
CHARACTERIZATIONS OF LINEAR GROUPS 

BY MICHIO SUZUKI1 

Introduction. In his address at the International Congress of 
Mathematicians a t Amsterdam, 1954, Brauer [3] proposed a program 
of studying simple groups, particularly various linear groups, by 
giving the structure of the centralizers of elements of order 2. He 
proved among other things that if a simple group G contains an ele­
ment 7 of order 2 such that the centralizer CG(J) i$ isomorphic to the 
centralizer of an element of order 2 in a group L which is either the 
simple group L2(q) or Ls(q) (with some restriction on g), then G is in 
fact isomorphic to L, except for a few isolated exceptional cases. 
Thus he gave a characterization of the groups £2(5) or L^(q) in terms 
of the structure of the centralizer of an element of order 2. The work 
of Brauer was followed by a large number of investigations along 
the same direction. This paper is a further study in this direction of 
characterizing linear groups by the structure of the centralizers of 
involutions. Its purpose is to characterize the simple groups Ln(q) 
when g is a power of 2. We shall also give a survey of known results. 

1. General remarks and a survey of the known results. The prob­
lems we are interested in have an intimate bearing on the funda­
mental problem of classifying the finite simple groups. By a theorem 
of Feit-Thompson [lO], a nonabelian simple group is of even order. 
Hence the centralizers of elements of order 2 are the subgroups of a 
simple group, which are always present and hopefully can be ex­
ploited. 

Although almost no general proposition concerning the relation­
ship between the structure of a simple group and the structures of 
the centralizers of elements of order 2 is known at present, there is 
some indication that the situation will be improved in the near future. 

We shall consider more specific situations. One formulation of the 
problem will be as follows: Let G be a simple group such that the 
centralizers of elements of order 2 satisfy a group theoretical property 
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P. Prove that G is a simple group belonging to a particular family F 
of simple groups. There are several works concerning this problem. 
We refer to [35], where the problem has been solved for 

P = nilpotency or 2-closedness. 

Gorenstein [15] solved the problem when P is the property of having 
a normal 2-complement. A particular case was given by Glauberman 
[ l4] . In each case the particular family F of simple groups has been 
explicitly given. 

There are many challenging variations of the problem. The case 
when P is the solvability is one of the unsolved cases. According to 
the result of [35 ], 2-closedness is the property of the centralizers of 
elements of order 2, which almost characterizes the family of the 
linear groups of low rank over fields of characteristic 2. I t would be 
an interesting problem to investigate what property P would charac­
terize, with some exceptions, a larger family of simple groups; for 
example, the family of linear groups over fields of characteristic 2. 
If we use a weaker assumption that G contains a single element of 
order 2 whose centralizer satisfies the property P , the problem be­
comes harder to solve. Even the case when P is the nilpotency has 
not been solved yet. We add a remark that, over a field of charac­
teristic 2, the symplectic group of four variables contains a central 
involution whose centralizer is nilpotent. 

A still more specific situation is when the structure of the cen­
tralizer is, more or less, explicitly given. Let us assume that G is a 
simple group and that j is an element of order 2 of G. Set H= C <?(/). 
A fundamental result here is the following theorem of Brauer and 
Fowler [ó]. There is a function ƒ such that 

where j G\ denotes the order of G. Thus, if the order of H is given, 
there can be only a finite number of isomorphism classes of simple 
groups G, which contain an element j of order 2 and H= CQ(J). Gen­
eral form of the function ƒ is very crude and gives an estimate of the 
order of G too large to be of practical value. The problem here is to 
determine the structure of G when the structure of H is given. In 
many cases we select a known simple group K and choose an element 
t of order 2 in K. Assume that H-=CK(£). The expected answer is that 
G is isomorphic to K. In all the cases worked out so far, the elements 
t and j are assumed to be central; that is, to lie in the center of a 
Sylow 2-group of K and G, respectively. Sometimes two or more non-
isomorphic simple groups have isomorphic centralizers of central 
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involutions. If An denotes the alternating group of degree n, the cen­
trahzers of central involutions of A^m and A±m+i are isomorphic. A 
recent discovery of two new simple groups, the Hall-Janko group of 
order 604,800 and the Higman-Janko-McKay group of order 
50,232,960 provides another case. Besides, the following pair of 
simple groups has isomorphic centralizers: (Z,2(7), A6) and (£3(3), 
Mu). Just 2 triplets (Au, Au, 56(2)) and (L5(2), Mu, H2) of simple 
groups with isomorphic centralizers are known, and no example 
seems to be known when four or more simple groups have isomorphic 
centralizers. In the above, iJ2 is the simple group of order 21033527317, 
whose possibility was announced by Held [20] and whose existence 
was worked out by G. Higman and verified by McKay with aid of a 
computer. 

If the structure of H= CG(J) 'ls assumed to be different from the one 
which appears in the known simple groups, we may obtain a con­
tradiction. But there are some fascinating exceptional cases, which 
have led to the discoveries of some new sporadic simple groups (Janko 
[22], [24]). 

The list of simple groups characterized by the structure of cen­
tralizers may be found a t the end of this section. 

In many cases, every member of a family of simple groups is char­
acterized. Let Ln(q) denote the projective special linear group of 
dimension n over a field of characteristic 2. Thus g is a power of 
2 : q = 2m. Let / be an element of order 2 of Ln(q) which is represented 
by a transvection. Denote by H(n, q) the centralizer of t in Ln(q). In 
this paper the following theorem is proved. 

THEOREM 1. Let G be a simple group which contains a subgroup H 
such that 

(i) H=H(n, q)for some n, g ^ 2 , and 
(ii) if z is a nonidentity element of the center of H, then CQ(Z) =H. 
Then G is isomorphic to Ln(q) except in the following cases: q = 2 

and n^S. 

The cases n^4t have been treated ([8] w = 2, [32, I I ] w = 3, [32, 
IV] n = 4). Held [20] considered the case n = 5 and g = 2. So in this 
paper we assume either q>2 or « ^ 6 . The exceptions are as follows: 
G may be isomorphic to the following groups; A* if n — 3, A9 if w = 4, 
M24 or H2 if n = 5. 

Nonsimple groups which satisfy the conditions of Theorem 1 can 
be classified. 

THEOREM 2. If a nonsimple group G contains a subgroup H which 
satisfies the two conditions of Theorem 1, then one of the following holds: 
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(i) The center of H is a normal subgroup of G; 
(ii) 5 = 2 and H has a normal complement which is an abelian group 

of odd order; 
(iii) G possesses a series of normal subgroups 

1 C G 1 C G 2 C G 

such that Gi is an elementary abelian subgroup of order qn~1
y G2/G1 is 

a cyclic group of order dividing q — 1 and G/G2 is isomorphic to the pro­
jective general linear group PGL(n — l, g). Furthermore, we have 

[G, Gt] C Gi. 

This second theorem will be proved in (4.1) and (5.4) of this paper, 
while the proof of Theorem 1 is completed at the end of the paper. 

The proof of theorems like our Theorem 1 always begins by a con­
sideration of possible fusions of elements of order 2. The structure of 
a Sylow 2-group of G and the assumed simplicity will restrict the pos­
sibilities. In this process "transfer theorems" of various types and the 
Z*-theorem of Glauberman [l3] are useful. We consider the structure 
of the centralizer of each element of order 2, if some of them are not 
given as a part of assumptions. If the fusion and the structure of cen-
tralizers of elements of order 2 are determined, the order of G will be 
computed in most cases. Usually a complete discussion of possible 
fusion and possible structure of the centralizers is difficult, but some­
times a partial knowledge will be sufficient. In this respect, charac­
ter theory may provide useful informations. 

Our proof of Theorem 1 is along the line of argument discussed 
above, but like corresponding proof in [32, IV] we tried to avoid the 
discussion of fusion and structure of centralizers, other than given, 
as much as possible. At the end the identification of G with Ln(q) is 
done by constructing a (J3, iV)-pair in G and using a characterization 
of Ln(q) as a group with a particular (B, iV)-pair. For the importance 
and required results concerning (B, iV)-pairs, we refer to the works 
of Tits [40], [41]. 

The structure theorems of (Tl)-groups play important roles in 
several places of the proof. A group is called a (Tl)-group if two dis­
tinct Sylow 2-groups have only the identity element in common 
(see [34]). Our proof is group theoretical, and the character theory 
is never used explicitly. 

The following list is almost self-explanatory. For example, the 
second line means that the family of simple groups Lz(q) for odd q has 
been characterized by Brauer [3], [4], and when q = 3, the Mathieu 
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group Mu has the same centralizer as Lz(3), and it is the unique ex­
ception. We use Artin's notation [ l ] to denote the classical simple 
groups. 

Group Reference Exceptions 

Li(q) 

U(q) 

U(2) 
Uz(q) 

q: odd 
q: even 
3 ^ - 1 ( 4 ) 
q: even 

3^1(12) 
3: even 

U*(q) 2 ^ - 1 ( 4 ) 
q: even 

U$(q) q: even 
54(2) q: odd 

q: even 
St(q) q: odd 
S«(2) 

(Ei(q) q: odd 
\2X>4(g) q: even 

Mn 
M11 

M22, M23 

Mu 
As, A9, Aio 
An 
Ally Al%, Ally A U 

An 
Jl 
J% Jz 
Higman-Sims group 

Brauer-Suzuki-Wall [8] 
Brauer [3], [4] 
Suzuki [32] 
Phan [30] 
Suzuki [32] 
Held [20] 
Brauer-Suzuki [7] 
Suzuki [32] 
Phan [31] 
Suzuki [32] 
Thomas [38] 
Wong [44] (Janko [23], q = 3) 
Suzuki [32] 
Wong [45] 
Yamaki [47] 
Fong-Wong [ l l ] , [44] 
Thomas [36], [37] 
Brauer [3] 
Brauer-Fong [5] 
Janko [25] 
Held [20] 
Held [18], [19] (Wong [43] for As) 
Kondo [27] 
Yamaki [46] 
Kondo [28] 
Janko [22] 
Janko [24] 
Janko-Wong [26] 

g = 2, 7, 9 
Mu when g = 3 
At when q = 2 

A% when q = 2 
MK,H2 

2 = 2 

2 = 2 

A12, A « 

Ls(3) 

£2(5), m 

Sfl(2) 

2. Notation and necessary lemmas. In the rest of this paper we 
shall consider only the linear group defined over a finite field of char­
acteristic 2. Let F be the field of q elements where q = 2m is a power of 
2. We identify the elements of the general linear group GL(&, q) with 
the kXk nonsingular matrices whose entries are taken from F. Thus 
an element x of GL(&, q) is written as 

x = (xij) %ij G F i,j=l,---,k. 

If this element is written, for example, as 
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X = 

it is tacitly assumed that this is a block decomposition of the matrix x, 
the letters X, F, Z are submatrices of appropriate size and the blank 
space represents the zero matrix. If the letter I with or without suffix 
is used in place of X ( F or Z), this explicitly means that X is the 
identity matrix and the suffix indicates the size of X. The size of 
submatrices is allowed to be zero. If this happens, for example if the 
size of Z is zero, the corresponding row and column, (F , Z) in the 
example, are to be deleted. A submatrix of size 1X1 may be identified 
with an element of F. So if, for example, the block Z of the above 
matrix is of size 1 X I , we may use the corresponding field element z 
to denote Z. Conversely, any field element used in the expression of x 
represents a block öf size (1, 1). 

(2.1) An element of order 2 of GL(è, q) is conjugate to an element 

(2.2) 3i = 

/ 

/ 

[Ii I 

(1 g / ^ k/2). 

REMARK. A caution about our notation. The lower left corner is 
the IXI identity matrix. By our convention the top and bottom I on 
the main diagonal are Ii. But the middle / may be of different size. 
I t is in fact of size k — 2l. If k = 2l, the middle row and column are to 
be deleted ; so it is 

c> 
The letter ji denotes always the matrix defined by (2.2) in some 
GL(fe, g). Since finite fields are perfect, an element of order 2 is con­
jugate to its canonical form ji in the special linear group SL(fe, q). 

(2.3) The centralizer of ji in SL(fe, q) is the totality of matrices 
of the form 

(2.4) 

X 

P Y 

Q R X 

(det XY det F - 1, 
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where X is an 1X1 nonsingular matrix and det X is the determinant 
of X. The mapping which sends the matrix (2.4) to the pair (X, Y) of 
the direct product of GL(/, g)XGL(& —2Z, q) is a homomorphism. 
The image of this homomorphism contains SL(Z, q)XSL(k — 21, q) 
and covers both factors GL(Z, q) and GL(& — 2/, q) iîk>2L The kernel 
is the maximal normal 2-subgroup of the centralizer. 

In the following we always assume that n^5. By definition Ln(q) 
is the factor group of SL(n, q) by its center. The center of Sh(n, q) is 
a cyclic group of order d = (n, q — 1) consisting of scalar matrices, 
where (n, q — 1) is the greatest common divisor of n and g — 1. I t is in 
particular a group of odd order. 

Let z be the element of order 2 of Ln(q) which is represented by j i 
(cf. (2.2)). 

(2.5) Let H denote the centralizer of z in Ln(q). Then H is iso­
morphic to the factor group of the group of the matrices (2.4) by the 
center of SL(w, q). If 0 denotes the maximal normal 2-group of H, the 
factor group H/O is isomorphic to GL(n — 2, q)/C where C is the set 
of scalar matrices \In-2 with Xn = 1. 

