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J. J. Schiiffer [3] introduced an interesting parameter for normed
linear spaces. It is termed girth and is the infimum of the lengths of
all centrally symmetric simple closed rectifiable curves which lie in
the boundary of the unit ball. More precisely, let X be a Banach
space with norm denoted by ||-|| and with dim X =2. A curve in X
will be a rectifiable geometric curve defined by Busemann [1] as the
equivalence class of curves (i.e., continuous functions from a com-
pact interval of real numbers into the space X with the metric given
by ||-||) which have the same standard representation in terms of
arc-length. Given a curve ¢ we denote its length by N(c); and we de-
note by v.(s), 0=s=N(c), its standard representation in terms of arc-
length. We say that v.(0) and v.(\(c)) are the initial and final points
of ¢. A curve ¢ is simple if v, is injective. Following common usage,
a curve ¢ often stands for the common range of its parametrizations,
which is a compact subset of X. Thus we say, for example, “xEc,”
or “the linear hull of ¢,” or “c lies in a subset 4 of X,” etc.

Let B denote the unit ball of X and S the unit sphere. As usual the
inner metric 8 of S is defined for all x, yE.S by

8(x, y) = inf{\(c):¢ a curve lying in § having # and y
for its initial and final points}.
The girth of B, denoted by girth(B), is defined by
girth(B) = 2 inf{s(x, —#):x € S};
equivalently, (cf. [3])
girth(B) = inf{)\(c) :¢ a simple closed curve lying in S,
¢ centrally symmetric} ,

where ¢ is said to be centrally symmetric if v.(s) =v.(s+N(c)/2), for
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0=5s=N\(c)/2. We say that the girth of B is achieved by a curve c if
the latter infimum is achieved as a minimum by ¢. If X is finite di-
mensional then it is shown in [3] that the girth of B is always
achieved by some curve. If X is infinite dimensional, the girth of B
may or may not be achieved by some curve.

Let ¢ be a closed curve lying in S. If ¢ is also centrally symmetric
then from x&c it follows that —x&c¢. Hence

2 =z — (-2l = G-

Therefore the girth of B is always greater than or equal to four. It
was shown by the present authors in [2] that there exist spaces (e.g.
C[0, 1], see also Example 1 below) such that the girth of B is equal
to four and it is achieved by some curve ¢. This is surprising because
it means that B has an “equator” ¢ whose length is twice the diam-
eter of B. By virtue of this and Remark 1 below we make the follow-
ing definition. The Banach space X is said to be flat if the girth of s
unit ball is four and the girth is achieved by a curve c. It is our purpose
here to state some interesting geometric properties of flat Banach
spaces.

If X is a flat Banach space and ¢ is a curve which achieves the
girth, then for each pair of reals s and & we define the difference quo-
tients Ay(s, k) by

A(s, B) = (ve(s — k) — v(s))/A,

where the arguments of v, are taken modulo 4 because v, is defined
on [0, 4]. Furthermore for each s& [0, 4] we define the chord set of
¢ at s, denoted by x(c, s), by

x(c, s) = closed convex hull {A,(s + i/n,1/n):all » = 2 and
i=1,---, 2}

The following theorem states some of the geometric properties of
x(s, €).

THEOREM 1. Let X be a flat Banach space, and let ¢ be a curve which
achieves the girth. Then for each s, 0=s =<4,

7o(s) € x(¢, 5) CS.
Moreover, for each yEx(c, s),

suo [ly —afl = sup [lo—4f =2,
2Ex (c,9) z,6Ex (c,8)

i.e., each point y of x(c, s) is diametral and the diameter of x(c, s) is two.
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Finally, if W=closed affine hull of x(c, s), then W—+.(s) has codi-
mension one in U =closed linear hull of c.

