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Let K be an algebraic number field of degree 2 and F(n) the number of nonzero integral ideals of norm n in K. Define P(x) by
£ F(n) = Xhx +

P(x),

ngx

where h denotes the class number of K and
X = 2ri+r*7rr*R/(wV | A | ) ,
where n is the number of real conjugates, 2r% the number of imaginary
conjugates, R the regulator, w the number of roots of unity, and A
the discriminant of K. It is known that [8, Satz 210] P(x) = 0{xl'z).
On the other hand, Landau [9] also showed that
P(x) = Q±(xli*).
Improvements were made by Szegö and Walfisz [lO] and Chandrasekharan and Narasimhan [2], [3]. The former authors showed that if
K is imaginary,
P(x) =S2_({*logtf} 1/4 )>
and if K is real
P{x) =Q+({*logtf} 1 / 4 ).
The latter showed that
(1)

lim sup inf P(x)/x1/é

= ± oo.

£—•00

In 1961 Gangadharan [5], improving a method of Ingham, made
improvements on (1) for the corresponding problems on r(n), the
number of representations of n as the sum of two squares, and d(n),
the number of divisors of n. Using Gangadharan's method, we can
obtain improvements on (1) for our problem. Before stating this result we must make some definitions.
D E F I N I T I O N 1. Let Sx(x*z2) be the set of all real numbers t\ expressible in the form
1283
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where gi, . . . , ÇN are the square-free integers less than or equal to
x, and n and r*, £ = 1, • • • , N, are integers such that
N

nèO

\rk\

£ 1,

E

\n\2^2.

It follows that [5, pp. 700-701] that there is a unique ^ £ 5 * such
that 0<9jj(x)<l and if r)Ç:Sx then rçèrç.
D E F I N I T I O N 2. Let g(x) = —log)J(x). Define C« to be the class of
all functions Q(x) such that for X^XQ, Q(X) is continuous, Q(x)/x increases with x, and Q(x) ^q(x).
It follows that for X^XQ , ö"" 1 ^) exists, is continuous and increasing, and tends to 00 with x.
THEOREM.

If Q(x)&Cqt

then, as x tends to 00,

PW=fi±({^Q-1(log^)}1/4).

(2)

It can be shown that [5, pp. 701-703] for some constant i > 2 .
bxiiogz ç2Qq. We have then the following
COROLLARY. AS X

tends to 00,

P(x) = 0 ± ({s(log log *)(log log log

x)}^).

The proof of (2) depends upon two identities. Let Re s>0.
is imaginary and B = 27r/V| A|,
(3)
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If K is real and B = x / \ / p T ,

(4)
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where

ƒ

•T/2
0

s i n <t>d(t>
(l-^sin^)2

A proof of (3) can be found in [ l ] , although an easier proof can be
given along the same lines as that of Hardy [ó] for a similar identity
involving r(n). The proof of (4) is more complicated, but, using primarily the functional equation for the associated zeta-function, one
can establish (4) by a method of Hardy [7] for a similar identity involving d(n).
The proof of (2) now follows along the same lines as that in [5].
We remark that in the proof one needs the following two facts. We
have F(n) = 0(ne) for every e > 0 ; this holds for any algebraic number
field [4]. When K is a quadratic field, it is not difficult to show that
F(m2n)^F(m2)F(n).
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