unnecessary.
2. In this section we state some fixed point theorems for maps
defined in spaces G G ^ . Our results here are more tentative than
in §1.
Before stating our second theorem, recall that a topological space
K is contractible in itself to a point if there exists XQ^K and a continuous map F:KX[0y l]-+K such that F(x, 0)=x and F(x, l)=x0
for all xÇiK.
T H E O R E M 2. Suppose that G G ^ , U is an open subset of G and
ƒ: U—>U is a continuous map. Let p: [0, a]—»[0, a] (a>0) be a decreasing real-valued map which is continuous from the right and is such
that p(r)<r for 0<rSa. Assume also
(1) there exists a compact set MQU such that

Na(M) = {x G G:d(x, N) < a} C U
andf(Nr(M))CNp(r)(M)for0^r^a.
(2) If W is any open neighborhood of M and xÇzG, there exists an
integer N {depending on x and W) such thatfN(x) G W.
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(3) There exists a compact set Z G ^ o such that MQKÇZ U and such
that K is contractihle in itself to a point.
Then ƒ has a fixed point.
A number of generalizations of Corollary 2 follow trivially from
Theorem 2, using p(r)=kr,
k<l.
T H E O R E M 3. Suppose that GG(F, U is an open subset of G and
f: U—>U is a continuous map. Assume that there exists a compact set
MCZ U for which if A is any compact subset of U and W any open
neighborhood of M, there exists an integer N such that fn(A) QW for
n^N. Assume that there exists an open neighborhood V of M such that
ƒ| V is a k-set-contraction, k<l. Finally suppose that there exists a
compact set XG(F 0 such that MC.KC. U and K is contractible in itself.
Then i<?(/, V) ^ 0 and ƒ has a fixed point.

Theorem 3 is closely related to results in [ l l ] , [12] and [13], but
it does not appear directly comparable.
The usual assumption above that G£(F is unnecessarily restrictive.
I t suffices that G is a complete metric space and, for each c> 1, there
exist an isometric imbedding of G into GCEL^ and a retraction rc of
some open neighborhood Uc oijc(G) onto jc{G) such that rc is a c-setcontraction. The following simple proposition is an application of
this observation.
PROPOSITION. Let X be an infinite-dimensional
Banach space and
S= {x:||x|| = l } . Then if f:S~*S is a k-set-contraction, k<\, f has a
fixed point.
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