REMARK 1. A convex subset of S is naturally thought of as a fla?
area of S. If B is strictly convex, a convex subset of S consists of at
most one point; and, in general, a convex subset of S has diameter
less than or equal to two. This suggests the following interpretation:
Each point v.(s) of ¢ belongs to a flat area x(s, ¢) of the unit sphere
which, in the sense of diameter, is the largest possible. If X = U, then
by virtue of the last part of the theorem we can say that at each
point v.(s) of ¢ the unit sphere looks “locally” like a hyperplane. This
justifies the following definition.

A Banach space X 1is said to be completely flat if X is flat and if X
=closed linear hull of ¢, where ¢ is a curve which achieves the girth.

It follows from the paper [2] by the present authors that if X is
flat then x(c, s) is not weakly compact and hence X is nonreflexive.
However, the following theorem shows that this result can be much
improved in many cases.

THEOREM 2. Let X be a completely flat Banach space, and let ¢ be a
curve which achieves the girth. Let X* be the conjugate space of X and
B* its unit ball. For each xEc, let x* be an element of B* such that
x*(x)=1. If

) closed convex hull {x*},e, = B*,

then X is not isomorphic to the conjugate of any Banach space.

It is not known whether the theorem holds without hypothesis
(1). Examples exist to show that (1) is not satisfied for all completely
flat Banach spaces. The following theorem is closely related to
Theorem 2.

THEOREM 3. Let X be a completely flat Banach space, and let ¢ be a
curve which achieves the girth. Suppose that relation (1) is satisfied.
Then each point yEx(c, 0) belongs to a curve c¥ which achieves the girth.
Moreover, for each s, 0 <s =4, c¥Mx(c, s) consists of precisely one point,
and x(c, s) is a closed bounded convex subset of X which contains no
extreme points.

The remaining theorems are concerned with the space L![0, 1].

THEOREM 4. L'[0, 1] is a completely flat Banach space. Moreover,
each yEL'[0, 1], ||y|| =1, lies on a curve c¥ which achieves the girth.
In general this does not define cv uniquely.
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REMARK 2. It is an immediate corollary that the unit ball in
L1[0, 1] contains no extreme points. We can extend this well-known
fact, using Theorem 1, as follows. Each point y&L![0, 1] such that
||y||=1 belongs to a set Y, (y) which has the properties: ., (y)
is closed and convex; ., (y) belongs to the unit sphere; > (y) has
diameter two; Y (y) is diametral; and the affine hull of Y (y) has
codimension one.

In order to include an explicit example of a flat Banach space, we
state in Example 1 below the construction of the curve ¢? of Theorem
4.

ExAMPLE 1. Let yEL1[0, 1] such that ||y|| =1. Define the function
o:]0, 1]—L[0, 1] defined by

(e =—9(), 0=tss,
= y(t), s<t=s1.

Also define ¢*:[0, 2]—L[0, 1] by o*(s) =0(s), 0Ss=<1, and o*(s)
= —0g(s—1), 1=s=2. Then the curve ¢, which has ¢* as one of its
representations, achieves the girth of L![0, 1] and y&Ecv.

THEOREM 5. Let X be a completely flat space and c be a curve which
achieves the girth. Let P be a linear mapping of X into L*[0, 1] such
that || P|| <1. Then the following are equivalent:

P is an isometry;

X and L'[0, 1] are isometrically isomorphic; and

|| Px|| =1 for all xEc.

CoROLLARY. The space I, is not flat.

The proofs will be given elsewhere.

REFERENCES
1. H. Busemann, The geometry of geodesics, Academic Press, New York, 1955.
MR 17, 779.

2. R. E. Harrell and L. A. Karlovitz, Nonreflexivity and the girth of spheres, Proc.
Third Sympos. Inequalities (UCLA, 1969) (to appear).

3. J. J. Schiffer, Inner diameter, perimeter, and girth of spheres, Math. Ann. 173
(1967), 59-82. MR 36 #1959,

UNIVERSITY OF MARYLAND, COLLEGE PARK, MARYLAND 20742



