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Introduction. If X is an infinite dimensional Banach space (or more
generally, an infinite dimensional manifold), 7" and S two mappings
of X into another space Y, the typical problems of nonlinear func-
tional analysis ask about the set of points # in X for which T'(u)
=S(u), or for which T'(«) =AS(x) for some real N\, or for which
T'(u) =y, for a given y, in V. Aside from basic structural hypotheses
on the classes of mappings T and .S considered (i.e. hypotheses that
one operator or the other is compact, monotone, accretive, nonexpan-
sive, proper, Fredholm, or whatever), in order to obtain nontrivial
existence results for the desired solutions #, one must impose addi-
tional hypotheses in the large usually in the form of boundary condi-
tions or asymptotic conditions (coerciveness, boundedness of inverse
mappings, etc.). There is an alternative type of additional hypothesis,
however, under which one obtains nontrivial results with the bound-
ary or asymptotic conditions weakened or eliminated, namely the
hypothesis that the nonlinear problem is invariant under a group G
of transformations acting on the spaces X and Y with G having ele-
ments of finite order.

In another paper (Browder [5]), we have obtained results on the
application of the Lusternik-Schnirelman theory to obtain infinitely
many distinct solutions of the nonlinear eigenvalue problem g’(u)
=Ah'(u), where g’ and %’ are the Fréchet derivatives of real-valued
functions g and % on an infinite dimensional Banach space B and the
usual hypothesis that g and % are even functions is replaced by the
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hypothesis that for a given transformation group G of B with at least
one element of finite order and with G having only 0 as a fixed point
for any nontrivial element, we have g(¢(x)) =gx), k(o)) =h(x)
for any x in B— {0}, ¢ EG.

It is our purpose in the present paper to give an extension within
this framework of group invariance of the classical Borsuk-Ulam
theorem which asserts that for an odd mapping of a sphere S™ about
0 into itself, the degree of the mapping is odd and hence different from
zero. (For references to some recent infinite dimensional extensions
and analytical applications of the Borsuk-Ulam theorem, we refer
to the writer’s recent note (Browder [8]).)

THEOREM 1. Let T be a continuous mapping of Si(R") into ilself for
some n=2 (where Si(R") is the unit sphere about the origin in R™).
Suppose thal there exists a group G of homeomorphisms of Si(R") on
itself such that G has at least one nontrivial element of finite order while
each nonirivial element of G acts without fixed points on Si(R*). Suppose
that for each pin G, Tp=¢T.

Then the degree of T is different from zero.

We derive Theorem 1 from the following slightly more precise
result:

THEOREM 2. Let T be a continuous map of Si(R*) inlo ilself. Suppose
that there exists a homeomorphism ¢ of Si(R™) onto itself such that Te
=¢T while ¢? =the identity for a given prime p =2, and ¢’ acts without
fixed points on Sy(R*) for 1 Sj<p—1.

Then, if d is the degree of T, d=1 (mod p), and d #0.

The Borsuk-Ulam theorem corresponds to the case in which ¢(x)
= —x for every x in S;(R*). Theorem 2 implies Theorem 1 since if T
and G satisfy the hypotheses of Theorem 1 and if ¢ is an element of
order s of G, then for any nontrivial prime divisor p of s, ¢ =y*/?
satisfies the hypothesis of Theorem 2.

We may combine the result of Theorem 1 with various generalized
theories of the topological degree for mappings of infinite dimensional
Banach spaces (e.g. Browder [3], [4], [6], [8], Browder-Nussbaum
[9], Browder-Petryshyn [10], [11], Nussbaum [16]), and we obtain
thereby new existence theorems for a wide variety of nonlinear map-
pings in Banach spaces, as in the following:

THEOREM 3. Let X be a Banach space, G a convex open subset of X
which contains the origin, I' the boundary of G in X. Let C be a compact
mapping of cl(G) into X, (i.e. C maps cl(G) into a relatively compact
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subset of X and C is continuous). Suppose that there exists a bounded
linear mapping R of X into X such that R maps I into cl(G) and for x
in T, R(C(x)) = C(R(x)), and with the additional property that for some
prime p =2, Re =1 while for 1 j<p—1, R? has only 0 as a fixed point.
Suppose that x= C(x), xET.

Then deg(I—C, G, 0)=1 (mod p), and there exists xo in G such that
C(xo) =%0. Moreover, if ko=dist((I —C)(G), 0)>0, the closed ball of
radius ko about the origin in X is contatned in (I —C)(cl(G)).