By (2.5), a Sylow 2-group of H is isomorphic to the group of lower 
triangular matrices with 1 on the main diagonal. Let 5 denote the 
totality of such matrices 

(an = 1 i = 1, • • • , n, 
(2.6) (ai3) { 

Kan = 0 % < j . 

We identify S as a Sylow 2-group of H. 
(2.7) NH(S) is a semidirect product of 5 and D»_2/C where Dn~i 

is the totality of nonsingular diagonal matrices of degree n — 2 and 
C is the subgroup defined in (2.5). If d£A»_ 2 is the element with 
fii, • • • , /jn_2 on the main diagonal in that order, the conjugation by 
d induces an automorphism of S which sends 

(an) into (jii-ipj-iaij) 

where Mo=Mn-i and /xoMi * • • Mn-i = 1. 
We remark that if the pair (i, j) is fixed, then At^-Vz-i will be an 

arbitrary nonzero element of F for a suitable choice of jui, • • • , /xw_2, 
unless the pair (i,j) is (n, 1) in which case Mil1iM -̂i = 1 for any choice. 

Some subgroups of S are important in the following discussion. We 
denote by (2.6) a generic element of S. We define the following sub­
groups of S: 



1050 MICHIO SUZUKI [November 

O: the maximal normal 2-group of H; the totality of elements 
of 5 with relations a,-y = 0 for all i, j such that 2^j<i^n — l; 

(2.8) P : the subgroup of O with further restrictions any = 0 for all 
2^j<n; 

R: the subgroup of 0 with a ti = 0 for all i such that l<i<n; 
T: the subgroup of 5 consisting of all the matrices (2.6) with 

#21 = dn n-1 = 0. 

Furthermore set 

(2.9) Z = Pr\R, U = TP and V = TR. 

The structure of the group H can be studied by matrix computa­
tion. By (2.5), an element h of H is a coset of the center of SL(n, g). 
Suppose that h is represented by the matrix (2.4). The automorphism 
of 0 induced by the conjugation by h sends an element 

1 

A 

,B 

I 

C 1. 

into 

1 

A' 

B' 

I 

C 

> 

i j 

where 

(2.10) A' = F - M Z , 5 ' == ^ + C P Z - 1 + « F - M and C' = X~lCY. 

(2.11) (i) rA^ group Z is the center of H. 
(ii) Both P and R are self-centralizing abelian normal subgroup of H. 
(iii) The center Z(T) of T is a subgroup of order q* consisting of 

matrices 
(I ] 

I 7 

le i) 
where Q is an arbitrary 2X2 matrix, and 

Z(T) = CH(T). 

(iv) Let u be an involution of Z(T). If u^Oy then Cs(u) = T. If 
u(EO — Z, then Cs(u) is a subgroup of index q of S. For all u(EZ(T), 
Cs{u) is a Sylow 2-group of CH(U). 

(v) There are precisely 3 conjugate classes of involutions of H, which 
contain elements of O — Z. Each class contains an element of Z{T). 

(vi) S is the unique Sylow 2-group of H which contains T. 

PROOF. The assertions (i), (ii) and (v) follow easily from (2.10), and 
(iii) is proved by simple computation. Any Sylow 2-group of H con-
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tains O by definition of 0. Hence a Sylow 2-group which contains T 
must contain T and 0. Since S=T0, (vi) is proved. The assertion 
(iv) follows by computation and (vi). 

(2.12) (i) Let A be an elementary abelian subgroup of S which is 
normalized by T. Suppose that A contains a matrix (a#) with a2i?£Q. 
Then for any element {xa) of A, Xi$ = 0 for j^2 and j < i except the 2X2 
submatrix in the lower left corner, where 

/%n-\ 2 #n- l 3 \ __ A # 3 1 A# 2A 

\Xn 2 %n 3 / \M#31 M#2l / 

for some X and ju. 
(ii) Let A be an abelian subgroup of S which is normalized by T. If A 

is not contained in JT, | A \ ^qn~1. 
(iii) T is generated by all the abelian normal sugbroups of S of order 

at least q^n~2\ 

PROOF. First we prove that an element of A is uniquely deter­
mined by the first column. Suppose by way of contradiction that there 
are two distinct elements x and y with the same first column. Let i 
be the smallest integer such that x and y have different ith row. We 
write 

x = 

(1 

A B 

C X 1 
and y = 

fl 

A B 

C Y 1 

where (C, X, 1, 0) is the ith row. We have 

fl 

y~lx = 
X- Y 1 e A. 

Since X— Y9*0 and T normalizes A, there is an element u of A such 
that 

fl 

u — 
I 

U 1 
with Z7 = (1, 0, ,0). 
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By assumption A contains an element a = (ai3) with a2i5^0. The (i, 1) 
place of the commutator [a, u] has an entry a2i7

é0. This contradicts 
the commutativity of A. 

The elements of A are determined by its first column. So an ele­
ment x of A is written as 

\X U(X)J 

where U(X) is a lower triangular matrix determined uniquely by the 
column vector X. Commutativity of A yields 

(2.13) X + U(X)Y = Y + U(Y)X 

for two column vectors X and Y. If 

- C r) 
is an element of T, we have 

VXV~l = ( J 
\VX VU(X)V-1/. 

Since T normalizes A, this yields 

(2.14) U(VX) = VU(X)V~l 

for any admissible F for which the element v belongs to T. In particu­
lar U(X) commutes with any admissible V such that VX = X. Let 
Xa be the column vector such that the top entry of Xa is a and the 
rest are zero. Then there is an element xa of A with X = Xa and (2.14) 
yields that entries of U(Xa) below the main diagonal are zero except 
the 2X2 submatrix of the lower left corner. Since the group A is 
elementary, the first column of U(Xa) consists of zeros except the top. 
Thus all columns of U(Xa)—I are zero except the second, where the 
bottom two entries may be nonzero. Let Va denote the last two 
entries of the second column of U(Xa) (considered as a two-dimen­
sional column vector). If Y is any column vector with the top entry 
zero, (2.14) yields that all columns of U(Y)—I are zero except the 
first, which we denote Y\. The equation (2.13) yields that 
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where /3 is the second entry from the top of F. This shows that Y\ 
is a function of j3 only. Furthermore for some constant vector W, 
Va=aW and the nonzero entries of Y\ are at bottom where we have 
pW. Since an arbitrary element of A may be written as a product of 
the form xay where the column vector F corresponding to y has 
zero a t the top, the assertion (i) is proved. 

The proposition (ii) follows from the first half of the above argu­
ment. 

The totality of matrices of the form 

forms an abelian normal subgroup of 5. If X is of size (k, I), this 
abelian group is of order qkl. Since k+l = n, kl*z2{n — 2) unless either 
k — 1 or 1=1. Thus T is generated by abelian normal subgroups of 
order a t least q2(n~2\ Since 2(n — 2) >n — 1 for w ^ 4 , any abelian nor­
mal subgroup of S of order a t least equal to g2(n~2> is contained in T 
by (ii). This proves (iii). 

(2.15) A conjugate class of involutions of H—O is represented by 
one of the following elements: 

(I ! 

I 

h 11 ' 

1 V 
[h I) 

PROOF. An element of H is represented by a matrix of the form 
(2.4) where F £ G L ( w — 2, q). Let / be a conjugate class of involutions 
of H—O. Then / contains an element j which is represented by (2.4) 
with Y=ji of (2.2). By simple computation we see that j is conjugate 
to one of the elements in (2.16). The index k is equal to / in the first 
case, l+l for the next two cases and 1+2 for the last. 

(2.17) Let j be one of the canonical forms in (2.16). The following 
hold: 

(i) CH(J)(^S is a Sylow 2-group of CH{j)\ 

(2.16) 
h I 1 z 1 

fl 

/* I) 
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(ii) If j is the first element of (2.16), then the center of Cs(j) contains 
Z(T). We have 

\Z(Cs(j))\ =q5 ifk^l, 

= q4 ifk = l; 

(iii) If j is the second or third element of (2.16), the order of Z{Cs{j)) 
is qz. If j is the last element, \ Z(Cs(j))\ ==<Z2-

This is proved by easy computation. 
We need lemmas of general nature. 

(2.18) Let u and v be two involutions in a torsion group G. If u is 
not conjugate to v in G, there exists an involution w of G which com­
mutes with both u and v. Furthermore either uw is conjugate to u and 
vw is conjugate to v, or uw is conjugate to v and vw to u. 

This is known. By assumption the element uv has even order 2n. 
Set w = (uv)n. If n is even, uw is conjugate to u because 

uw = (vu)mvuv(uv)m for n = 2m + 2. 

Similarly vw is conjugate to v. If n is odd, uw is conjugate to v and 
vw to u. 

(2.19) Let G be a finite group of even order and S be a Sylow 2-group 
of G. Set 

D = r\(snsx) 
where the intersection is taken over all those conjugate subgroups Sx of 
S which satisfy SP\S*7^1. Suppose that there is a Sylow 2-group So of 
G such that 5P \5 0 = 1. If S contains more than one involution, then 
either D = S or D = 1. 

The following proposition is an immediate consequence of (2.19). 

(2.20) Let G be a finite group of even order and S a Sylow 2-group. 
Suppose that S contains more than one involution and that there is a 
Sylow 2-group So of G such that SP\So = l . Suppose furthermore that 
there is a subgroup T of S which satisfies the following two properties: 

(1) T 7*1 and 
(2) for any conjugate subgroup Sx of S, SC\SX¥^\ implies that SX^T. 

Then G is a (Tl)-group: that is, if SX9*S, then SXC\S=1. 

Assume the validity of (2.19). Let D be the subgroup defined in 
(2.19). The assumption of (2.20) implies that Z O J V 1 . Hence by 
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(2.19), D = S. This means that Sr\Sx^l implies S = S*. So G is a 
(TY)-group. 

For the properties of (7"/)-groups, see [34]. We remark here that 
if a Sylow 2-group of a (ZY)-group G is not normal and contains more 
than one involution then G contains a normal subgroup of odd index, 
which is isomorphic to one of the simple groups LzÇq), Sg(q) or Uz(q) 
for some g, a power of 2. 

PROOF OF (2.19). The subgroup D defined in (2.19) is uniquely 
determined by S. So we denote it as D = D(S). If x £ G , then D(SX) 
= D(S)X. If J9 = l, there is nothing to prove. Thus we assume that 
D 7̂  1. We prove a series of lemmas. 

(a) Let Si be a Sylow 2-group of G. If S H S i ^ l , then D(Si) = D(S). 

PROOF. Since 5 i H 5 ^ 1, SiC\S^D = D(S) ; in particular Si^D. Let 
Sx be a Sylow 2-group such that SnS*9*l. By defintion SxnS^D. 
Hence Sir\Sx^D which is not 1 by assumption. By definition of 
D(Si) we conclude that Sx^DD(Si). Since D(S) is the intersection of 
all those Sylow 2-groups Sx which satisfy SnSx^l, D(S)^D(Si). So 
D(S) =D(Si) because they have the same order. 

(b) Involutions of G are conjugate to each other. 

PROOF. By assumption G contains a Sylow subgroup S0 such that 
SC\So = l. By way of contradiction suppose that there is a pair of 
involutions of G which are not conjugate. Then there is a pair of 
involutions u and v such that w £ S , fl£So and v is not conjugate to u. 
By (2.18) there is an involution w which commutes with both u and 
v. The subgroup (w> u) is of order 4. There is a Sylow 2-group Si of 
G which contains {w, u). Similarly there is a Sylow 2-group 52 of G 
which contains {w, v). We have S H S i ^ l because Sr\Si3u?*l. 
Similarly S ^ S ^ l and S2r\S0^l. By (a) we have D(5)=J9(51) 
= D(S2)=:D(So). This contradicts the assumption D(S)^1 because 
D(So) =D(S) is contained in S n S 0 = 1. 

(c) D = D(S) contains all the involutions of S. 

PROOF. There is an involution j of D since D^l, Let u be an 
involution of 5. By (b), there is an element x of G such that u=jx. 
Thus SC\SX contains u in common. By (a) we have D=D(S) =D(SX) 
= D(S)X. Hence x normalizes D and u =jxÇE.D. 

(d) NQ(D) is strongly embedded (see [ lö] , [33]). 

PROOF. The group S is clearly contained in NG(D). Hence any 
involution of NG(D) is conjugate in NG(D) to an involution of S. By 
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(c), D contains all the involutions of 5. Hence D contains all the 
involutions of NG(D). Let j be an involution of NG(D). If # £ C G ( / ) > 

SC\SX contains j =jx. Hence 

D = D(S) = D(S*) = D(S)* = D*. 

Thus NG(D)^DC0(J) f ° r a n Y involution j of NG(D). NG(D) contains 
iVö(5), but NG(D) does not contain involutions of D(50). Thus NG(D) 
satisfies all the conditions of a strongly embedded subgroup. 

We apply a theorem of Bender [2]. Since G contains a strongly 
embedded subgroup and S contains more than one involution, G is a 
(TY)-group by Bender's theorem. Hence D = S and the proof is 
finished. 

3. Structure of NG(T) and fusion of involutions. Let H be the 
centralizer of an involution in the center of a Sylow 2-group of 
Ln(q). The structure of H was discussed in (2.5). In the rest of this 
paper we consider a finite group G which contains a subgroup iso­
morphic to H. We will identify this subgroup with H, so HQG. The 
basic assumptions are 

(1) G contains H with n è 5, 
(2) if z is an involution of Z(H)y then CG(Z) =H. 
We use the same notation as in the preceeding section. So S is a 

Sylow 2-group of H and the notations (2.8) and (2.9) are used freely. 
In particular Z = Z(H). 

