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We prove here the following theorem. We shall assume throughout 
that the semigroups we consider are commutative and Hausdorff and 
that they have an identity (this last restriction can be relaxed in some 
places). By a semicharacter of a semigroup G we shall mean a nonzero 
continuous homomorphism of G into the set of complex numbers with 
absolute value less than or equal to 1. The product of any two semi-
characters of G is not identically zero (since G has an identity) and is 
therefore a semicharacter. For any semigroup G we shall denote by 
ô the set of all semicharacters of G and by G* the subset of those 
semicharacters whose absolute value at any point is either 0 or 1. 

THEOREM. If G is a compact semigroup such that G* separates the 
points of G, then any subset A of G* which separates the points of G, 
which contains the unit semicharacter and which is closed under multi
plication and under complex conjugation has to be the whole of G*. 

As immediate consequences we derive the known theorem on the 
duality of discrete semigroups which are unions of groups [l] and a 
theorem on the extendability of semicharacters on compact subsemi-
groups of a topological semigroup to the whole semigroup. Some other 
consequences of the theorem will be discussed elsewhere by us. We 
may remark that a similar theorem was announced as a footnote by 
Schwarz in [3] with ô replacing G* in the above, but it must have 
been imprecisely stated because it seems to be false for the semigroup 
G = [0, 1 ] with the usual multiplication and usual topology. 

PROOF OF THE THEOREM. The set of all finite linear combinations 
of members of A is a separating subalgebra closed under conjugation 
and containing constants, in the algebra C(G) of all continuous com
plex valued functions on G and is therefore uniformly dense in C(G) 
by the Stone-Weierstrass theorem. Thus for every member a of G*, 
there are distinct members OJI, a2, • • • , ak in A and complex constants 
c\y c2, • • • , ck such that \\a— ]C?-i c«a*||oo<l« If G were a group, a 
simple argument involving integration with respect to the normalized 
Haar measure on G would show that a=ai for some i and in particu
lar, a £ 4 . In the case of a semigroup G we shall apply this argument 
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to a suitable subgroup Ge of G to conclude that ce == ce» on G€ for some i. 
Then an analysis of the generating idempotents of G lying below the 
one which corresponds to ce will complete the proof that ce = ce» on the 
whole of G. 

Let ce£G*, and let e = e(a) be the generating idempotent corre
sponding to ce, that is, e is the smallest idempotent in the compact 
subsemigroup H= {x: \a(x) \ = 1} . We may remark that the comple
ment G~H, in this case, is the vanishing ideal N(a) of ce, namely 
G~H— {x:a(x) = 0 } and the statement that the idempotent e is 
generating means, for our purposes, that the semigroup H (which is 
of course closed) is open in G, since the complement G~H is closed. 
Let Ge be the maximal group in H containing e. I t is well known that 
HeCGe and every semicharacter \j/ on H with absolute value 1 every
where is uniquely determined by its restriction </> to Ge and in fact, 
\l/(a) =<l)(ae) for all &£.ff. 

Choose distinct members cei, ce2, • • • , ak in A and complex numbers 
Cu C2, • • • , Ck such that ||ce— ]C*-i £röu||oo<l. If ^X is the normalized 
Haar measure on Ge, then for any two characters ^, y\ of G6 we have 
f\l/rjd\ = l or 0 according as if—t] or xf/^rj. Hence, if ce| Ge^a^ Ge for 
any it then dropping those i's for which ce*| G e =0 and grouping to
gether those Ci s for which cet| Ge are identical, we shall have 

1> f U - Ew\2d\ = l + s|c<|2, 
J Ge I *=1 J 

which is clearly impossible. Hence ce coincides with ce* on G<?, for some 
i and then by our earlier observation, a=ai on H. In other words, if 
ae denotes the semicharacter which is equal to 1 on ff and is equal to 
0 on G~H> then a=aiae. We shall show that aeÇzA ; it will follow that 
ce itself belongs to A. 

Suppose dedizA. In particular then, ae is not the unit character and 
consequently e is not the smallest idempotent in G. If u is any idem-
potent of G with u<e (that is, ue = U7ée)} then there exists a member 
\p of A which separates u and e, and by replacing %p by ^ $ , we may 
assume that \p takes only the values 0 and 1. Then the idempotent 
v=v(\p) will satisfy v<e and v^u. Thus for every idempotent u in G 
with w<e, there exists a generating idempotent v—v(\p) for some 
^ £ 4 such that v<e and fl ^ . This shows that if E denotes the set of 
all generating idempotents v<e such that v=v(\p) for some ^ £ - 4 , then 
£ = sup{z>: Z J £ E } . On the other hand, E is directed for the relation 
^ (since A is closed under multiplication) and has the property that 
for every u in E there exists &v in E such that v%u. An easy Heine-
Borel argument shows that an idempotent which is the supremum of 
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any directed family of generating idempotents with the above prop
erty cannot be a generating idempotent. This contradiction shows 
thatceeG-4. 

COROLLARY 1. Let G be a discrete semigroup which is a union of 
groups. Then G is isomorphic to its second dual <5A under the natural 
mapping which takes each point x of G to the evaluation map #A atx. 

PROOF. A S is well known [2], a simple consideration of the idem
potents of G shows that the set Ô of all nonzero semicharacters of G 
separates the points of G. This means that the map x—»#A is 1-1. ô is 
a compact semigroup for the dual topology and the image of G under 
the above map is a family A of semicharacters on ô satisfying the 
hypothesis of the main theorem. Therefore A = (ô)*. But since G is a 
union of groups, so is G and in particular every semicharacter of ô 
has absolute value either 0 or 1 at every point. Consequently, 
A = (Ô)* = <?A. Since ô is compact, (($)* and therefore also ($A will be 
discrete in the dual topology [l, p. 247]. 

COROLLARY 2. Let G be any commutative topological semigroup such 
that G* separates the points of G. Then, if H is any compact subsemi
group of G, every semicharacter of H has an extension to a semicharacter 
ofG. 

PROOF. The family of restrictions of the members of G* to H coin
cides with H* by the main theorem» The proof will be complete if we 
show that every semicharacter of H belongs to H*. I t suffices in turn 
to show that each point x of H belongs to some subgroup contained 
in # . But if Hx={y£H: \a(y)\ = | a ( t f ) | for all a&H*} then Hx is a 
closed subsemigroup of H containing x1 which is further cancellative 
because H* separates points; consequently Hx is a group. 

We state as a separate proposition the following fact contained in 
the concluding part of the above proof. 

PROPOSITION. If His a compact semigroup with identity such that H* 
separates the points of H, then H is a union of groups, and consequently 
Ê = H*. 
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