Theorem 3 extends the original extension of the Borsuk-Ulam
theorem to compact maps due to Krasnosel’skif (cf. [14]) and may be
carried over under appropriate hypotheses to various classes of non-
compact mappings considered by the writer in [6] and elsewhere;
semiaccretive, semicontractive, and in general, mappings defined by
intertwined representations involving convex classes of maps ob-
tained as the limits of nonsingular mappings. We shall give the de-
tailed statement and discussion of these applications elsewhere, as
well as the corresponding extension of the generalized degree theory
based upon approximation schemes of Galerkin type for A-proper
mappings as developed in Browder-Petryshyn [10], [11]. We con-
tent ourselves here with the statement of a result useful in applica-
tions to nonlinear elliptic problems:

THEOREM 4. Let X be a reflexive separable Banach space, T a pseudo-
monotone mapping of X into X* wiih X* the conjugale space of X. Sup-
pose that T is finitely continuous (i.e. continuous from each finite dimen-
sional subspace of X to the weak lopology of X*) and that there exisis a
bounded linear mapping R of X into X having the property that Rr =1
for a given prime p =2, with R? not having (+1) as an eigenvalue for
1=57=5(p—1), such that R¥*T=TR. (Here, R*: X*—>X* is the adjoint
operator to R.)

Let Ko and k be positive constants such that for |[xH =K,, ]I T(x)|| = k.
Then for each w in X* with ||w|| ko, there exists x in X with ||x|| S K,
such that T(x) =w. In particular, if T~ is a bounded mapping of X*
into X (i.e. maps bounded sets into bounded sets), then the range of T is
all of X*.

1. Since, as we have already observed, Theorem 2 implies Theorem
1, we proceed to the detailed discussion of Theorem 2. We assume
therefore that for a given prime p =2, we have a periodic homeo-
morphism ¢ of S* for a given % of period p such thatfor 1 £j=(p—1),
¢7 acts without fixed points on S». Let Y,,¢ be the quotient space of
S» under the action of the cyclic group G of transformations of S»
generated by ¢, 73, the quotientmapping. Then ris a covering mapping,
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Y. ¢ is an n-dimensional manifold with S” as its universal covering
space if #=2. We note that if p2, the Lefschetz fixed point theorem
together with the fixed point-free character of ¢’ for 1=<j=<(p—1)
implies that if do is the degree of ¢, then 14 (—1)"dj=0 for all such
j. Hence do=(—1)*1, dy=d} which implies that # is odd and that
do=+1. In particular, for p odd, ¢ is an orientation-preserving map-
ping and Y,, ¢ is an orientable z-manifold. If p =2, do=(—1)"*! with
no restriction on 7, and ¢ is orientation-preserving if and only if # is
odd.

We reduce the general case for p =2 to the orientation-preserving
case by suspending the mapping f in the following fashion: Take S»
to be the unit sphere in R**! and consider the unit sphere S"*? in
R#»+8 about the origin. Each element v in S**2 may be written uniquely
in the form v=(ru, rw) with « in S*, w in S? and r2+ri=1, r=0,
7r1=0. Let Y (9) = (rp(u), —r1w), g(v) =(f(»), w). Then ¢ is an orienta-
tion-preserving involution of S"*?, ¢ commutes with ¢, and the de-
grees of f and g coincide as mappings of S* and S**2, respectively.
Hence, we need merely prove the assertion of Theorem 2 for g and
can assume without loss of generality that ¢ is orientation-preserving
in every case and n=2.

We consider the singular homology and cohomology groups of S»
and Y, ¢ with coefficients in the integers Z, and in Z,, the integers
mod p. Since S* and Y, ¢ are orientable n-manifolds, H,(S*; Z) has a
single generator «, and H,(Ya,¢; Z) has a single generator oy, where
these generators may be chosen with respect to concordant orienta-
tions so that if mun: H.(S*; Z)—>H.(Ya.,q; Z) is the homomorphism
induced by the map m, then wx,(a) = pan. If funt H,(S*; Z2)—H,(S"; Z)
is the endomorphism induced by the map f, then fs.() =da, where d
is the degree of the mapping f.

Because f commutes with ¢, it induces a map & of V,,¢ into Y, ¢
such that kr=wb. The map % of ¥, ¢ induces an endomorphism of
the fundamental group m1(Y,,q, ¥o) for a given base point ¥y in V,,¢
as follows: For a given path Co from y, to %(yo) and for the homotopy
class [C] of a closed path C with initial and final point at o, z«([C])
=[Cy'h(C)Co]. Since m1(¥a, ¢ ¥o) is isomorphic to the group G of
covering transformations of the universal covering space S of Y, ¢,
71( Y, ¢ ¥o) is abelian. Hence 4 is independent of the choice of the
path Co. Moreover, if we consider the natural homomorphism % of
T1(Va, ¢ ¥0) into Hi(Va,e¢; Z), n is an isomorphism [13, Theorem
8.8.3, p. 348]. Since f¢ =¢f, it follows by an elementary argument on
the covering transformations that %« is the identity endomorphism of
m1(Y 2,6, ¥0). Hence, the endomorphism hs1: H1(Va,¢; Z) > H1(YVa,6; Z)
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is the identity endomorphism. There is a natural epimorphism of
Hi(Y.,¢; Z) onto Hi(Y,,¢; Z,) induced by the homomorphism v of
the coefficient groups which carries each integer z into 2 mod p. Hence,
the endomorphism hs1: Hi(Ya,¢; Zp) —H(YVa,6; Z,p) is the identity.
Finally, by Pontrjagin duality, the cohomology endomorphism
R*VHY (Y, 6; Zp)—HY(YVa,6; Z,) is the identity endomorphism. To
proceed further, we apply the following well-known result on the
cohomology ring of ¥, ¢ with coefficients in Z,:

LeMmMA 1. For p>2, H*(Y,,a¢; Z,) 1s the quotient of the tensor product
of an exterior algebra on a one-dimensional element wy with a polynomial
algebra on a two-dimensional element we by the ideal of elements of
dimension >n. Here, we= —B(w1), where 3 is the Bockstein homomor-
phism of HY (Y, a; Z,) tnto HX (Y, a; Zp) associated with the exact
sequence, 0—Z ,—Z 2—27Z ,—0.

