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1. Introduction. Suppose that M is a manifold, modeled on a
Banach space X. For each subset S of M, we will define a cotype,
which will be a nonnegative integer or «. The larger cotype S, the
smaller S. The theory of cotypes will permit us to distinguish sizes of
large subsets of M.

Cotype is a generalization of Baire category. Just as Baire’s theory
is based on sets whose closure contains no sphere, the theory of co-
types is based on sets whose closure contains no diffeomorph of a
coball in X of specified codimension. We use the words diffeomorph-
ism and diffeomorph in the following sense: ¢ is a Ce-diffeomorphism
of M into a manifold N (modeled on a Banach space Y) iff ¢ is a
bijective map, C¢in both directions, whose domain is open in M and
whose range is open in N. If ¢ exists, then X and ¥ must be iso-
morphic. If a special term is desired, ¢ may be called a full diffeo-
morphism.

As an application, we cite a theorem on the cotype of the image of
the critical set of a Fredholm map of negative index. The theorem is
suggested by and is close to one of Smale’s.

The definition of cotype will be relative to a differentiability class
C1. The reader may wish to take g=1 throughout. It is quite possible
that cotype is independent of ¢, for g=1. That is, if M is a C%-mani-
fold, ¢=1, modeled on X, and if SCM, then cotype S may be un-
changed if we increase ¢ by changing the atlas of M. This is likely to
be the case, if X is finite dimensional [4]. Our theory is directed,
however, towards infinite dimensional manifolds. Cotype for ¢=0
may be different from cotype for ¢g=1.

2. Cotype. Let M be a Cemanifold, with countable basis, modeled
on a Banach space X of more than one point, with or without bound-
ary.

By a set v, C M, we shall always mean a diffeomorph of an r-coball,
r=0,1, - - .. That is,

vr = ¢T4,

where ¢ is a C¢-diffeomorphism of X into M, and T, is an r-coball,
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that is, the diametral section of a ball in X with center 0, by a linear
subspace of codimension 7. The domain of ¢ is required to be an open
set of X containing I'y and the range of ¢ an open set of M.

Let S be an arbitrary subset of M. We shall define cotype S. To
do this, we first define the relations

cotS =7 and cotypeS = 7, r=0,1,---,

as follows.

We say that cot S=0 always; and that cot S=7+41 if the closure
S of S does not contain a set 7v,. Thus cot S=1 iff S is rare. And
cot S=r+41 implies that cot S=r. If T'CS and cot S=7, then
cot T=r.

Next we say that cotype S=r if S is the countable union of sets
each of which is of cot =7. The adjective countable shall always mean
finite or countably infinite. As cot 0= for all integers p, it follows
that cotype S=r iff Sy, Sz, - - - exist such that

S=S1USQU"', cotS,-gr, j=1,2,"'.

If cotype S=r+1, then cotype S=r. If TC.S and cotype S=7, then
cotype T'=r. If cot S=7, then cotype S=7.

Finally, we say that cotype S=r if cotype S=r and if it is not true
that cotype S=r-+1. We say that cotype S= « if cotype S=r for all
r. Thus

cotype S = sup{r: cotype S = r}.

Thus, cotype S=r7, 1Sr< «, iff S is the countable union of sets
whose separate closures contain no set v,—; and, furthermore, when-
ever S is written as a countable union of sets, at least one of the latter
has a closure which contains a set v4,. And cotype S=0 iff S is not
meager. And cotype S= « iff, for each =1, S may be written as the
countable union, possibly depending on 7, of sets whose separate
closures contain no set y,r—1.

Also,

cotype 0 = «,
cotype {solo point} = dimension M,
cotype M = 0.
A countable union of sets of cotype=r is itself of cotype =r; and
if one of the sets is of cotype 7, then so is the union. Hence a set of
cotype r< « is not the countable union of sets of cotype =r-+1.

Cotype S, as now defined, is greater than or equal to r iff
cotype S=r, as earlier defined.
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THEOREM. Cotype is invariant under diffeomorphism.

PRrOOF. Let ¢ be a full diffeomorphism of M into a C¢manifold N,
with countable basis, modeled on a Banach space. The domain D of
¢ is open in M; the range, open in N. We shall show that if SCD,
then cotype S=cotype ¢S.

For this it is sufficient to show that, forr=0,1, - - -, cotype ¢pS=7r
if cotype S=7. Suppose that cotype S=r. Then S=U,1,... S, and
cot S,=7. Now S,C®D, but S, need not be. As M has a countable
basis, we may by Lindelof’s theorem subdivide S, into countably
many subsets S,,» A=1, 2, - - -, such that S,nC®. Then

S =US,n cot S, = 7,
#A

since SuaC.S,. And ¢S, 1 =¢S.a. Hence cot ¢S,a=7, else ¢S, and
therefore S, would contain a set v,_;. Since $S=U¢S, ,, it follows
that cotype ¢S=7.

