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BY PETER HILTON AND JOSEPH ROITBERG
Communicated by E. H. Brown, Jr., May 6, 1968

In this note we construct two principal S*-bundles whose total
spaces E,, Eg are closed smooth manifolds having the properties

(i) E., Es are of different homotopy types, E,5¢Eg;

(ii) E«XS% EgXS® are diffeomorphic.
The method of construction is a modified dual of that employed in
[1] to demonstrate the failure of wedge-cancellation.

Let a, bE®.(S?%), let B be the classifying space for S%, and let «, 8
Emn1(B) be the elements corresponding to a, b respectively. Let
Ta: Ee—>S"H, 51 Eg—S*+1 be the bundle projections induced by! ¢, 8.

THEOREM 1. E.~FEg if and only if B= t o (equivalently, b= +a).

Proor. Sufficiency is obvious, so we suppose E,~Fy and seek to
prove 3= +oa. If n=2, the assertion is trivial. Now there are cell-
decompositions

E, = §3\U, ert1 U entd, Eg = S3\Up ertt U ent,

Thus if #=3, ¢ and b are integers and H;3(E,) =Z |4, Hs(Eg) =2Z sy,
whence |a] =|b|. We assume now that n=4 and let h: Ex~~E;. We
may suppose h(S)CS* and then h|S® is of degree +1. From the
exact homotopy sequence we infer that & induces an isomorphism
Tni1(Ea, S®) =, 11(Eg, S?); these groups are cyclic infinite, generated
by %4, i say, so that hx(i.) = +145. We have a commutative square

h
Tas1(Bay S?) = Tas1(Ep, 5%
lo 1o
(S = m.(S?)
where the bottom isomorphism is multiplication by +1, 3(¢,) =a,
9d(4g) =b. Thus £b=taorfB=ta.

Let E,s—E. be induced from 75 by 7a: E,.—S"t, and let Eg—Eg
be defined similarly.

THEOREM 2. E,s=FEg,. Moreover, E,5 is equivalent to E,XS® if
B o me=0 and Es. is equivalent to EgX S® if a0 mg=0.

1 Here and later we deliberately confuse maps and homotopy classes.
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Thus it remains to choose «,8 so that Bo7,=0, aows=0, and
B +a. We now assume n= 4.
We construct the Puppe sequence for the inclusion S% % E,, namely,

shebrhas. ..,
where ¥V =S7*+1Ue+4, Plainly w,=gq o p for ¢: Y-S+, so that
= a0me = ®0gO0pP,
whence
aog = dowu, forsomed:S*— B.

We have the ‘fibration’

h e
S”—S*— B,
where & is the Hopf map and e generates w4(B)=2Z. Then, since Y is
a double suspension,
#=~hov+ u, forsomev:¥V —.S57,

where #’ is a suspension. Moreover, d =me for some integer m and,
for any integer s,

=D,

seoh =

where [ , ] denotes the Whitehead product. Thus, for any integer I,
laoqg =1Il(aogq), sinceqisa suspension
= l(dou)
=l dohov+dou)
=doholv+Ildow, since isa suspension.
On the other hand

ldou =Imeohov+ldow
_lm(lm— 1)
h 2

Now 12 [e, e] =0. Thus if we choose I so that lv=0 and /=0 (mod 24),
then

le,e]lov + ldo .

laog=1ldow =ldou.
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But then la o7, =laeo go p=0. Now we have an exact sequence
Tata(S7) = (Y, 87) — m011(S7);

thus if 7 is the exponent of 7,4.4(S7) and 7, is the exponent of 7,41(S7)
we may take

lo = l.c.m.(rlrg, 24)
and we have
THEOREM 3. If ly| l and B =la, then § 0 7. =0.

Naturally we may interchange the roles of a,8 here; I, remains
unchanged. We take # =17; then m7(S%) = Zs, (see [2]) and we choose
aEm1(S?) of order 5. From [2] we see that r, =24, 7, =504, so we may
certainly choose I so that lo|! and /=2 mod 5. Thus if 8=2a, B0 7.
=0. But then b =2a¢ is of order 5 and ¢ =3b, and we may choose [ so
that lol ! and /=3 mod 5. Thus we also have o 0 m3=0. On the other
hand 8# +a, so that we have constructed the promised example, in
which E,, Eg are principal S*-bundles over S8,
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