(3.1) (i) IfZr\Z»^lt thenZ = Z\ 
(ii) Let Xbea subgroup of G such that CG(X)QX. I / Z ( I ) n Z V l , 

then Z*QZ(X). 

PROOF. The first proposition is a particular case of (ii) where 
X = H. In order to prove (ii), choose a nonidentity element z of 
Z(X)C\ZX. Then CG(Z) contains X. By the basic assumption (2), 
CQ(Z) = CQ(Z*). This implies that [X, Z*] = 1. Hence Z*QCG(X). By 
assumption CG(X)Ç^X, SO 

Z*QXnCG(X) = Z(X). 

(3.2)(i)cG(r)=z(r). 
(ii) Let W be any subgroup such that TÇLWÇ1S. Then 

N6(W) C NG(T). 

(iii) If Si is any Sylow 2-group of G which contains T, S\ normalizes 
T: SxQNaiT). 
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(iv) If Si is a Sylow 2-group of NG(T), the index \ S: SC\Si\ is 1, 
q or q2. 

PROOF, (i) Since ZQT, CG(T) is contained in CG(Z)=H. Thus 
CG(T) = CX(T)=Z(T) by (2.11) (iii). 

(ii) Let x be an element of NG( W). By (2.12) (iii) T is generated by 
the abelian normal subgroups of 5 of order at least q^n~2\ Let A be 
an abelian normal subgroup of S of order a t least q2<n~2\ Then 
AÇLTQW. Hence Ax is an abelian group of order larger than qn~l, 
which is normalized by T. By (2.12) (ii), AXQT. This implies that x 
normalizes T. Thus NG(W)QNG(T). 

(iii) Set D = S1H1NG(T) and assume, by way of contradiction, that 
D?*Si. By Sylow's theorem, D is contained in a Sylow 2-group S2 

of NG(T) and SI = S for some element x of NG(T). Then 

TQD* = NG(T) n Si C Si = S. 

By (ii), NG(D*)QNG(T). Hence 

0" £ #<?(/>*) n 5Ï c jyö(T) n sï = D*. 
This implies that D* coincides with its normalizer in Sf. This contra­
dicts a fundamental property of a £-group. 

(iv) Since TQSU Z(SÙ=ZX centralizes T. By (i), ZXQZ(T). Let S2 

be a Sylow 2-group of CG(Zi) which contains Cs(Zi). Then both Si 
and 52 are Sylow 2-groups of CG{ZX) which contain T. By (2.11) (vi), 
£2 = Si. This implies that S H S i = Cs(Zi). If Zx contains an element 
of Z(T)-0, Cs(Zi) = T (2.11) (iv). If ZiQO and if ZX contains an 
element u of 0 — Z, then Cs(u) is of index q in S. But the assumption 
(2) yields that Cs{u) = Cs{Zx). This proves (iv). 

(3.3) Both U and V are normal subgroups of NG(S). 

PROOF. Let x be any element of NG(S). Then x normalizes Z = Z(S), 
i J = CG(Z) and finally 0 , because O is a characteristic subgroup of H. 
There are precisely 3 conjugate classes of involutions in 0—Z by 
(2.11) (v). The sets P—Z and R—Z are two of them and each con­
tains qn~l—q elements. The third class contains (qn~l—q) (qn~2—q) 
elements. The conjugation by x induces a permutation of the conju­
gate classes of H containing involutions of 0—Z. If we denote this 
permutation as ƒ(x), ƒ is a representation of NG(S) and the kernel of 
ƒ contains S. Thus the image of ƒ is a group of odd order. Since the 
third class contains more elements than the other two classes, ƒ must 
be trivial. Hence any element of NG(S) normalizes both P and R. By 
(3.2) (ii) NG(S)QNG(T). Hence U=TP is a normal subgroup of 
NG(S). Similarly V is normal. 
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(3.4) The element t=j2 of (2.2) in S is not conjugate to any element 
of Z in G. 

PROOF. Suppose that t is conjugate to an element of Z in G. Since 
/ is an element of Z(T)C\0, the centralizer W— Cs(t) is a subgroup 
of index q. Since t is conjugate to an element of Z, there is a Sylow 
2-group Si of CGQ) which contains W. Si is a Sylow 2-group of G. 
By (3.2), Sr\Si=W. Suppose g > 2 . We apply the Proposition (4.5) 
of [32, IV] to NG(T)/T. All assumptions of (4.5) of [32, IV] are 
satisfied by (3.2) (iv) and (3.3). If q>2, (4.5) of [32, IV] and (3.2) (iv) 
yield that S/^Si — U or V. This is not the case. 

If q = 2, we use a different argument. Since W is maximal, 5 and 
Si are conjugate in NQ(W). The center of Si is generated by t, so 
/ is conjugate to the unique involution z of NG(W). We determine the 
upper central series of W. W is the subgroup of 5 consisting of the 
matrices (a,y) with #2i = #n n-i (and a« = l, a# = 0 for i<j). So Z(W) 
= (z, t), and the second center Z2(W) coincides with Z(T). Let Zk{W) 
be the kth. term in the upper central series of W. Then for k?z3, 
Zk(W) is the subset of 5 consisting of all (a»,-) with a»y = 0 for 0<i—j 
<n — k. Let Z be the smallest integer such that Zi(W) is not of ex­
ponent 2. Thus Z = (w/2) + l if w is even, and l = (n+l)/2 otherwise. 
The equation X2 = z has more solutions in Zi(W) than the equation 
X2 = L Hence / is not conjugate to z in NG{W). This contradicts the 
assumption. 

(3.5) Suppose that an element of Z is conjugate in G to an element 
of P—Z and that an element of Z is conjugate to an element of R — Z 
in G also. Then NG(T)/T contains a normal subgroup of odd index 
which is a direct product of two groups isomorphic to Lz(q). 

PROOF. By assumption there is an element u of P — Z which is 
conjugate to an element of Z. Since P—Z is a conjugate class of H, 
we may assume that u belongs to Z(T). Then Csiu) = [/. So there is 
a Sylow 2-group Si of G such that SC\Si = U. Similarly there is a 
Sylow 2-group 52 of G such that Sr\Sï= V. 

Suppose that q = 2. Then Z is of order 2. Hence NG(S)QH. By 
(2.7), NH(S)=S, so we conclude NG(S)=S. Therefore, NG{T)/T has 
an abelian Sylow 2-group which coincides with its normalizer. By a 
theorem of Burnside NG(T)/T has a normal 2-complement. Let Q 
be the normal subgroup of index 4 such that Sr\Q=T. Then Q/T 
is the normal 2-complement of NG(T)/T. If Si is any Sylow 2-group 
of NQ(T), Z(SI)QZ(T) by (3.2) (i). If zx is any element of Z(T) con­
jugate to z, CG(ZI){~}NG(T) is contained in a unique Sylow 2-group 
of G by (2.11) (vi). Thus NG(T) contains at most 15 Sylow 2-groups. 
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This yields \Q/T\ ^ 1 5 . On the other hand NG(U) acts transitively 
on Z(U) — 1. Hence U/T commutes with precisely 3 elements of 
Q/T. Similarly V/T commutes with 3 elements of Q/T. The Sylow 
group S/T does not centralize any nonidentity element of Q/T. 
Hence | Q/T\ is divisible by 9 (the fixed point formula of Brauer 
[42]). Hence | Q/T\ = 9 , and Q/T must be elementary abelian. I t is 
easy to check that NQ(T)/T is a direct product of two groups iso­
morphic to L2(2). 

We assume that q>2. All the assumptions of Proposition (4.6) of 
[32, IV] are satisfied for NG(T)/T by (3.2) (iv), (3.3) and the assump­
tions. Hence by (4.6) of [32, IV] NQ(T)/T contains a normal sub­
group L of odd index such that L = LiXL2 and both L\ and L2 are 
isomorphic to L2(q). 

(3.6) Under the same assumptions as (3.5), Z(T) contains a con­
jugate subgroup Zx of Z such that ZxC\0 — \. 

PROOF. By (3.5), there is a Sylow 2-group S\ of NG(T) such that 
S n S i = r . Set Zi = Z(5i). Since Zx centralizes T, ZXQZ(T). If 
Z I H O T ^ I , there is an element Zi of Z\ such that Cs(zi) is of index q 
in S. There is a Sylow 2-group S2 of CG(Z\) which contains Cs(zi). 
Clearly 5 2 T ^ 5 I and S1H1S2 contains T. This is against (2.11) (vi). 
T h u s Z i H O = l . 

Let X be any subset of H, and let z be an involution of Z. We say 
that z fuses in X if z is conjugate to an element, 5̂ 2;, of X in G. 

We prove the following propositions. 

(3.7) If z does not fuse in Z(T)—0, then z does not fuse in H—O. 

(3.8) If z does not fuse in Z(T) —Z, then z does not fuse in H—Z. 

Proposition (3.8) is an easy consequence of (3.7). Suppose that 
(3.7) holds. If z does not fuse in Z(T)—Z, then z does not fuse in 
H—O by (3.7). But involutions of O — Z are distributed into three 
conjugate classes of H by (2.11, v), each of which has a representa­
tive in Z(T). Hence z does not fuse in O—Z either. This proves (3.8). 

In proving (3.7) let us assume, by way of contradiction, z fuses in 
H—O. A set of representatives from the conjugate classes of H con­
taining involutions of H—O is given in (2.16). If z is conjugate to the 
first element in (2.16), we say that a fusion of the first kind has oc­
curred. Any other fusion of z in H is called of the second kind. We 
prove a series of lemmas under the assumption that z does not fuse 
in Z(T)-0. 

(a) No fusion of the first kind occurs. 
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PROOF. Assume that z is fused to the first element of (2.16), which 
we denote by u. Since u(£Z(T) by assumption, we have k^2. Set 

ZX = Z{CQ{U)) and Q = Z(Cs(u)). 

Then Z\ is a conjugate subgroup of Z. By (2.17) (i), Cs(u) is a Sylow 
2-group of CQ(Z, U). Since Z\ is contained in CQ(Z, U), we have ZiQQ. 

By (2.17) (ii), Q is a subgroup of order q* which contains Z(T). 
Since Zi is not contained in Z(T), we have Z ( r ) P \ Z i = 1 by (3.1) (ii). 
Let A be a subgroup of Z(T) consisting of matrices whose lower left 
corner is 

An easy computation shows that any element of the coset Au is 
conjugate to u in S. 

Consider the fusion in CG(U). The element u fuses to z. Since the 
center of a Sylow 2-group of CG(U, Z) has order q5, this fusion is of 
the first kind. Hence Q contains Z(7\) for some conjugate subgroup 
Tx of T. Moreover Z(7\) contains Zx. Since | Z(7\) | = q* and | ,41 = q\ 
we have |Z ( r i )P \ i4 | ^q2. The element w is contained in Z(7\) , so 
Z(Ti) contains a t least q2 elements of the coset Au. Therefore Z( J i ) 
contains a t least q2 elements which are conjugate to z. The same 
holds for Z(T). By assumption no conjugate element of z lies in 
Z{T)—0. Any element of 0 which is conjugate to z is contained in 
either P or R by (3.4). Since PC\Z(T) contains at most q2 — l con­
jugate elements of s, z fuses in both P — Z and R — Z. By (3.6), z 
fuses in Z(T)—0. This contradiction proves (a). 

(b) Elements of Z — l are conjugate to each other. 

PROOF. By assumption z fuses to an element u of H—O. By (a) 
we may assume that w is one of the last three elements of (2.16). Set 
Zi = Z(CG(u)) and Q = Z(Cs(u)) as before. Then Z i Ç Q and Z i H Z ( r ) 
= 1. A simple computation proves that elements of Q — Z{T) are 
conjugate to each other in NH{S). This proves that elements of Z\ — 1 
are conjugate to z. The assertion (b) follows. 

(c) If an element z of Z is conjugate to an element u of H— (z), then 
z is conjugate to the product zu. 

PROOF. If w £ Z , (c) follows from (b). If ^ G O — Z, then u belongs 
to either P or R. Then the product zu also belongs to P — Z or R — Z 
and is conjugate to z. If u^H—O, we may assume that u is one of 
the last three elements of (2.16). In all cases zu is conjugate to u in 5. 



1969] CHARACTERIZATIONS OF LINEAR GROUPS 1061 

We can finish the proof of (3.7) as follows. Let t be the element 
represented by j 2 of (2.2). Then by (3.4), / is not conjugate to z in 
G. By assumption z is conjugate to one of the last three elements of 
(2.16), which is denoted by u. Then k in (2.16) is larger than 1 for 
the second or third element, and is larger than 2 in the last case. 
Thus the element u commutes with t and is conjugate to ut in S. 
Lemma (c) applied to u yields that u is conjugate to u(ut) =t. This 
is not the case. 

4. Nonsimple cases. I t is convenient to call an involution central 
if it is conjugate in G to an involution of Z. 

(4.1) If Z(T)—Z contains no central involution, then either Z is a 
normal subgroup of G, or q = 2 and H has a normal complement which 
is an abelian group of odd order. 

PROOF. By (3.8) there is no central involution in H—Z. Suppose 
that q = 2. Then the involution z of Z does not fuse in 5. By a theorem 
of Glauberman [13], G is not simple. In fact, if N is the largest nor­
mal subgroup of odd order of G, the coset Nz lies in the center of 
G/N. By Sylow's theorem, G = NH. Since H contains no normal sub­
group of odd order > 1, we have Nr\H=l. Thus N is a normal com­
plement of H. N is abelian because z acts fixed point free. 