If p=2, H¥(Y, ¢; Zp) consists of all polynomials in a one-dimen-
sional element w1, module the ideal generated by Wit

Proor or LEMMA 1. Lemma 1 is obtained from the consideration of
the spectral sequence of the covering map . For the case where X is
an infinite-dimensional Banach space and Y, ¢ is the homogeneous
space associated with the action of G on the unit sphere Si(X), Y., ¢
is an Eilenberg-MacLane space K(G, 1) and the corresponding results
without truncation at dimension # are given in [19, p. 68]. As has
been pointed out to the writer by A. Liulevicius, if the action of G on
S» is differentiable, we can easily imbed Y, in an Eilenberg-
MacLane space K(G, 1) such that K(G, 1)~ Y, ¢ is a relative CW
complex with no cells of dimension =<#. It follows that the homo-
morphisms H¥K(G, 1); Z,)—>H*(Y,,¢; Z,) are isomorphisms for
k<n, and we get an epimorphism for k=n. In the latter case, both
groups are isomorphic to Z, and we get an isomorphism there also.

ProoF oF THEOREM 2 COMPLETED. Since h*:H*(V..q; Zp)
—H*(Y,,¢; Zp) is a ring homomorphism, in order to prove that A* is
the identity homomorphism, it suffices to establish this on its ring
generators. For wy, A*!(w:) =w: as we have already noted. Since 8
commutes with A*, h*2(w,) =w, Thus by Lemma 1, £*(w) =w for
every element w of H*(YV,,a¢; Z,).

If h*"(os) =kery for a generator az of H(Y,, ¢; Z), it follows that
since the homomorphism induced by ¥ carries H*(Y,,q, Z) onto
H"(Y,,¢; Zp), b*" acts as multiplication by v(k) on HYVa.,6; Zy).
Hence, v(k) =1, (i.e. k=1 (mod p)). On the other hand, Ax,(c1) = ko.
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Hence

han(man(@)) = hsn(pas) = kpay,

and

Ban(Tsa(@)) = Taa(fan(@)) = T4a(da) = pday.

Thus, k=d, and d=1 (mod p). q.e.d.

ReEMARK. The only use of Lemma 1 is to establish that 4* is the
identity homomorphism on H*(Y,,q; Z,). For the case in which G
acts differentiably, this can be obtained from the study of the Smith
homomorphisms, as in the proof of Theorem (7.6) of Chapter 13 of
[2]. The generalized lens spaces Y, ¢ were considered for special
actions of G by De Rham [12] (see also [15, pp. 15-16, 180]).

Proor orF THEOREM 3. Given €¢>0, we may construct a finite
dimensional subspace F of X which is invariant under R and a re-
traction S of cl(C(cl(G))) into F such that HS(x)-——x”<e for x in
cl(C(cl(@))) and SR=RS. For sufficiently small ¢, it follows from
the theory of the Leray-Schauder degree that deg(/—C, G, 0)
=deg(I—SC, GNF, 0). On the other hand, the finite dimensional
mapping SC commutes with R since both S and C do. Applying a
slight variant of Theorem 2, we find that deg(/—SC, GNF, 0)=1
(mod p). Hence, the result of Theorem 3 follows. q.e.d.

Proor oF THEOREM 4. Since X is reflexive and separable, we may
find an increasing sequence {Fi} of finite dimensional subspaces of
X such that their union is dense in X while each Fjis invariant under
the action of the linear map R. Let J be the normalized duality map-
ping of X into X* corresponding to a norm on X in which X is locally
uniformly convex and X* is strictly convex. For ¢>0, ¢ sufficiently
small, T+e¢J has no zeroes on the boundary of the ball of radius K,
about the origin in X, while T"+eJ is A-proper in the sense of Browder-
Petryshyn [11] with respect to the injective approximation scheme
defined by the sequence { Fi}. For each £, let j; be the injection map
of Fi into X, jx the adjoint projection map of X* onto Fj. Then
Tw=jx Tjx maps Fy into Fy, and if we let Ry=R|r, and Ry the ad-
point map of Fy into Fy, then RyTi=TiRy If Tep=7s(T+e])js,
then for e sufficiently small,

deg(Tk, BKO N Fk, 0) = deg(Te oy BKo N Fk, 0)

By a slight variant of Theorem 2, deg(T%, Bro/ \Fx, 0)=1 (mod p).
Hence, deg(T+eJ, By, 0) # {0} for €>0, e sufficiently small. q.e.d.
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