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Let M be a Riemannian manifold of dimension n è 2 and class C3,
(gii) the symmetric matrix of the positive definite metric of Mn, and
(gij) the inverse matrix of (g*y), and denote by V», Rhijk, Rij — R^jk and
R = giJRij the operator of covariant differentiation with respect to g»7,
the Riemann tensor, the Ricci tensor and the scalar curvature of Mn
respectively. Throughout this paper all Latin indices take the values
1, • • • , n unless stated otherwise. We shall follow the usual tensor
convention t h a t indices can be raised and lowered by using gij and gy
respectively, and that repeated indices imply summation.
Let v be a vector field defining an infinitesimal conformai transformation on Mn. Denote by the same symbol v the 1-form corresponding to the vector field v by the duality defined by the metric of
Mn, and by Lv the operator of the infinitesimal transformation v.
Then we have
(1.1)

Lvgn = ViVj + VjVi = 2pgij.

The infinitesimal transformation v is said to be homothetic or an
infinitesimal isometry according as the scalar function p is constant or
zero. We also denote by Ldp the operator of the infinitesimal transformation generated by the vector field p* defined by
(1.2)

p* = g^ph

p.- = Vyp.

Let £ tl . . . ip and rj^ . . . ip be two tensor fields of the same order
p ^ n on a compact orientable manifold Mn. Then the local and global
scalar products (£, rj) and (£, r?) of the tensor fields £ and rj are defined
by
(1.3)

($,^)=-^-^1..-v
pi
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(1.4)

[November

(£, v) = f « , *><*F,
J Mn

where d V is the element of volume of the manifold Mn at a point.
In the last decade or so various authors have studied the conditions
for a Riemannian manifold Mn of dimension n>2 with constant
scalar curvature R to be either conformai or isometric to an w-sphere.
Very recently Yano, Obata, Hsiung and Mugridge (see [ó], [4], [2])
have been able to extend some of the above-mentioned results by
replacing the constancy of R by LUR = 0, where u is a certain vector
field on Mn. The purpose of this paper is to continue their work by
establishing the following theorems.
To begin we denote by (C) the following condition:
A compact Riemannian manifold Mn of dimension n>2
(C) admits a n infinitesimal nonisometric conformai transformation v satisfying (1.1) with p ^ O such that LvR = 0.
I. An orientable Mn is conformai to an n-sphere if it
satisfies condition (C) and
THEOREM

(1.5)

(Pipi~-^Rp*,R^0,

/
c - 4a2 \
2
(1.6)
Lv[a A +
B) = 0,
\
n —2 /
where A and B are defined by
(1.7)

A = Rhi*RhiJky

B =

RVRH,

and ay c are constant such that
c = 4a z -+• (n -2)\2a
L
(1.8)

2^t>i + \ 2
»=i
\ ,-

-2(Wa+W4

bib,) + ( « - ! )

E bf\ > 0,

b's being any constants.
For the case #7*0, c — 4a 2 = 0 and the case a = 0, c —4a2 5^0, Theorem I is due to Yano [4].
THEOREM

I L A manifold

Mn is conformai to an n-sphere, if it

2
An elementary calculation shows that c ^ 0 where equality holds if and only if
bi= • • • =ô 4f 6 6 = ô 6 = 0, Ö = —(«—2)bu
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satisfies condition (C) and any one of the following three sets of conditions:
(1.9)

ViVj(Rf) = Rpgij

(1.10)
(1.11)

(f is a scalar j'unction),

2
Qdp = — d(Rp),
n
LvRij = agij

ViVARp) = ^V^Vyp,
(a is a scalar function),

where Q is the operator of Ricci defined by, for any vector field u on Mn,
(1.12)

Q'.Ui-^lRijuL

For constant R, conditions (1.10) and (1.11) in Theorem II will
lead to the conclusion that Mn is isometric to an w-sphere of radius
(n(n-l)/Ryi2;
for this see [5].
I I I . A manifold Mn with constant R is isometric to an nsphere of radius (n(n — l)/R)112, if it satisfies conditions (C) and (1.9).
THEOREM

Theorem I I I is due to Lichnerowicz [3] when condition (1.9) is
replaced by the following one :
(1.13) v is the gradient of a scalar function/, i.e., Vi = Vif.
For constant R, it is easily seen that condition (1.13) is a special
case of condition (1.9). In fact, in this case by using (1.2) condition
(1.9) becomes ViVj+VjVi = 2ViVjf, which is satisfied by Vi = Vif+Ui
where «,• is any vector field generating an infinitesimal isometry.
IV. A manifold Mn is isometric to an n-sphere, if it satisfies
condition (C), LdpR = 0, and
THEOREM

(1.14)

AaBb = c = const,

(la
{n - l)b\
2a(a + b)R^a+b~l)
(1.15)
c[
1
)=
,
\^
B
)
no+^inl)*-1
where A, B are given by (1.7), and a, b are nonnegative integers and not
both zero.
For constant R, Theorem IV is due to Lichnerowicz [3] for a = 0,
b = 1 and due to Hsiung [l ] for general a and b.
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