For the rest of the paper we assume that g=1.

LeMMA. Cotype v,=r,r=0,1, - - - ; r=dim M.

ProoF. By the invariance of cotype under diffeomorphism, it is
sufficient to show that cotype I', =7, where I, is an r-coball in X.

Now cot I', =r. This is certainly true for » =0. Take > 0. Assume,
as will be absurd, that ', D+v,.;. Then by shrinkage T', contains (a
different) v,_;. Let I',_; be an (r—1)-coball which contains I',. Then
T'; and hence 4,1 are meager in I',_;. On the other hand, v, =0I",_,,
where 0 is a diffeomorphism of X to X. And 8 restricted to I',_; is a
diffeomorphism on I',_; into I',_;, because the inverse function theo-
rem assures that 6 as restricted is an open map. Hence v,; contains
an interior point in I'y_; and cannot be meager in I',;. Hence
cotT',=r.

Hence cotype I', 7. Finally, suppose that

r.= U &.
u=1,2,++
We shall show that for some u, S, D%,. Now I'= BN\R,, where B is
a ballin X and R, is a subspace of X of codimension r. Baire's theorem
for the space R, implies that for some u, S, contains a ball in R,, which
is an r-coball in X. Hence it is impossible that cotype I', =7-+1. Hence
cotype I', =r.

COROLLARY. Sets v, and v, in M, r, s<dim M, are diffeomorphic
iff r=s.
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This completes our construction of the theory of cotypes. There
is a dual theory of types, in which we say that tip S<p,$=0,1, - - -,
SC M, if S contains no diffeomorph of a (p+1)-ball and type S<p
if S is the countable union of sets each of tip <p. Just as the theory
of cotypes distinguishes large sets in M, the theory of types distin-
guishes small sets. But the theories of Hausdorff measure and topo-
logical dimension also distinguish small sets and may perhaps do so
more usefully than the theory of types [8].

Frank Quinn has constructed a theory of conullity which, like the
theory of cotypes, distinguishes large subsets of manifolds [personal
communication].

3. Fredholm maps. Suppose that M and N are C¢manifolds,
g=1, with or without boundaries, with countable bases, modeled on
Banach spaces X and Y, respectively. Let f: M—N be a C¢-map of
M into N. We say that x & M is a critical point of f if the tangent map
Df(x): X—Y is neither injective nor onjective (surjective). Let 4
denote the set of critical points of f.

Kupka [3] has shown that the critical image f4 need not be small
compared to the entire image fM, if M is infinite dimensional, even
if = o ; cf. [1] also. Thus an additional hypothesis on f is needed to
assure a conclusion that f4 is small. One such hypothesis, introduced
by Smale, is that f be a Fredholm map [2], [5]. As the index of a
Fredholm map is locally constant, the index will be constant on any
connected component of the domain. Thus a condition that the index
of a Fredholm map be constant is not burdensome: a Fredholm map
can be decomposed into maps for each of which the index is constant.

SmALE’s THEOREM [10]. If f is a Fredholm map of constant index i
and if q=1+1, then fA is meager in N. And fM is nonmeager, if M=A
and 1= 0; whereas fM is meager if 1<0.

The theory of cotypes permits one to establish the following theo-
rem, useful in the case of negative index.

THEOREM. If f i4s a Fredholm map of constant megative index
1= —3=<0, then cotype fA=j+1. And cotype fM=jif M#=A.

My original proof (unpublished) of this theorem [9] was based on
a theorem of 1942 that the image of the points of rank 0 of a C%map
of an open set of R™ into R" is m/g-null [7], and on the following
lemma.

LEMMA. Let R; be a linear subspace of codimension & of a Banach
space Y. Let 7v; be a Co-diffeomorph in Y of a j-coball in Y, j<8. Con-
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sider all cross sections of vj in a direction complementary to Rs. At least
one such cross section contains a Ci-diffeomorph of a (6 —j)-ball.

The proof of this lemma depends on the following consequence of
the rank theorem. If g is a C?%-map of a nonempty open set of R™ into
R», m=n, then for at least one ¢ER*, the inverse image g—(c) con-
tains a Ce-diffeomorph in R™ of an (m —n)-ball.

A second proof of the theorem, due to a referee, deduces it from
Smale’s theorem for the case of index 0, by local projections. The
method of projections, however, reveals less of the fine structure of
the critical image than does the direct method of the original proof.
I am grateful to the referee for pointing out that the theory of cotypes
applies to Banach manifolds rather than merely to Hilbert manifolds
as in my original paper.

A third proof of the theorem deduces it from an unpublished
theorem of F. Quinn’s, in which the map is allowed to be sigmaproper,
left Fredholm [6], and the critical imadge is shown to be of suitable
conullity.
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