Assume that q>2, and we prove a series of lemmas. 

(a) Let x be an element of Z(T)—0. Then T is a Sylow 2-group of 
C6(x). 

PROOF. Choose a Sylow 2-group 7\ of CG(X) which contains T, 
and then choose a Sylow 2-group Si of G which contains TV Since 
r c S i , Z(S\) centralizes T and hence is contained in Z(T). By assump­
tion Z(5i) = Z. Then Si contains 0. This S = TOQSi. Since Cs(x) = T, 

Tx C CG(x) C\ S = Cs(x) = T. 

This proves that T is a Sylow 2-group of CQ(X). 

(b) Let x be an element of Z(T)—0. Then any 2-element of CG(X) 
belongs to H. 

PROOF. Suppose false. Then there are Sylow 2-groups of CQ(X) 

which are not contained in H. Choose a Sylow 2-group Q of CG(X) 
such that Q is not contained in H and with this restriction | QC\H\ 
is maximal. Set I — QC\H. By definition I contains the element x. 
Let Si be a Sylow 2-group of G which contains Q. By definition Si is 
not contained in H. 
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First we prove that Z P ï / = l . Suppose that ZC\I^\. Then ZC\I 
contains a central involution z. By assumption all central involutions 
of S\ are contained in Z(Si). Hence we have SIQCG(Z) =H, which is 
not the case. 

Set J = ICG(I)- We prove that J/I is a (TY)-group. Since Z cen­
tralizes I, there is a Sylow 2-group J\ of / which contains Z7. By 
definition JQCG(OC). Let T\ be a Sylow 2-group of CG(X) which con­
tains J\. Then T\ contains ZI. By maximality, TiQH. In particular 
JiQH. Again by definition Z(Si) centralizes / . Let J0 be a Sylow 2-
group of J which contains IZ(Si), and let T0 be a Sylow 2-group of 
CG(X) containing J0. By definition T0 contains I. If T0 is contained 
in H, then H contains Z(Si). By assumption this would imply 
Z(Si) = Z and SiQH. Hence T0 is not contained in H. The maximality 
of 11\ yields that HC\TQ = I. This implies that Jir\J0 = I. Thus the 
group / / / has two Sylow 2-groups which intersect trivially. Since 
g > 2 , a Sylow 2-group of / / / contains more than one involution. 

Any Sylow 2-group of J contains 7. Suppose that J2 is a Sylow 
2-group of J such that JXCMIT^I. Let T2 be a Sylow 2-group of CG(X) 
which contains J^ Then T^CMI contains J\C\J2 which has larger 
order than / . By maximality, T2QH. Hence Z centralizes JT2. In 
particular Z centralizes Jz. This implies that ZQJ2. All the assump­
tions of (2.20) are satisfied for J/I. I t follows that J/I is a (TY)-
group. 

By the structure theorem for (TI)-groups [34], there is a subgroup 
K of J of odd order such that K normalizes a Sylow 2-group Ji of J 
and acts transitively on the set of involutions of Ji/I. Since K 
normalizes J\ and Z is weakly closed in J i , K normalizes Z. This 
implies that ZI/I contains all the involutions of Ji/I. By definition 
T\ is a Sylow 2-group of CG(X). Hence T\ is conjugate to T. We have 
shown that TiÇiH. Let L be a Sylow 2-group of H which contains T\. 
Set M = Z(Ti). Then M centralizes / and J\. Hence ikfC/1# Since 
M is elementary abelian, and since ZI/I contains all the involutions 
of Ji/I, we conclude that MQZI. The group K is a subgroup of odd 
order in J = ICG(I)- Hence KÇLCG(I). This implies that [M, K] 
Q[ZI, K]QZ. By definition LQH. Hence [Jlf, K, L]Q[Z, Z] = l. 
Since L normalizes My we have [Z, M, K]QZ. By the three sub­
groups lemma [17], we obtain [K, L, M]QZ. The groups L and M 
Sire conjugate to 5 and Z(T) respectively in H. Since K normalizes 
Z, K normalizes H. Thus [K, L] is a subgroup of H. By an easy 
computation we prove that any element hoi H satisfying [h, M]QZ 
centralizes M. Hence we have \K, L, M] = l. The three subgroups 
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lemma yields that [L, M, K] = l. This is a contradiction since 
ZQ[L,M] and [Z, K]^l. 

(c) Z is a normal subgroup of G. 

PROOF. Suppose that (c) is false, and let Z\ be a conjugate sub­
group of Z different from Z. Let x be an element of Z(T)—0 and 
let y be a nonidentity element of Z\. Since x is not central, there exists 
an involution w of G such that w commutes with both x and y, and 
that either wx or wy is central ((2.18)). By (b), w is contained in H, 
so is raw. 

If wx is central, ze/#£Z by assumption. Hence w(E.Z(T)—0, and 
y G i ? by (b). Since y is central, this implies that y£;Z. This is not 
the case as ZC\Z\ = 1. 

If, on the other hand, wy is central, wy(EZi because wy commutes 
with y. This implies that w(EZi; in particular, w is central. Since 
w(EH,we have wÇ:Z. This is a contradiction because w C Z H Z i . 

(4.2) Suppose that P — Z contains a central involution. Then there 
exists precisely one conjugate class of central involutions. 

PROOF. Let z\ be a central involution of P — Z. Set ZI = Z(CG(ZI)). 

Since P is self-centralizing, ZiQP by (3.1) (ii). We have ZP \Z i= 1. By 
(2.11) (v) elements of Zi —1 are conjugate to each other in H. This 
proves (4.2). 

(4.3) Suppose that P — Z contains a central involution, but no involu­
tion of Z(T)—0 is central. Then P is a normal subgroup of G. 

PROOF. Propositions (3.4), (3.6) and (3.7) yield that no involution 
of H—P is central. By assumption every involution of P is central. 
Set 

0 ' = Z(T) HO and Y = Z(T) n P. 

We prove a series of lemmas. 

(a) NG(P) acts transitively on the set of involutions of P. 

PROOF. The group H is a subgroup of NG{P) and acts transitively 
on P - Z . Let y be an element of Y-Z. Then Cs(y) = TP= U. Let 
Si be a Sylow 2-group of Co(y) which contains U. By (3.2) (iii), 
SIQNG(T); in particular Si normalizes U. Since 5 and Si are two 
Sylow subgroups of iV(?(ü7), there is an element x of NG(U) such 
that Si = Sx. Involutions of Px are central, and no central involution 
lies in U—P. Hence PX = P. Thus x is an element of NG(P). Since P 
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is self-centralizing, ZXQP. Clearly ZC\ZX = \. If x is an involution 
of Z, zx is an element of P — Z. Hence zx is conjugate to y in H. Since 
XÇZNG(P), Z is conjugate to y in NG(P)- The lemma (a) follows im­
mediately. 

(b) NG(P) —P contains no central involution. 

PROOF. Since P is a 2-group, any involution of NQ(P) centralizes 
some involution of P. Let u be a central involution of NG(P). There 
is an involution v of P which commutes with u. Let z be an involu­
tion of Z. By (a), there is an element x of NG(P) such that z = vx. 
Then ux is a central involution of CG(Z) = H. This implies uxÇzP and 
hence w £ P . 

(c) P is a Tl-set: that is, ? H ? V 1 implies P = PX. 

PROOF. Let z be an involution of Z. Suppose that PC\Pxj£\ and 
choose an involution u of PC\PX. By (a), there is an element z; of 
NG(PX) such that 2zr = w. Similarly there is an element w of NG(P) 
satisfying u = zw. The element xvw~l belongs to H. Since P is a 
normal subgroup of H, we have p*> = p*v. By definitions of v and ze>, 

(d) An element of Z(T)—0 is conjugate to an element of 0'— Y. 

PROOF. Let N be the subgroup of NG(U) which is generated by 
Sylow 2-groups. By (3.2) (ii), N normalizes T, so Nacts on U/T. Since 
T contains the commutator subgroup of 5, N acts trivially on U/T. 
We have Y = Z(U), so N acts on Y and Z(T)/Y. The sub­
group [ /acts trivially on F and Z(T)/Y. Set U0 = N/U. Then both 
F and Z(!T)/F are Z70-groups. We claim that they are E/o-isomorphic. 
Choose an element u of U—T. The mapping 

x -> [x, w] (2 G Z(T)) 

defines a homomorphism of Z(T) into F. The kernel of this homo-
morphism is Z{T)C\CG{U). Since u(E;U—T, we have Z(T)C\CG(U) 

= F. Thus the above homomorphism induces an isomorphism ƒ of 
Z(T)/ Y onto F. We have / (F* ) = [x, u\. Let t> be an element of N. 
Then v acts trivially on U/T. Hence uv = tu for some element t of 7\ 
I t follows that 

f(Yxv) = [a*, u] = [a;*, «•] =/(Fo;)v . 

This proves that ƒ is a 17o-isomorphism of Z(T)/Y onto F. Every 
involution of F is contained in the center of some Sylow 2-group of 
NG(U) and hence conjugate to an involution of Z. This implies that 
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every element of Z(T)/Y is conjugate to an element of f~~l(Z). By 
definition f~l(Z) =Of/Y. This yields the assertion. 

(e) Let x be an element of 0' — F. Then every 2-element of C<?(x) is 
contained in NG(P)-

PROOF. Let y be an element of Y—Z and let z be an involution of Z. 
By assumption both y and z are central. We have CG(X, Z) = CH(X). 
By (2.11, iv), Cs(x) is a Sylow 2-group of CH(X) and \S: Cs(x)\ =q. 
On the other hand, a Sylow 2-group of CQ(X, Z) has order equal to 
I T\. This implies that y and z are not conjugate in CG(X). 

Set W= Cs(x). Let W\ be a Sylow 2-group of CQ{Z) which contains 
W. There is a Sylow 2-group Si of G containing Wi. Then Z(Si) 
centralizes Z and so normalizes P by (c). This proves that Z(Si)QP. 
Since Z(Si) centralizes T, it is contained in Z(T). Therefore Z(Si) 
QPr\Z(T) = F. There exists a Sylow 2-group of CG(Z(Si)) which 
contains U=Cs(Z(Si)). By uniqueness (2.11) (vi), Si contains U. 
Suppose that Si^S. Then U=SC\SX and W= U. Since xEZ(W), 
we have xEZ(U) = F, which is not the case. Hence Si = S and this 
implies that W is a Sylow 2-group of C G ( # ) . 

Let W7 be any Sylow 2-group of CQ(X). Choose an element z1 of 
Z(W') which is conjugate to z in CG(X). Then z' is not conjugate to y 
in CG(X). By (2.18) there exists an involution w of CG(#) such that w 
commutes with both y and z', and wy is central. The element wy 
commutes with an element y 5*1 of P . By (c), wy normalizes P , and 
hence by (b) wyÇzP. Thus w^P. Since z' centralizes w£P, the 
same argument proves z'ÇzP* Therefore CG(Z')QNG(P). Since 
WQCotf), we have WQNa(P). 

(f) P is a normal subgroup of G. 

PROOF. Suppose false and let P' be a subgroup, 5^P, conjugate to P . 
Let x be an element of 0' — Y and z be an involution of P ' . Then # is 
not conjugate to z in G. There exists an involution w of CG(X, Z) such 
that xw is conjugate to # or 2. 

Suppose that xw is conjugate to x. Then wz is conjugate to z. This 
implies that WZÇLP' and WÇLP'• On the other hand W£ZNG(P) by (e). 
Thus w is a central involution of NG(P). I t follows from (b) that 
w G P . This is a contradiction because P O P ' = l by (c). 

Suppose that xw is conjugate to z. Then xw is a central involution 
which lies in NG(P)> Hence by (b), x w G P . Since x £ 0 ' - - F and 
PQO, we conclude that wGO—P. The element w is conjugate to 
an element of O'—Y in NQ(P). By (e), any 2-element of CG(W) is 
contained in NG(P)- This implies that z is a central involution of 
NG(P)- By (b), we have zÇiP, which is a contradiction. 
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5. Structure of some local subgroups. In this section we make the 
following standing assumption: 

P — Z contains a central involution. 
This assumption implies that there is precisely one conjugate class 

of central involutions by (4.2). 
We choose a complement Ko of S in NH(S) and fix it throughout 

discussion. The structure of K0 was stated in (2.7). K0 is isomorphic 
to the factor group of the group of (n — 2)-tuples (/xi, • • • , Mw-2) of 
nonzero elements /ii, • • • , Mn-2 of F (equipped with the component­
wise multiplication) by the subgroup consisting of (X, • • • , X) 
where Xn = 1. Thus K0 is an abelian group of exponent q — 1 and order 
(g — l)n~2/d where d is the greatest common divisor of n and q — 1. 

There is a complement of S in NG(S) which contains K0. Let K 
be such a complement. We will fix K too. If q — 2, NG(S) centralizes 
Z, so we have K = 1. 

(S.l)Ifq>2,C8(K) = l. 

PROOF. Clearly we have Ca(K)QCs(K0). By (2.7), CS(K0) = Z. The 
assumption at the beginning of this section implies that involutions 
of Z are conjugate. By Burnside's lemma [9], they are conjugate in 
NG(S). Therefore K acts transitively on the involutions of Z; in 
particular K does not centralize Z if q>2. 

The strucutre of K emerges from the study of the structure of 

NQ(U). 

(5.2) NG(U) contains a normal subgroup L of odd index such that 
L/U=L2(q). Furthermore y L contains an involution t such that 

NG(U) = (S, K, t) and t G NQ(K). 

