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The object of this note is to state certain theorems, whose proofs
together with related results will appear elsewhere. The theorems are
mainly concerned with asymptotic enumeration of the isomorphism
classes of finite rings or finite-dimensional algebras lying in various
naturally-defined categories. Two results concern enumeration of sub-
algebras or subrings in a given algebra or ring. All the rings and alge-
bras are associative, but need not necessarily have units.

1. Semisimple rings and algebras.

THEOREM 1. Let s(n) denote either the total number of nonisomorphic
semisimple rings of order p*, or the total number of nonisomorphic
n-dimensional semisimple algebras over the Galois field GF(p), p a
prime. Then

s(n) = exp([ix? + o(1)]n'/?) asn— «.

THEOREM 2. Let sg(n) denote the total number of nonisomorphic n-

dimensional semisimple algebras over a real closed field ®. Then as
n— ©

sq(n) = exp([b + o(1)]n1/?)
where b=$(3+4212)2371/3 [¢(3/2) |21,

The proofs of these theorems, and the next one, make use of the
zeta functions or generating functions of the relevant categories. In the
present cases, those functions can be calculated and this is helpful in
obtaining asymptotic estimates, even though usually it provides no
direct asymptotic information. In particular, Theorems 1 and 2 de-
pend on a Tauberian theorem of Hardy and Ramanujan [2].

The proof of Theorem 2 gives the following

CoOROLLARY. Let wg(x) denote the total mumber of mnomisomorphic
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simple algebras of dimension at most x over the real closed field ®. Then
ra(x) ~ 33 + 212zl asx — oo,

We mention that, with the aid of well-known results of Hardy and
Ramanujan [3], asymptotic estimates of a more precise type than
above may be obtained for the categories of

(i) commutative semisimple finite p-rings,

(ii) commutative semisimple finite-dimensional algebras over some
Galois field, and

(iii) semisimple finite-dimensional algebras over an algebraically
closed field A.

Next, let S(#) denote the total number of nonisomorphic semi-
simple finite rings of order #. Then S(n) is a multiplicative arithmeti-
cal function, whose values fluctuate from 1 on square-free integers to

those indicated in Theorem 1. However, ‘on average' it is well
behaved:

THEOREM 3. As x— 0,

> S(n) = axx + amxl/? + O(x!/3 log? x)

nszr

where a1 = [ Lrmts1 $(rm?) =2.498 - - -, ap={¢(3) [ Lrm?se $(hrm?).

Here {(2) denotes the Riemann zeta function. The proof of this
theorem employs techniques of Kendall and Rankin [5], who ob-
tained a similar result for finite abelian groups; in particular, these
techniques depend on a theorem of Landau. The main theorem of [5]
also provides the ‘average value’ of the total number S,(%) of noniso-
morphic commutative semisimple rings of order z». That result and
Theorem 3 lead, via certain abstract prime number theorems (see Weg-
mann [6]), to the following

CoROLLARY. (i) Let wg(x) denote the total number of nonisomorphic
simple finite rings of order at most x. Then

ws(x) ~ zflogx asx— o,

(ii) Let w.(x) denote etther the total number of nonisomorphic Galois
fields of order at most x, or the total number of nonisomorphic indecom-
posable abelian groups of order at most x. Then w.(x)~x/log x as x— .

Apart from a well-defined mean-value, the function S(n) also
possesses an asymptotic distribution function

x(x) = Hi (1/N) card{n < N:S(n) S =z},
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and this function is discrete. Further, for any given §>0,
S(n) = o(n?) asn— «.
Similarly for S,(n); cf. [5].

2. Nilpotent algebras and rings. Now let N(z) denote the total
number of nonisomorphic nilpotent z#-dimensional algebras over the
Galois field GF(q), ¢ a prime-power, and let N,(z) denote the cor-
responding number for commutative nilpotent algebras.

