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Let H2 denote the usual Hardy class of functions holomorphic in 
the unit disk. Let M denote a closed, invariant subspace of H2. The 
theory of such subspaces is well known ; every such M has the form 
M — <j)H2, where 0 £ i J 2 is an inner function, <p — BsA, with 

" a, z — a, ( r2K eid + z ) 
B(z) = I I 7—7 —> s(z) = exp 4 - d<ra(6)\ , 

, - i J av I 1 — avz {. J o ex9 — z ) 
( « eie' + z) 

A(Z) - exp j - g r. -JJ-—J-

where \av\ is a Blaschke sequence (â„/| av\ = 1 if ay = 0), <r8 is a finite, 
positive, continuous, singular measure, and r , ^ 0 , X X ^ °°-

Less is known about the "star-invariant" subspaces MX = H2QM. 
In this announcement, we outline some results we have obtained 
recently concerning the subspace M1-. Full details and proofs will 
appear elsewhere. 

1. A unitary operator. In our first theorem, we represent ML uni-
tarily as the sum of the spaces L2(d<rB), L2(dcrs) and L2(d<Tà). Here 
<TB is the measure on the positive integers which assigns a mass 
1 —|ajfc| to the integer k; a A is the measure on [0, oo ] which is r% 
times Lebesgue measure on the interval [& — 1 , k]; and <r8 is the mea
sure associated with s above. 

In the special case <l> = By our unitary operator VB ' L2{d(TB)—>{BH2)A-
is given by 

VB({cn})(z) - f ) c» ( l + | an\yi2Bn(z)(l - dnz)-i(l - | 0,1). 

Here Bn is the partial product of B with zeros ai, • • • , an~i. The fact 
that VB is unitary is a consequence of the simple and well-known 
fact that the functions hn(z) = (1 — | an\

 2)ll2Bn{z)/{\— anz) form an 
orthonormal basis of (BH2)1-. 
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If 0 =A, FA :L2(^A)->(AiJ2)± is defined by 

(VAc)(z) = f°°c(X)V2Ax(0)(l - e-w+hyida^X) 
J o 

where 

/ * eie*+z eieN+1 + z) 
Ax(z) = exp < - 2^ rj — (A - N)rN+1—— V 

\ y_i el6i — z e%m+1 — z) 
and N is the integral part of X. If r„ = 0, Vy£\ and 0i = O, VA is the 
unitary operator defined by Sarason, in [S]. 

Finally, if <f> — s, we set 

/ /• X ei9 _j_ z \ 

s\(z) = exp < - J .g _ d<r*(0) > 

and let V8:L^da8)-^(sH2)1- be defined by 

c(X) V2JX(«)(1 - r - * * ) - 1 ^ ) . 
0 

Our three special cases may now be combined in 

THEOREM 1. The operator 

V:L2(daB) X L\da8) X Z 2 O A ) -» (BsAH2)1-

defined by 

V(CB, c8y CA) = FfiCs + BVsc8 + 2?SFACA 

is aw isometry onto (BsAH2)-1. 

2. The restricted shift. In this section we consider the restricted 
shift operator T on {4>H2)L

y defined by 

Tf=Pzf fe(<t>H2)± 

where P is the projection onto (c/yH2)-1. We want to find the form of 
the operator V*TV, unitarily equivalent to T under V. 

Again we begin with the special cases 0 = £ , s, A. We define KB, 
K8 and KA as the integral operators on L2(do\B), L2(da8) and L2(daA) 
given by 

KBc{n) = è c 0 W 0 ) / S y ( 0 ) ( l + I a,\) | aj\-*(l - | a,\) 

for <j> = B and by 
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K+c(\) = 2 f c(Ö4*(0)Ut(0)<h* 
J o 

for (f> = s, A. We define multiplication operators MB, M9 and MA by 

(Af*c)(») = Gnc(n) (M8c)(\) = eiXc(X) 

and 

(MAc)(\) = eVMcQi) onN£\<N+l. 

Our result for the special cases c/> = Bf s, A is that 

Combining these results, we have 

THEOREM 2. V*TV is an operator A on L2(dcrB) XL2(d<r8) X I 2 ( ^ A ) 

given by 

A(cB, C8, CA) = (ABCB, A8C8+CXB(CB)K 4 AC A+«*(£*)$(())* A+a,(c.)* A) 

where k<t> is V% of the projection of 1 on (4>H2) A-for $ = s, A, and aBy a8 

are junctionals. 

3. Applications. Theorem 2 has applications to spectral properties 
of certain functions of T, i.e. to operators Tu defined by 

Tuf=Puf fGM\ 

In fact, V*TV is the sum of a multiplication operator M: 

M(CB,CS,CA) = (MBCB,M8CS,MACA) 

and an operator K which is easily seen to be of Hilbert-Schmidt class: 

K(CB, C8, CA)Z={KBCB, K8C8 + <XB(cB)k8, KACA + OiB(CB)s(0)kA + CCa(cs)kA)' 

Thus, if u is continuous in |z | :gl , Tu = u(M)+K', where K' is com
pact. From this it is easy to determine the spectrum of T (cf. 
Moeller [4]) and of certain functions of T (cf. Foias-Mlak [3]). 
Certain other facts about T are consequences of Theorem 2, for 
example 

THEOREM 3. If u is continuous in \z\ g 1, then Tu is compact if and 
only if u = 0 on supp 0P\ {\z\ = 1 } . 

Here supp <j> denotes the closure of the union of the set of zeros of B, 
the support of a8 and the numbers eiQiyj = 1, 2, • • • . 
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THEOREM 4. If 2 ^p< <*> and u is a trigonometric polynomial, then 
TuÇzcp if and only if 

(i) ^==0 on supp sA, and 
(ii) {u(ak))<E.lp. 

In addition, Theorems 1 and 2 have applications to a problem we 
studied in [l ] and to give the following affirmative answer to a ques
tion raised in [2] by Douglas, Shapiro and Shields. 

THEOREM 5. Let Y denoie the shift on all of H2: 

Yf=zf f E H\ 

Then, if <f> is any inner f unction not of the form <f> = einB, the set { F * ^ } , 
for \p a divisor of <j> (^5^0), spans (c/yH2)-1. 

We close by noting that some close analogs to Theorems 1 and 2 
above were discovered independently by T. L. Kriete, I I I . 
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