PROOF. By assumption there is a Sylow 2-group S\ of NG(U) such 
that S H 5 i = U (the first paragraph of the proof of (3.5)). Since U 
is a maximal intersection of Sylow groups, NG(U)/U is a (77)-group. 

If q = 2, we set L = NG(U) and verify the assertions easily. So 
assume that q>2. The group NG(U)/U is a (7Y)-group with an 
abelian Sylow 2-group of order q. Hence by the structure theorem of 
(77)-groups [34], NG(U) contains a normal subgroup L of odd index 
such that L/U=L2(q). Since L is normal, we have 

NQ{U) = LNG(S) = LK. 

By (4.4) of [32, IV], NG{U) contains an element x such that x 2 £ £ / 
and x normalizes UK. Set X = {UK, x). Then X= UNX{K). Since U 
is normal, Nx(K)C\U centralizes K. By (5.1) we have Cs(K) = l. 
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This implies that Nx(K)(^U = 1 and the extension of X over Usplits. 
Hence there is an involution t in the coset Ux such that t^Nx(K) 
and (5, t) = L. I t follows that NG(U) = (5, K, t). 

(5.3) K is isomorphic to the direct product of K0 and the cyclic group 
of order q — 1. 

PROOF. We may assume that q>2. Let L be the normal subgroup 
of NQ{U) given in (5.2). Since L/U is isomorphic to Lz(q)> LC\K is a 
cyclic group of order g — 1. The factor group L/U acts on Z(U) and 
the action is the natural one. Hence LC\K acts regularly on Z. K 
induces a permutation group on Z — 1 . By assumption (2), the 
stabilizer of an involution of Z stabilizes all elements of Z. Thus K0 

is the stabilizer and is a normal subgroup of index q — 1. Since 
LP\X 0 = 1, we have K = Ko(LC\K). Since Z, is normal, LC\K is a 
normal subgroup of JK\ Thus, K = K0X(LHiK). 

(5.4) Suppose that NG(Z) does not contain NG(P). Then NG(P) has 
a series of normal subgroups 1C.P(ZGiCG^QNG{P) such that Gi/P 
is a cyclic group of order (q — l)/d, 

G2/Gx 9Ë Ln-xiq) and NQ(P)/GX ^ PGL(n -l,q). 

Furthermore [N0(P), GI]QP. 

PROOF. AS in (4.3, a), NG(P) acts transitively on the involutions 
of P . Let Q be the subgroup of S consisting of matrices of the form 

where X is an (n — 2, 2) matrix. Then Q is an elementary abelian 
subgroup and self-centralizing. The intersection PC\Q is of order 
qn~2. We define an incidence structure P = (^, 33, I) as follows: 

$ : the totality of conjugates of Z, 
S3: the totality of conjugates of PC\Q, 
I: containment. 

Elements of $ are called points and elements of S3 are blocks. NG(P) 
induces a group of automorphisms of this structure. By assumption 
NG(P) induces a doubly transitive permutation group on $ . We 
want to prove that NG(P) is doubly transitive on 93. This follows if 
P is a symmetric design by a theorem of Parker [29]. We use the 
same idea. Let I be the incidence matrix of P. If X is a point, the 
number of blocks containing X is a constant, say a, since NG(P) is 
transitive on $ . Similarly the number of blocks incident with two 
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distinct points is another constant, say b. Since a block can not 
contain all points, we have a^b. Clearly a ^ l . If ' / is the transposed 
matrix of I , then the entries off the main diagonal of PI are b ; while 
the diagonal entries are a. Hence PI is nonsingular. This implies 
that | Ç | g | S B | . I f | ^ | = | S B | , / i s nonsingular and intertwines the 
representations on points and blocks. So NG(P) is doubly transitive 
o n » . 

We prove that points on a block form a partiton of involutions of a 
block (remember that a block is a subgroup). Let X be a point and 
F be a block. Suppose that XC\Y contains an involution x. The 
point X is a conjugate of Z and Y = PC\QV for some yÇzNo(P). 
Both P and Q* are self-centralizing abelian subgroups. Hence by (3.1), 
X is contained in both P and (X Thus, XC\Y^\ implies XQY. 
Since every involution of P is contained in some conjugate subgroup 
of Z, a block is partitioned. 

We will prove | $ | = | » | . We have 

| 9 | - fo-l - 1)/(J - 1). 

Suppose that | Ç| s* | 8 | . Since | $ | g | » | , we have | $ | < | » | . Hence 
there is a pair (X, Y) of blocks X and Y such that X^Y and XY 
is a proper subgroup of P . In particular | X F : X | <q. Since the 
block F is partitioned into points, there is a point W in Y which is 
not contained in X. Then by (3.1) we have XC\W= 1. Hence 

q= \XW:X\ ^ \XY:X\ < q, 

a contradiction. 
We have shown that NQ(P) induces a doubly transitive permuta­

tion group on SB. The stabilizer of the point Z is NQ{Z), and clearly 
it is transitive on blocks incident with Z. I t is easy to see that Z is 
the intersection of all the blocks which contain Z. Let Gi be the kernel 
of the representation of NQ{P) on S3. Then Gi stabilizes all the points, 
and coincides with the kernel of the representation of NQ(P) as a 
permutation group on $ . We have HC\G\=P, as the elements of 
HC\Gi centralizes P . We apply a theorem of Ito [2l] to NG(P)/Gi. 
The group OGi/Gi leaves all the blocks incident with Z invariant. 
We conclude that NQ(P)/G\ is isomorphic to a subgroup of the group 
of all the projectivities of the projective space of dimension n — 2 
over P, and that NQ(P)/GI contains a normal subgroup G2/G1 which 
is isomorphic to Z,w_i(<z). If 5 = 2, the order of NQ{P)/P is equal to 
that of Z,w_i(2). Hence we have P = Gi. This proves (5.4) for q = 2. 

I t remains to prove that N0(P)/Gi9ÉPGL(n-l, q) and Gi/P is 
the cyclic group of order (q — l)/d when q>2. Consider the action of 
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K on P . Since \K\ is relatively prime to | P | , P is completely re­
ducible as i£-module. Since K is abelian of exponent q — 1 by (5.3), 
each irreducible jRT-invariant subgroup of P is of order q (recall that 
CP(K) = 1 by (5.1)). Hence we have 

P = Z + Pi + - • • + Pn_, 

where each Pt- is an irreducible X-invariant subgroup of order q. K 
acts on the set of involutions of P ; transitively. Since K is abelian, 
the index of CK(Pi) in K is q-1. By (5.3) we have | K\ = (q-\)n-l/d. 
Let Ki be the intersection of all CK(P%), i = l, - - - , n — 2. Then Ki 
acts semiregularly on the set of involutions of Z, and we have 
I Ki\ ^ (q — l)/d. Since Kir\K0 = 1, K\ is by (5.3) a cyclic group whose 
order divides q — 1. 

By (2.7), elements of 2£o correspond to matrices with Mi> * ' " > M«-2 
on the main diagonal. There are irreducible üT0-invariant subgroups 
Qi of P on which K0 acts as the scalar multiplication of the field ele­
ment yr^i for i = l, 2, • • • , n — 2, where ju2/*i • * -Mn-2 = 1. The 
groups (?i, • • • , Qn-2 are mutually nonisomorphic as i^o-modules. 
Hence they are the only irreducible 2£0-invariant subgroups of P not 
contained in Z. This proves that the set {Qi, • • • , Qn-2} coincides 
with the set {Pi, • • • , Pn-2}. Let o> be a generator of the multi­
plicative group F* of F. If x is an element of K0 corresponding to the 
matrix for which 

Ml = M2 = ' * • = M n - 2 = CO2, 

x acts on each P» as the scalar multiplication of cow. As shown before 
the subgroup K\ acts on Z as a cyclic subgroup of P* of order at least 
(q — l)/d. By definition, d is the greatest common divisor of # — 1 
and n. Hence K\ contains an element y which acts as the multiplica­
tion of o?n. The product xy acts as the multiplication of con on P con­
sidered as a vector space over P, so that ^ G G i . This proves that 
Gi/P contains a cyclic subgroup of order (q — l)/d. 

The incidence structure P defined earlier is the block design deter­
mined by the one-dimensional and (n — 2)-dimensional subspaces of 
the vector space P over P. Each element of H induces a linear pro-
jectivity on P. In fact, if an element hoî H corresponds to the matrix 

*2(det Y) = 1, 

then h transforms an element of P 
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'1 
A I 

,z 1. 

into 

We have 

d e t ^ F - 1 ) = #n-2(det Y)~l = xn. 

The index of PSL(n — 1, q) in PGL(n — 1, q) is the greatest common 
divisor of n — 1 and g — 1 . Hence the image of H in NG(P)/G\ is a 
subgroup of PGL(w — 1 , q) and covers the section 

P G L ( w - l , ç ) / P S L ( « - l ,g) . 

Thus, NG{P)/G\ contains a subgroup isomorphic to PGL(w — 1, g). 
We have 

I NQ(P) | = ( g - 1 - 1) | H\ = | P\ | GL(rc - 1, g) | / J , 

= | p | | P G L ( * - l , 3 ) | f o - - l ) / < * . 

On the other hand, 

| t f 0 ( P ) : P | = | i V ö ( P ) : G i | | G i : P | , 

(g - l)/d ^ | d : P | and | PGL(w - 1, q) \ ^ \ NG(P): d\ . 

Hence we have the equality signs in both places. This implies that 

NG(P)/G1^PGL(n-l,q) 

and Gi/P is the cyclic group of order (q — l)/d. Since Ln-i(q) is simple, 
we conclude that NQ(P) is generated by conjugates of H. This yields 
that [NG(P), GtlQP. 

(5.5) NG(Z) does not contain NG(P), unless n = S and q = 2. 

PROOF. Suppose that NG(P)QNG(Z). By (5.2), NG(U) contains 
an involution / such that Si = 5 ' is a Sylow 2-group of NG(U) differ­
ent from 5. Set Zi = Z(Si). Then Z\ is contained in Z(Z7). By defini­
tion (2.9), U=TP. Hence we have 

Z(U) = PC\Z(T) C P . 

Thus Z(U) =ZXZi and / exchanges Z and Zx. Since NG(P)QNG(Z), 
Pl is different from P . The element t normalizes U and hence T by 
(3.2) (ii). This proves that P ' is an elementary abelian subgroup of U, 
which is normalized by T but not contained in P. The structure of 
such a group has been studied in (2.12) (i). 
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Since P is normalized by C G ( Z ) , P ' is normalized by C<y(Zi), in 
particular by C#(Zi). We verify easily that the element corresponding 
to the matrix 

xl2 

(*3(det F) = 1) 

belongs to CW(Zi). By (2.12) (i), elements of P* are of the form 

[1 
\A I 

(C D 1\ 

where D is a 2 X (» — 2) matrix such that the columns, except possibly 
the first and the second, are zero. Since CH(ZI) normalizes P ' , the 
matrix 

(5.6) 

xl\ 

1 

A I 

C D xl 

1 

A' 

a 
1 

D' 

belongs to P ' for any x and Y such that #3(det Y) = 1. Taking det Y 
= # = 1, we compute (5.6) and find that D'=DY. If w ^ 6 , it is 
obvious that D' does not have the form (E, 0) with a 2 X2 submatrix 
E for some choice of Y with determinant 1. This yields that w = 5. 

By (2.12) (i), the submatrix D is determined by A ; in fact for some 
u and v 

( ffu au\ m /a\ 

0v av) W " 

Similarly D' is determined by A' with the same u and v. Set 

Y = ( M ) and A = det F. 

Then we have 

By (5.6), xY-*A =A' and x~^DY=D'. This yields that 

(5.7) ff = a r ^ X + a^) = (x/A)(va + \0). 
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Note that either u or v is nonzero as P^PK Since (5.7) holds for any 
a and )3, we must have x~l = x/A, or A =x2. The value A of the deter­
minant is arbitrary except that there must be an x such that xzA = 1. 
Since A =x2, we have A5 = 1. Since A may be an arbitrary third power, 
we have o>16 = 1 for all nonzero elements of F. Thus q = 2, 4 or 16. But 
if g — 1 is divisible by 3, we can choose xj^l such that #3 = 1. Then 
for A = 1, we have A = x2 = 1. This is a contradiction. Hence we have 
g = 2. 

(5.8) P is a (Tl)-set and NG(P) acts transitively on the set of involu­
tions, unless n = 5 and q — 2. 

PROOF. The second assertion follows easily from (5.5). Proof same 
as the one of (4.3) (c) yields the first. 

If we make the assumption: 

R — Z contains a central involution, 

then the argument of this section yields propositions similar to (5.2) 
and (5.4) which determine the structure of NG(V) and NG(R) re­
spectively. 

(5.9) Suppose that R — Z contains a central involution. Then NG(V) 
contains a normal subgroup of odd index, which is isomorphic to L2(q). 
Furthermore there is an involution s such that 

N0(V) = (S, K, s) and s G NG(K). 

(5.10) Suppose that NG(R) is not a subgroup of NG(Z). Then NG(R) 

contains a normal subgroup Gz such that PÇ^GZÇZNG(R), GZ/P is the 
cyclic group of order (q — l)/d, NG(R)/GZ is isomorphic to PGL(n — l,q) 
and[NG(P),Gz]QP. 

(5.11) NG(R) is not a subgroup of NG(Z) unless n = 5 and q = 2. 

Propositions (5.5) and (5.11) may be stated in a slightly different 
manner. 