THEOREM 4. The numbers N(n), N.(n) satisfy the inequalities
q[4l27+a(1)]n8 < N(n) < qn“/a
and
QeI < N () < gn'l8

as n— o, the upper bounds being true for all n.

These inequalities are analogous to ones of Higman [4] for finite
p-groups, but the present proofs depend largely on a quantitative
application of the cokhomology theory of algebras. The exponents in the
upper bounds neglect O(n?) terms, but in any case the dominant
terms are probably not best possible. Theorem 4 yields the lower
bounds of the next theorem, but the upper bounds there now depend
on some preliminary, and apparently new, propositions concerning
nilpotent finite rings.

THEOREM 5. Let N (n) denote the total number of nonisomorphic wil-
potent finite rings of order p*, p a prime, and let N.(n) denote the cor-
responding number for commutative nilpotent rings. Then

plaroIn’ < K(n) < pn°i3
and

P2z’ < K (n) S pli/eroDInl

as n— o, the first upper bound being true for all n.

These results show that nilpotent algebras and rings form a sub-
stantial proportion out of all finite algebras and rings, while the semi-
simple ones have asymptotic density zero.

3. Subalgebras and subrings. The final results to be stated here
concern enumeration of the subalgebras in a given finite-dimensional
nilpotent algebra A over the Galois field GF(q), g a prime-power, or of
the subrings in a finite nilpotent ring R of order p*, p a prime.
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THEOREM 6. Let sn(A) denote the total number of subalgebras of codi-
mension m in the given algebra A above, and let k=codim A%in A. Then:

(@) s1(4)=14+g+g*+ - - - +¢7%

(i) if 0O<m =k then sn(4) =y (k, m)+ag—™*! for some a =0, where
L C ol U ol S

=D —q @ =g’

(iii) 2n gemeral, sm(4)=1 (mod q).

¥ (%, m)

These results, which are analogous to well-known ones about finite
p-groups, may be obtained from an analogue for finite nilpotent alge-
bras of P. Hall's enumeration principle for finite p-groups [1]. They
make use, however, of some preliminary propositions about finite-
dimensional nilpotent algebras over arbitrary fields. The last theorem
is obtained in a similar way, and also depends on certain apparently
new preliminary results. The concept of the Frattini subalgebra or
subring is useful for the preliminary propositions referred to in
each case.

THEOREM 7. Let R be a finite nilpotent ring of order p*, p a prime.
Let su(R) denote the total number of subrings of order p»™ in R, and
suppose that R*+pR has order p»* in R. Then:

(1) s1i(R)=1+4p+p2+ - - - +p+ Y

(i) if 0<m =k then su(R) =¢(k, m)+ap*—*! for some a =0, where

= D@ —p) - (0 — ™)
(pm—Dm—p) - (pm—p™Y’
(iii) im gemeral, sw(R)=1 (mod p).

b(k, m) =

REFERENCES

1. P. Hall, A coniribution to the theory of groups of prime-power order, Proc. London
Math. Soc. (2) 36 (1934), 29-95.

2. G. H. Hardy and S. Ramanujan, Asymptotic formulae concerning the distribu-
tion of integers of various types, Proc. London Math. Soc. (2) 16 (1917), 112-132.

3. , Asymptotic formulae in combinatory analysis, Proc. London Math. Soc.
(2) 17 (1918), 75-115.

4. G. Higman, Enumerating p-groups. 1: Inequalities, Proc. London Math. Soc.
(3) 10 (1960), 24-30. MR 22 #4779.

5. D. G. Kendall and R. A. Rankin, On the number of Abelian groups of a given
order, Quart. J. Math. Oxford Ser. 18 (1947), 197-208. MR 9, 226.

6. H. Wegmann, Beitridge sur Zahlentheorie auf freien Halbgruppen. 1, 11, J. Reine
Angew. Math. 221 (1965), 20-43; 150-159. MR 32 #4097; MR 32 #4098.

UNIVERSITY OF THE WITWATERSRAND, JOHANNESBURG, SOUTH AFRICA