(5.12) We have NG(U)QNG(P) and NG(V)QNG(R), unless n = 5 
and q = 2. 

PROOF. Suppose that either n^5, or q>2. The proof of (5.5) 
actually shows that an element t of NG(U) — NG(S) belongs to 
N0(P). I t follows from (5.2) that 

NG(U) = (S, K, t) Ç N0(P). 

Similarly we prove NQ(V)QNG(R)* 
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6. Construction of a subgroup isomorphic to Ln(q). In this section 
we assume 

(6.1) (i) P—Z contains a central involution; 
(ii) Z(T)—0 contains a central involution; 
(iii) either n è 6 or n = 5 and q> 2. 

All propositions of this section are proved under the set of assump­
tions (6.1). Our goal is to construct a subgroup Go which is isomorphic 
to Ln(q). Simple consequences of (6.1) are the following. 

(6.2) (i) There is precisely one conjugate class of central involutions. 
(ii) NQ{U) involves L2(q); in particular there exists a Sylow 2-group 

Sx such that SC\SX=U. 
(iii) NQ(P) involves Ln-i(q), and has the structure stated in (5.4). 

PROOF. Proposition (i) is the restatement of (4.2), and (ii) follows 
from (5.2). The last proposition (iii) is a consequence of (5.4), (5.5) 
and the assumption (6.1) (iii). 

(6.3) (i) R—Z contains a central involution. 
(ii) NQ(V) involves L2(q), and has the similar structure as NG(U). 

(iii) NQ(R) contains a normal subgroup Gz such that Gz/R is the 
cyclic group of order (q — l)/d and NG(R)/Gz=PGL(n — li q). 

(iv) NQ(T)/T contains a normal subgroup of odd index which is a 
direct product of two copies of L2(q). 

PROOF. By assumption (6.1) (ii) there is a central involution z in 
Z(T)-0. We have Cs(z) = Tby (2.11) (iv). Let S0 be a Sylow 2-group 
of CG(z) which contains T. Since z is central, S0 is a Sylow 2-group 
of G. We have SnS0 = T. We apply (2.19) to NQ(T)/T. By (6.2) (ii), 
there is a Sylow 2-group 5i such that Sr\Si= U. Hence by (2.19) 
there must be a Sylow 2-group S2 of NQ(T) such that Sr\S27*T and 
Sr\S2 does not contain U. Set W= 5 H 5 2 . 

Suppose that g = 2. Then there are precisely three maximal sub­
groups of S containing T. Since 525^5, we have Z(Sz)9£Z by (2.11) 
(vi). Hence the central involution of Z(52) is contained in {Z{T)C\0) 
—Z. Since WT± U, we have W= F and the central involution of Z(52) 
lies in R—Z. This proves (i) for q = 2. Suppose that q>2. By (4.5) of 
[32, IV] and (3.3), we have W= V. This implies that Z(S2)QR and 
Z(S2)9

£Z. Thus (i) is proved. 
Propositions (ii) and (iii) are proved in the same way as (6.2) (ii) 

and (6.2) (iii). The last assertion follows from (3.5), (6.1) (i) and 
(6.3) (i). 

We define subgroups Ui of S as follows: 

U% = {(ajk) G S such that 0t-+2 t-+i = 0}, 
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By definition Uo — V, Un+2 = U and all these groups are if o-invariant 
subgroups of S which contain the commutator subgroup S' of 5. 

(6.4) (i) K normalizes all Ui (i = 0, 1, • • • , n — 2). 
(ii) For l^i^n-3, NG(Ui)QNG(Z). 

PROOF. Let F»- = njy,-£/'y. Then each Vi/S' is an irreducible ifo-
module by (2.7). I t is easily seen from (2.7) that these modules Vi/S' 
are mutually nonisomorphic if q>2. Hence they are if-invariant. 
Since each group Ui is a union of subgroups Vj, Ui is if-invariant. 
This proves (i). If 1 ^i^n — 3, Z(U%) = Z so that (ii) follows. 

We are interested in the construction of a (BN)-pair in G. Define 

B = NQ(S) = SK. 

We will construct a subgroup N to complete a (J5iV)-pair of G. We 
use terminology related to groups with a (5iV)-pair. Thus, a sub­
group which contains B is called a parabolic subgroup. The group 
N/K is to be the Weyl group. By assumption the group H/O is a 
factor group of GL(w —2, q) by a subgroup in the center. So i J has a 
(BiV)-pair. The idea is to extend this to a (i?iV)-pair of G. The 
linear groups involved in our discussion are groups of type Au 
Hence the Weyl groups are the symmetric groups. Let W be the 
symmetric group of degree / + 1 . An ordered set of involutions 
{wu • • • , wi] of W is called a distinguished set of generators, if these 
elements generate W and satisfy the relations 

(wiWi+i)z = 1 and (wiWj)2 = 1 if | i — j \ > 1. 

(6.5) Assume that q>2. The NG(K) contains a set of involutions 
{to, k, - • • , /n_2} such that 

(B)tiGNo(Ui)fori = 0, 1, 2, • - • , * - 2 ; 
(b) /Ae group (if, Jt-, i = 0, 1, • • - , n — 2)/K is the symmetric group 

of degree n, and the ordered set {if/o, Ktit • • • , iftn-2} is a distin­
guished set of generators; and 

(c) P = (PC\ V) XZ* and R = (i?H U) XZ», where x = tn„2 *»-i • • • h 
and y = t0 h • • • tn-Z. 

PROOF. Set No = NG(K)(^NG(Z), Ni = NG(K)r\NG(P) and iV2 

= NG(K)r\NG(R). By assumption the pair (£ , iV0) is a (£i\0-pair 
for iVG(Z). I t follows from (6.2) (iii) that (B, Ni) is a (BN)-pair of 
iVö(P). Similarly ( 5 , N2) is a (5iV)-pair of NG(R). For each *, NG(Ui) 
is a minimal parabolic subgroup of G. If 1 ^i^n — 3, we have NG(Ui) 
QNG(Z) by (6.4) (ii). Since g > 2 , NG(U0)QNG(R) by (5.9). Sim­
ilarly NG(U) is a subgroup of NG(P). 
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By a theorem of Tits [40], No(Ui)r}Nj contains j£ as a normal 
subgroup of index 2, where j = l or 2 according as i^O or 17*11 —2. 
Since H has a (2?iV)-pair, NH(K0)/KQ is isomorphic to the Weyl 
group. Hence we have N0/K^NH(KO)/KO- This implies that No 
= KNH(K0) and in particular NH(K0) is contained in JV0. The struc­
ture of H yields that H contains an element U (i = l, 2, • • • , n — 3) 
which corresponds to the matrix 

J 

I 

where J -C ')• 
It follows easily that tiENH(Ko)r^NH(Ui). Since NH(Ko)QN0, we 
have 

where î = l, 2, • • • , » — 3 and j = 0, 1 or 2. Theorem of Tits asserts 
that the cosets {Kti} in the natural order form a distinguished set 
of generators for N0/K> The group No(Uo)r\N2 contains a 2-element 
t0. Either the ordered set {Kt0, • • • , Ktn-%\ or the ordered set 
{Kh, • • • , Ktn-z, Kto] is a distinguished set of generators for N2/K. 
K leaves exactly two Sylow 2-groups of NQ{V) by (6.3) (ii). Hence 
Zx = tQlZto7*Z and Z2 = tr1Zih^Z1. If (t0h)2EK, then 

Z2 = \tot\) Ztot\ =s toZto = Zi, 

a contradiction. Hence the ordered set {2T/ot 20if • • • , Ktn-t} is a 
distinguished set of generators for N2/K. Similarly NQ(U)C^NI con­
tains a 2-element /n-2 such that {i£/i, • • • , Ktn-2} is a distinguished 
set of generators for N\/K. We will show that (totn-2)

2(EK- Set 
t = /»_2. 

Since N0(V)QN0(T) by (3.2) (ii), we have t0ENG(T). Similarly 
tGNa(T). By (6.3) (iv), NG(T) contains a normal subgroup L of 
odd index such that L/T is a direct product of two copies of L2(q). 
Let Li and L2 be normal subgroups of L such that L/T={L\/T) 
X(L2/T). We may label them suitably so that LiC\S= U. Since to 
and / are 2-elements, they are contained in L. As tÇ£No(U), we have 
tÇEL2U. Write / = Zw with £££2 and uÇ^U. Let x be an element of 
L\C\K. Since t normalizes LiP\üT, we have 

[t, *] G £ 1 H # . 

Since £££2, [/, *] is an element of 7\ This implies that 

[«,*] = [J,*M*,*]er(Linja 
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L\C\K normalizes U. Hence [#, x]Çz U. We conclude that 

[u, x]£Ur\ T(LX C\K) = T. 

Since Li /P^Z^g) and q>2, this happens only when « £ 7 \ Thus, 
/ £ L 2 . Similarly we have t0ÇE.Li. Hence the commutator [to, t] lies 
in T. By definition [t0, t]ENG(K). We have 

[rr\ NQ(K), K] C TC\ K = 1. 

By (5.1) we conclude that Tr\NQ(K) = \. Thus, [/<>, *] = 1. Hence 
(tot)2 = tfy2ÇzK* Since | X | is odd, we can choose involutions t0 and 
*»_2. If we set y = t0h • • • £n_8, then by definition of U we have Z*CP 
but Z9 is not contained in V. Hence 

R = (RC\U)X Z*. 

Similarly P = ( P H F ) X Z * for * = /n-2 • • - fc. This proves (6.5). 
Let {/,-, i = 0, 1, 2, • • - , # — 2} be a set of involutions of NG(K) 

which satisfies the conclusions of (6.5). Set 

N = (K, U, i = 0, 1, • • • , n - 2). 

(6.6). Se/ Go — BNB. Then Go is a subgroup of G which has a (BN)-
pair (Bt N) such that the Weyl group is the symmetric group of degree n. 

PROOF. We will prove that Go is a subgroup by showing wBw'QGo 
for any w and w' of N. Use induction on the "length" of the expres­
sion of w in terms of the distinguished generators t0f • • • , /n__2. We 
may suppose that w — r is one of the distinguished generators. We 
assume that rÇzNa(P); the other case being similar. If W'ÇZNG{P), 

then by a property of a (J3iV)-pair of NQ{P) we have 

rBw' C Bw'B \J Brw'B. 

It remains to prove that 

wSw' C Pww'S 

for any w(ENi = No(P)r\N and any coset representative w' of 
cosets of JVi. By (6.5) (b), N/K is the symmetric group of degree n. 
Hence 1 and Vife • • •& (& = 0, 1, • • • , n — 2) form a complete sys­
tem of representatives. Since NQ{P) has a (J3JV)-pair, we have a 
decomposition S = PiUi (i = 0, 1, • • • , w —3) such that Po<^P, Po is 
ÜT-invariant and 

(6.7) t^Pi-iU = tlliPiti-i for 1 g i g » - 3. 
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We have 

wSt0 = wPUoto = Pwt0Uo. 

Suppose k<n — 2. Use induction on k. 

wSt0 - • • & C Pwto • • • tk-iStk 

= Pwt0 • • • h-iPkUkh 

= Pw/0 • • • tk-iPktkUk 

- PwPÂ/o • • • 4^*, 

where g = i*_i£*-t •••*<)• By (6.7) 

P* = PA-I , where y = 44_2 •••/<>. 

By (6.5) (b) we have 

y = «/A-2 • • • W* where # E 2L 

Since P 0 is X-invariant, every Pt- is also i£-invariant. Hence 

PJLI — Pfc-2, where z = /*-I*A-3 • • • W*. 

We have z = v4-3 • • • W*-i4 with some vÇ^K. Finally we obtain 

P* = Po) where 5 = hh • • • &. 

This implies that Pj jCP. Hence 

wSV £ PwP'otosUk C PwtosS. 

Set * = Wi • • • ̂ n-3 and consider wSttn~i. We have shown that 
wStQPwtS. Since S = Z«17by (6.5) (c), we have 

mStfn-^ £ PwtStn-2 

= PwtZ*Ut»-i 

= PwZttn-2U 

= Pwttn-2U. 

This completes the proof that the subset Go is a subgroup. We have in 
fact shown that (B, N) is a (2?iV)-pair for Go. 

(6.8). Le* Go — BNB be the subgroup defined in (6.6). 7%6n Go=Ln(q). 

PROOF. This follows easily from either the theorem of Ito [2l] or 
Tits [4 l ] . Let Gi be a minimal normal subgroup 5^1 of Go. If x is any 
involution of P , NQ(P) contains CQ(X) by (5.8) and the assumption 
(6.1) (iii). Hence we conclude that Gir\NQ(P)?*\. By (5.8), P is a 
minimal normal subgroup of NQ(P). I t is the unique one because P 
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is self-centralizing. Hence PQGir\NG(P). It follows from the struc­
ture of NG(R)t (5.10), that the normal subgroup of N0(R) generated 
by the conjugates of P contains 5. This implies that SQGi. Hence 
we have Go = GiJ3. By a theorem of Tits [41 ] , Go involves Ln(q). 
Since Go/Gi is solvable, Gi is isomorphic to Ln(q). But Go and Ln(q) 
have the same normalizer of S. We have Go = Gi. 

(6.9). Assume that g = 2. There is a set of involutions {u, i = 0, 1, 
2, • • • , w —2} such that the conditions (a), (b) and (c) of (6.5) (with 
K = 1) are satisfied. 

PROOF. Since q = 2, we have n è 6 by the assumption (6.1) (iii). The 
following proof works in the case n = 5f if we assume that the struc­
ture of NG(P) and NG(R) are as stated in (5.4) and (5.10). NG(P) 
is an extension of P by PGL(# —1, 2). Since a Sylow 2-group S splits 
over P, the extension of NG(P) over P splits by a theorem of Gaschütz 
[12]. Since 

PGL(w - 1 , 2 ) = GL(w - 1, 2) 

is the full group of automorphisms of P, NG(P) has a unique struc­
ture. We can identify NG(P) as the totality of matrices 

O-
where X range over (w — 1)X(« — 1) nonsingular matrices and A 
range over all column vectors of size »•—1. For each pair of integers 
(i*j)i let dj be the «Xw matrix whose (i,j) entry is 1 and whose other 
entires are all zero. Set 

%ij = In + eij (i > j). 

Then Xij is an element of S. Define 

/ -n 
for i = l, 2, • • • , n — 2. Set £ = /n-2. 

By (6.3) (iv), NG(T)/T is a direct product of two copies of L2(2). 
One factor contains U/T and the other V/T. The element T£ belongs 
to the factor containing V/T because / is conjugate to xn n_i. We will 
find an element s = /0 in the normal subgroup of NG(T) generated by 
U. It is obvious that there is an element s of NG(V) such that 
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(1) xs
nl=xn2, and 

(2) 5 is conjugate to #21 in NQ(V). 
Since 5 is contained in the normal subgroup generated by £/, we 

have 
(3) the commutator [s, t] lies in T. 
We need some properties of the group Q consisting of all matrices 

of the form 

where X range over all matrices of size in — 2, 2). Q is an elementary 
abelian group, which admits a group of automorphisms which con­
sists of matrices 

(* r)-
We summarize properties of Q which will be needed. 

(6.10) (i) Q is a normal subgroup of NQ(V). 

(ii) Q contains precisely four conjugate classes of involutions in 
NG(P), which are represented by xni, xn2, xnxxni and xn-i ixn2. 

(iii) Q contains three subgroups Qi, Q2, and Qz of order 2n~2 such that 
involutions of Qi (i = 1, 2, 3) are central and any central involution of Q 
is contained in one of Qi. 

PROOF. Let To be the subgroup of T consisting of matrices (a#) 
with #21 = 03i= a32 = 0n-i n-î = #n n-2 = #n n-i = 0. Then the method 
used in the proof of (2.12) yields the following result. Any abelian 
normal subgroup of T which is not contained in T0 has order at most 
qXn-z\ and there are precisely two elementary abelian normal sub­
groups of order g2<w-2> which are not contained in 7V This implies 
in particular To is a characteristic subgroup of T. Since S normalizes 
Q and NQ(V)^N0(T) by (3.2), the assertion (i) follows easily. 

Set Çi = (?rYP, Q2 = (xiz i = 3, • • • , n) and Qz = (xa x& i = 3t 

4, • • • , n). Then NG(Q)(^NG(P) normalizes all Q«-, and acts transi­
tively on Qi — \. Furthermore the stabilizer of xn2 is transitive on 
Qi — Z. This proves (ii). Since ^ ] = x w 2 , #2iX„2#2i = tfnitfn2, elements of 
Qi — \ are central and Q contains no other central involution. This 
establishes (6.10). 

By (6.10) (i), 5 normalizes Q. By (2), 5 is conjugate to Xn in NQ(V). 
Hence CQ(S) is conjugate to CQ(X2I). Thus involutions of CQ(S) are 
central. By (6.10) (iii), we have Çî = (?2 in the notation used in the 
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proof of (6.10). For each i = 3, 4, • • • , ra, x'a(EQ2 and #»I#JI£CQ(S). 

Hence we have 
(4) xÎ!=a;»î for i = 3, 4, • • • , ra. 
We prove that there is an element 5 of NQ(V) which satisfies the 

conditions (1) through (4) and, in addition, 
( 5 ) < , = x n y if j e 3. 
Since NG(V)QNQ(R), S normalizes R. By (2), s acts in R as a 

transvection. Hence for each j = 3, 4, • • • , n — 1, we have 
« 

%nj
 == #«ƒ Or 0CnjXQ 

where Xo = xnixn%. Choose a minimal integer k such that [xnk, s]=x0. 
Replace 5 by s'^xj^sxki. The element s' satisfies ( l)-(4). In addition 
we have [xnj, s'] = 1 if 3 Sj^k. This process may be repeated. There­
fore there is an element s satisfying all conditions ( l )-(5) . 

We prove next that the conditions (l)-(5) imply 
(6) [Xij, s] = l it3gj<i. 
Set x = Xij (S^j<i) and y = xnk (&^3). By the commutator iden­

tity we have 

[x, y, s]*\y, s, x]8[s, x, y]x = 1. 

Here we omit the exponent — 1 on the middle term of commutators 
since every element is an involution. Since j , k ^ 3 , the first two com­
mutators vanish by (5). Hence we have 

[s, x, y] = 1. 

This yields that [s, x]ÇzR. Take u=xn. Then the commutator iden­
tity implies 

[s, x, u] = 1. 

Hence we have [s, #] £ Z ( V). If z = [s, x] j& 1, x is conjugate to z xn_i 3 
in NQ(P). This is a contradiction because zxn-iz is conjugate to 
Xn-i 1 xn2 which is not central by (3.4). 

There is an element s which satisfies 
(7) [s,t] = l 

in addition to the conditions ( l)-(6) . 
Let s be an element which satisfies ( l)-(6). Set u = [s, t]. We claim 

that uÇzZ(T). By (3), u belongs to T. If x = xn (i^n — 2), we have 

XU = £**«« — yUt _ yet — X 

where y = Xa by (4). Similarly yu = y. Hence w£C(?(0 = (). If j ^ 3 , 
U ttt et 

Xnj
 = s #ni == #n—1 ƒ = # n y 
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by (5) and (6). This proves that u(E.Z(T). By definition u= [s, t] 
= (st)2 and u commutes with both 5 and t. Hence either « = 1 or 
u=xniXn-i\Xn2Xn-.ii. In the latter case replace s by s'^x^sxni* This 
element s' satisfies ( l )-(6) , and 

[S', t\ = (s't)2 = XnlXn2(st)2Xn-l l^n-1 2 

= 1. 

Set to = s for an element s which satisfies ( l )-(7) . Conditions (a) 
and (c) are obviously met. Considering the actions on R, we see that 
(sh)z and (sti)2 (i = 2, • • • , n — 3) centralize R. Since R is self-central­
izing, they are contained in R. If iVw — 3, t commutes with /»-. Hence 
by (7), t commutes with sti. Since RHiR* = 1, we have 

(*'i)3 = (su)* = 1 

except possibly i — n — 3. Set (stn^z)2 = r and prove that r = l. We 
have xr=x, where x=xn-i i. This implies that r is an element of T. 
Hence r'ÇET. We have 

r< = (tstn-Zt)2 - (Stn^ttn^)2, 

because (ttn-Zy = l. Hence 

r< = (tn^rsttn^)2 

= /n_3(™02'n-3 

= rî? 

where v = tn^ri8tn-.z. We have shown that r is an element of R. Hence 
if r = (an), we have a# = 0 if i7*j and ij^n. Hence only nonzero entries 
of r', off diagonal, are in the second row from the bottom. By (4) 
and (6) the same is true for ru. Hence the last two rows of v, except 
on the main diagonal, contain zero only. Since v = rr', we have r = l . 
This proves (6.9). 

Propositions (6.6) and (6.8) yield that G contains a subgroup Go 
which is isomorphic to Ln(2). The subgroup Go is the one generated 
by 5 and U (i = 0, 1, • • • , w - 2 ) . 

7. Proof of the equality G=G0 . In the preceding section we con­
structed a subgroup Go which is isomorphic to Ln(q). In this section 
we will show tha t G = Go. 

We may consider Go as the factor group of SL(nt q) by the center. 
In this way each element of Go is represented by an n Xn matrix over 
F. We use the notation of (2.6), (2.8) and (2.9). Thus, 5 is a Sylow 
2-group of Go which is represented by the elements (2.6). We may 
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assume that Go was constructed from NG(S). By construction Go 
contains several local subgroups of G. 

(7.1) Go contains NQ(Z). Furthermore if X is a subgroup of S such 
that TQXQS, then NG(X)QG0. 

PROOF. The constructions (6.5) and (6.9) show that NQ(Z)QGO. 

The involution to is an element of NG(V) which does not normalize 5. 
By (6.3) (ii) we have 

NG(V) = (S, K, to). 

Similarly NG(U) = (S, K, /n_2>. Hence Go contains NG(U) and NG(V). 
This implies that Go contains NG(T), because NG(T) is generated 
by NG(U) and NQ(V). The rest of the assertion follows from (3.2) (ii). 

Any conjugate class of involutions of Go contains an element which 
is represented by the element ji of (2.2). Let Ci denote the conjugate 
class of involutions of Go which is represented by ji. If z is an involu­
tion of Z, then s £ C i . 

(7.2) Let j be the involution of S which is represented by ji of (2.2). 
Set W=C,(j). Then we have N0(W)QNG(Z). 

PROOF. Let Y be the totality of elements of S which are represented 
by 

ƒ 

I 

Mi I 
(x e F). 

Then the center of W is the direct product YXZ, Let Z%(W) denote 
the second center of W. A simple computation shows that 

[W, Z2(W)] = 2 , if / ^ 3. 

Hence Z is a characteristic subgroup of W if Zg:3. This proves (7.2) 
for / ^ 3. The same containment holds in the case I = 2 because Z does 
not fuse in Z(W) -Z by (3.4). 

(7.3) Let zbea central involution which is contained in Go- The follow­
ing hold : 

(i)sGCi; 
(ii) If zxÇEGofor some x of G, then #£Go, in particular CG(Z)QGO. 

PROOF. By assumption z is conjugate tojx in G. Suppose that s£C» 
for some i*z2. Thenji is conjugate to ji in G. By (2.17) (i), W= Cs{j%) 
is a Sylow 2-group of CGUÙ^GO- Let S' be a Sylow 2-group of CG(JÙ 
which contains W. Then we have GoHS' = W. Since 5' contains W 
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as a proper subgroup, NQ(W) is not contained in Go. This contradicts 
(7.2). Thus sÇEG. We may assume that z=ji for some WELGQ. 

Suppose that 
x ,u>x 

z =ji G G0. 

By (i), JS X £CI so zx=jl for some yÇzGo- This implies that wxy~l 

£ C G ( / I ) - By (7.1), CQ(JI) is contained in Go- Since both w and y are 
elements of Go, we conclude that #£Go. 

(7.4) Let Q be a 2-subgroup of G. If QC\Go contains a central involu­
tion, then Q is contained in Go-

PROOF. Let X be a Sylow 2-group of G which contains Q. By 
assumption QC\Go contains a central involution z. Since QQX, z 
centralizes Z(X). By (7.3) (ii), Z(X)QG0. Since Z(X) contains a 
central involution, the second application of (7.3) (ii) yields that 
XCGo. 

(7.5) Let j be an involution of Go which belongs to the class C2. Then 
any 2-element of CG(J) ^es ^n £o. 

This is the key result. The proof differs according as a = 2 or not. 
In (7.5) we assume that q>2. Suppose (7.5) is false, and prove a 
series of lemmas. 

(a) Let W be a Sylow 2-group of CG(j) suc^ that W' is not contained 
in Go and with this restriction the order of WT\Go is maximal. Set 
1= WT\Go- Then j GI and ir\Ci is empty. 

PROOF. Clearly j£JT. Since Wf is not contained in G0, I(~\C\ is 
empty by (7.4). 

(b) Set J = ICG(I) where I is the subgroup defined in (a). There exists 
a Sylow 2-group W\ of CG(J)(^GO such that J\ = JC\Wi is a Sylow 
2-group of J. 

PROOF. Let S' be a Sylow 2-group of Go which contains / . Then 
Z{S') centralizes / but is not contained in / by (a). Let J\ be a Sylow 
2-group of J which contains IZ(S'), and let W\ be a Sylow 2-group 
of CG(J) which contains J\. Then Go^Wi contains IZ(S') and (7.4) 
yields that WiQGo. 

At this stage we may assume that 

j = J2 and Wx - Cs(j2) 

by choosing suitable conjugates, if necessary. Set W=Cs(jt)* 

(c) Jjl is a (Tl)-group. 
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PROOF. Set Ji = JC\W. Then Jx is a Sylow 2-group of / . Choose a 
Sylow 2-group J* of J such that JxC^J^I. If Wz is a Sylow 2-group 
of Co(j) containing J2, GQCWVZ has larger order than I. This implies 
that W2QG0. Hence W2 contains the maximal normal 2-subgroup of 
CQ(j)r\G*. It follows from the structure of GQ that Z(S)QW2. Thus 

Let Jo be a Sylow 2-group of / which contains IZ(S'). Here 5' 
is a Sylow 2-group of G which contains W'. If Jir\J09*I, then / 0 con­
tains Z7. Hence J0 would be a subgroup of Go. This contradicts the 
definition of 5'. Hence Jir\J0 = I. Since g > 2 , (2.20) is applicable and 
yields that / / / is a (7Y)-group. 

The structure theorems of (TI)-groups [34] yields the existence 
of a cyclic group C of odd order of / which normalizes the Sylow 
2-group J\ of / and acts transitively on the set of involutions of Ji/I. 

(d) C is a subgroup of Ca{I)r\G^ 

PROOF. Since C is odd, we have CQCQ(I). Let x be a generator of 
C Then W* contains J\. Hence WxQGo. There is an element y of 
C0(j)r\G* such that WX=WV. Then xyr1 is an element of NQ(W). 
By (7.2) we have xy^GGo. This implies x£:G0. 

(e) j is not contained in C*. 

PROOF. By (d), C is a subgroup of CQ(J)C\G^ This implies that C 
normalizes Z(T). This is so because Z(T) is the center of the maximal 
2-subgroup of CG(J)(^GO. The group CQ{J)C\GQ induces in Z(T) the 
group of automorphisms which is isomorphic to L2(q). Hence C in­
duces a cyclic group of automorphisms of order at most g + 1 . Thus 
the group J\f I contains at most q+1 involutions. Since J\/I contains 
ZI/I, we conclude that ZI/I contains all the involutions of Ji/I. 
Take a generator x of C. Suppose that Zxj^Z. Then ZXQZI and 
Z n Z * = l. Hence \ZZxC\l\ =q. Since x centralizes J, we conclude 
that x normalizes ZZX. Thus ZZX is a subgroup of Z(T) which con­
tains at least q — 1 conjugates of Z and at least q — 1 noncentral in­
volutions. If g > 2 , Z(T) contains no such subgroup. Hence C nor­
malizes Z. This implies that C normalizes Z{T)C\P and Z(T)C\R. 
Since | C\ is odd, there is a subgroup X of Z(T)C\P such that X is 
C-invariant and Z(T)r\P = XXZ. Similarly there is a C-invariant 
subgroup Y such that 

Z{T) r\R= YXZ. 

The group (X, F, Z) contains Z(W). Since Z(W0£Gr( i ) , Z(W) is 
contained in ZI. Hence |Z(TF)n / | =g. Since C acts trivially on 
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Z(W)r\I, we conclude that C acts trivially on either X or F, say X 
(in fact trivial on both). By (d), C centralizes / . Hence C centralizes 
the commutator [X, ƒ ] . Since / C 5 , this commutator is contained in 
Z. On the other hand C acts transitively on the set of involutions of 
Z. Hence we obtain [Xy I] = 1 ; in other words, XQ Cw(I). Since ZI/I 
contains all the involutions of Ji/I, ZI contains X. Hence ZXQZI. 
This implies that | ZXC\l\ = g. By definition we have ZX = Z{T)C\P. 
Therefore any involution of ZX is central. Thus IC\ZX contains a 
central involution. This contradicts with (a). 

(7.6) The proposition (7.5) holds even when q~2. 

PROOF. Again we suppose that (7.6) is false and prove a series of 
lemmas. Set W—Csiji) as before. 

(a) There is a subgroup V of Co(j) which is conjugate to T, but 
not contained in Go. 

PROOF. By assumption there is a Sylow 2-group W' of CQ(J) which 
is not contained in Go. Then W'= Wx for some element x. If TxQGot 

then W' would be contained in Go by (7.4). 

(b) Let T' be a subgroup of CQ(J) such that T' is conjugate to T} T' is 
not contained in Go and with these restrictions the order TfC\Go is 
maximal. There is a Sylow 2-group W of CG(J) which contains T'. 
If possible, let T' be chosen so that 

w r\ Go 5* v r\ Go. 

Set 7 = m G o , IO^WTIGQ, J = ICQ(I) and J0 = IQCe(I). Then 
IQC^CI is empty. 

PROOF. This is mostly a collection of definitions. The last assertion 
follows from (7.4). 

(c) There is a Sylow 2-group Wi of Co(j)^Go such that Jx = JC\ W\ is 
a Sylow 2-group of J. 

Proof is the same as (7.5) (b). 

(d) There is a conjugate subgroup of T in Co{j)C\Go which contains I. 

PROOF. By (c), G0r\Co(j) contains a Sylow 2-group W\ such that 
j x = JC\Wx is a Sylow 2-group of / . By definition, K = IZ(V) is a 
subgroup of / with order larger than | / | . There is an element x of J 
such that K*QJL Then V = x~1T'x satisfies 

K*QJtr\ T" C Go H T'. 
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Since \l\ <|J5>|, we conclude that T"CZGQ. Since # £ / , we have 
/ c r " and T"QCG(j)r\G0. 

We assume that IQTQCQ(j)r\G0. This is possible by choosing 
suitable conjugate elements. 

(e) CQ(J)^GO normalizes Z(T) and induces a group of automor­
phisms, which is isomorphic to L2(2). 

PROOF. By assumption j is a noncentral involution of Z(T). Hence 
Z(T) is the center of the maximal normal 2-subgroup of CQ{J)(~\GQ. 
So Co(j)r\Go normalizes Z(T). 

The structure of Go yields that the group induced in Z(T) is iso­
morphic to Lt(q). 

(f) The group Jo/1 contains a normal subgroup of index one or two, 
which is a (Tl)-group. In this {TI)-group, a Sylow 2-group contains 
more than one involution. 

PROOF. We assume that J=Jo for all admissible conjugate sub­
groups of T. This assumption implies that, if W" is a Sylow 2-group 
of CQ(J), which is not contained in Go, the order of W"r\Go is at most 
11\. Suppose that J2 is a Sylow 2-group of J with JxC\J^I. If W2 

is a Sylow 2-group of CG(J) containing J2, we have 

i c J i r\ J 2 ç Go n w2. 
Hence W2 is a subgroup of G0. This yields that PT2 contains Z(T) by 
(e). Hence Z(T)C1J2. Since IQT, Z(T) is contained in / . The group 
IZ{T)/I has at least order 4 because Z(T)C\PC^I=l by (b). Hence 
(2.20) is applicable and yields the result. 

Suppose that I j* J0. Let K be a Sylow 2-group of J0r\Go which 
contains J0. Then KCLGOC^CQIJ). Thus K normalizes Z(T) by (e). 
Set Ki = CK(Z(T)). By (e), we have \KiKx] ^ 2 . The group T is a 
Sylow 2-group of CQ(Z(T)). Hence Ki is contained in a conjugate 
subgroup Ti of T. We have TiÇLGof^CaU)-

Suppose that K = Ki. Then KQTi. Since J0 = GonW', there is an 
element x of W' which normalizes Jo but is not contained in Go. There 
is a central involution z in K. By (7.3) (ii), z* is not contained in Go-
Hence 

IOQKXQTI and IÏQCGU), 

but T\ is not contained in Go because zxÇzT% and z*$Go. This contra­
dicts the definition of I. Hence K^Ki. In fact, the above argument 
proves that K\ does not contain J0. Similarly no conjugate subgroup 
of Jo in Jo is contained in K\. By a lemma of Thompson [39, Lemma 

file:///KiKx
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(5.38)], Jo contains a normal subgroup L of index 2 such thatüTfM, 

Let K2 be a Sylow 2-group of L such that Kir\K2j*I. Then j£2 is 
contained in a conjugate subgroup Ti of T which lies in CQ(J). Since 
GQC\T2 has a larger order than J, J i is contained in G0. Thus r 2 C 
GOC\CG{J) and r 2 contains Z ( r ) . Proposition (2.20) yields that L/I is 
a (7Y)-group. Since i£ contains Z(T), K/I contains a t least 3 involu­
tions. 

(g) Z(T)C\I is a group of order 4. 

PROOF. By (f), J0/I contains a (TI)-group L/I. By (c), there is a 
Sylow 2-group L2 of L which is contained in Go. The structure theorem 
of (TI)-groups [34] yields the existence of a cyclic group C of odd 
order such that C normalizes L2 and acts regularly on the set of invo­
lutions of L2/I. Let Wi be a Sylow 2-group of GQC\CQ(J) which con­
tains L2, and let T± be a conjugate subgroup of T contained in W\. 
Then TiC\L2 has a larger order than / . If x is a generator of C, T\r\Go 
has a larger order than / . Hence by definition of / , we conclude 
TfQGo and WIQGQ. As in (7.5) (d), we have x £ G 0 . Hence CQ 
GQC\CG(J)- By (e), Cnormalizes Z(T) and induces a group of automor­
phisms of Z(T), a subgroup of L2(2). Since C acts regularly on the set 
of involutions of L2/I, the order of C must be three and 

\Z(T): Z(T)C\I\ = 4 . 

This proves the proposition (g). 

(h) Set Zi = Z(T)m. 
(1) T is a Sylow 2-group of CG(ZI). 

(2) If x is an element of CQ{Z\), then 

Z(T)*nG0QZ(T). 

PROOF. Since Z\ is a group of order 4 by (g), the first assertion 
follows from the structure of Go. Suppose that the element j (which 
is in Zi) is a product of two central involutions u and v of C<y(Zi)P\Go. 
Then u and v are represented in Go by a pair of commuting trans-
vections whose product represents j . There are exactly 3 such pairs. 
Hence both u and v are contained in Z(T). If x is an element of 
CQ(ZI) and if Z(T)*r\Go is not Zi, then there is a pair of central in­
volutions of Z(T)Z whose product is j . This implies that Z(T)xC\Go 
QZ(T). 

(i) WehaveT = Z(T)I. 

PROOF. Let z be a central involution which lies in T—Z(T). By 
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definition there is a Sylow 2-group 7\ of CQ(ZI) such that I = G0r\Ti. 
Let z\ be a central involution of Z(T\). Then zx is not contained in Go 
by (7.4). By (h), the coset zZiis not conjugate to ZiZiin CG(ZI)/ZI. 

Hence there is an involution wZ\ of CQ(ZI)/ZI such that wZi com­
mutes with both zZ\ and ZiZi, and wzZ\ is conjugate to either zZ\ or 
Z\Z\. Suppose that wzZ\ is conjugate to zZx. Then wziZi is conjugate 
to ZiZ\. By (h) applied to a conjugate subgroup of Go containing 
CG(ZI), we conclude that wziÇzZ(Tx). We remark that the coset wzxZ\ 
contains a unique noncentral involution of G and hence zx centralizes 
every element of wz\Z\. Since wziÇiZ(Ti), we have wÇ_Z(T\). On the 
other hand, the coset zZ\ contains a unique central involution. Hence 
w centralizes z. This implies w£Go. So we have 

w G Go H Z(Tt) = Z L 

This is not the case. Hence the coset wzZ\ is conjugate to Z\Z\. Since 
z centralizes wzZi, wzZi is contained in Go. By (h) we have wzÇiZ(T), 
which implies wÇzT. Since w centralizes Zi, we have W£CT(ZI). By 
definition z\ centralizes / . The maximality of I forces 

ƒ = Go C\ CG(ZI) H CoizO. 

This implies that CT{Z\) = / and wÇ.1. Therefore 

z = vrhvz G IZ(T). 

This is true for any central involution z of T—Z(T). Hence T = IZ(T) 
because T is generated by central involutions. 

(j) IC\Ci is not empty. 

PROOF. Since w^5, T is different from Z(T). In fact, T contains a 
central involution z which is represented by the matrix 

E + en-21 

where E is the identity matrix and en-i i is the matrix with 1 at the 
(n — 2, 1) place and zero elsewhere. By (i), 

(Z(T),z)M 

contains an element w represented by a matrix (ay) whose entries 
below the main diagonal are zero except possibly an_21, an~i i, an_i 2, 
dn 1, a>n 2 and an_2 i = l. Then for some element u of Zi, uw is repre­
sented by a transvection and uwÇzCiC\I. 

This lemma contradicts with (b) and the proposition (7.6) is 
proved. 
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(7.7) Elements of d do not fuse in Ci for ij&2. 

This is proved in the same way as (7.3). 

(7.8) Let u be an involution of Go which belongs to the class C3. Then 
any 2-element of Coin) is contained in Go. 

PROOF. We may assume that u = j 8 where jz is given by (2.2). Then 
there exists a central involution z of Go such that zuÇzC* We have 
jiwGCs. Elements of Cz do not fuse in C% by (7.7). Hence z is not 
conjugate to j \ in CQ(U). 

Suppose that (7.8) is false. Then there is a Sylow 2-group W\ of 
CQ(U) which is not contained in Go. Let Si be a Sylow 2-group of G 
which contains W\. Since uÇzWi, u centralizes Z(Si). Hence we have 
Z(Si) C Wi. There is a central involution Z\ of Z(Si) which is conjugate 
to ji in CQ(U). By (7.4), z\ is not contained in Go. Since Z\ is not conju­
gate to z in CG{u), there is an involution w such that 

w G CG(z, *I, U) 

and wz is conjugate to either z or Z\. In either case wz is a central 
involution. Since z is a central involution of Go and WÇZCG(Z), we have 
wGGo by (7.3). Hence w is an involution of Go which is a product of 
two commuting central involutions wz and z. Hence ÏÜG d with i g 2. 
This implies that CG(w)QGo by (7.3) or (7.5). But C0(w) contains the 
element z\ which is not contained in Go. This contradiction proves the 
validity of (7.8). 

(7.9) The group Go coincides with G. 

PROOF. Suppose not. There is an involution / which is conjugate to 
jt of (2.2) in G but is not contained in Go. Let z be an element of &. By 
(3.4), z is not conjugate to t in G. Hence there is an involution w of G 
such that 

w G Co(«, /) 

and zw is conjugate to either z or t. Since CG(Z)QGO, W is an element 
of Go. The element zw belongs to G1UC2, and w is a product of com­
muting involutions z and zw. Since s G & , we have 

w G Cx VJ C2 VJ C3. 

By (7.3), (7.5) or (7.8), CQ(W) is contained in Go. But CQ(W) contains 
the element t which by definition lies outside Go. This is a contra­
diction. 

This proves (7.9), and the proof of Theorem 1 is finished. 
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