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1. Introduction. Let L!(R) denote the space of all complex valued
functions on the real line R which are integrable on R in the sense of
Lebesgue. It is well known that L!(R) forms a Banach algebra where
the multiplication is defined by convolution; that is,

frg@ = [ fgt — nat

and the norm of an element is defined by ||f|| =f|f(#)| d¢. In [4] Rudin
showed that every function in L1(R) is the convolution of two other
functions. In other words, every element of the convolution algebra
L'Y(R) can be factored in L!(R), although this algebra lacks a unit.
Subsequently, Cohen [1] observed that the essential ingredient in
Rudin’s argument is that L1(R) has an approximate unit in the sense
of the following definition.

DEFINITION. A Banach algebra B is said to have an approximate
unit if there exists a real number C=1 and a collection {ex: XEA}
of elements of B, where the index set A is a directed set, such that the
following two conditions are satisfied: ||e\|| =C, for each N\, and
lim exx =1lim xe\ =z, for each x €B. Cohen went on to prove that the
factorization theorem still holds in any Banach algebra with approxi-
mate unit.

The results in this note stem from the observation that multiple
factorization occurs in the sup-norm algebra Cy(R), the space of all
complex valued continuous functions on R that vanish at infinity;
that is, if fi, fo, * + +, fa are functions in Co(R) and 6>0, then there
exist functions g, A, hs, * ¢+, by in Co(R) such that

(1.1)  fi=gh and |fi—hi <8 G=1,2---,40).
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Similar results are known for other Banach algebras. For example,
Rudin [4, p. 111] showed that each countable collection of elements
in the algebra L!(R) has a common divisor. Thus, the problem under
consideration is the following: Does multiple factorization as given
by (1.1) occur in a general setting? The answer is that in every com-
mutative semisimple Banach algebra with approximate unit multiple
factorization occurs, and furthermore, the converse is true; that is,
if multiple factorization as given by (1.1) holds for a commutative
semisimple Banach algebra B, then B has an approximate unit. Our
main result is the following

THEOREM 1.1. Let B be a commutative semisimple Banach algebra
and let C2 1. Then the following statements are equivalent:
(1) If Z is a totally bounded subset of B and 6> 0, then there exists an
element x in B, ||x|| < C, and a subset ¥ of B such that
@@ Z==xY%,
(b) [[xy—sll <8 GED),
(c) Y is contained in the closed ideal gemerated by Z,
(d) the mapping y—x -y is a homeomorphism of ¥ onto Z.
(2) If Z is a finite subset of B and 8> 0, then there exists an element x
in B, ||x|| £ C, and a subset Y of B such that
(@) Z=x-Y,
and
(o) [|-y—3][<s GED).
(3) B has an approximate unit that is uniformly bounded by C.

2. Notation. Let B’ be the Banach algebra obtained by formally
adjoining the unit e to the commutative semisimple Banach algebra
B, let Mp: be the maximal ideal space of B’, and let £ be the Gelfand
transform of an element x in B’. (For definitions and concepts we
refer the reader to [3].)

3. Proof of Theorem 1.1, We first need two preliminary results.

LemMA 3.1. Let B be a commutative semisimple Banach algebra and
let C=1. If B has an approximate unit that is uniformly bounded by C,
then B has an approximate unit {ex: NEA} such that

(3.1) Retrz |Ima| onMp and|el s C
for each .
Proor. For a proof, see [5].

LeEMMA 3.2. Let B be a commutative semisimple Banach algebra and
let C=1. Let ey, €5, * * + , €41 e elements in B such that ||ex]| < C and
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Re 2,20 on Mp., and let 0<N<1/4C. Then the elements x1, %3, * * * ,
Xni1 n B’ defined by x,= Y 5., N(1=N)*1e,+(1—\)%e are regular.
Moreover, if the inequalities

(3.2) llex — envaei] < )\/”xZIH
hold for k=1, 2, - - -, n, then there exists an element V.41 in B’ such that
(3.3) x:,,l_l = + (6 = eny)Vny1 and ||yay]] S ”ac:lﬂ2

Proor. Due to the fact that |#,| >0 on Mz, we see that the ele-
ments X3, X2, + * * , ¥s41 are regular. Now assume that the inequalities
given by (3.2) hold. Let g=(1—A\)*[(1—\)e+Neats1]. It is clear that
g1 exists, [Ig““ <2(1—=N)~", and that g~'=(1—N\)""e+Nle—ens1)g".
Set

n -1

h=letzg —(1=N"g ]
n —1 —1

=N et (=N AN = N e — enpaen).

kel

It follows from (3.2) that 4! exists and that the norm

34 157 = 2a = V=)
This fact and the identity

A =) (e - e,..,.l)x;lg_l = — &, ! + 1 - )\)"x;lg_l
imply that

x;-ll—l =[tatg—(1— 7\)1‘3]‘1 = :)(:;lh—.loc,,g—1

= x:lhﬁl[h —e+1=N"¢"]

= x;l + (e — ear) N1 — )\)"x;.—lg—lh-l].

Set yup=AN1—MN)"; gkt It follows from (3.4) that |ya
<||#:||# and our proof is complete.

Proor oF THEOREM 1.1. It is clear that (1) implies (2). We now
wish to show that (2) implies (3).

Suppose (2) holds and that § is the family of all finite subsets of B.
Let A be the directed set defined by

A = {(Z,n): Z €, n a positive integer}
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under the usual partial ordering; that is (Z1, 71) < (Z;, n,) if, and only
if, ZyCZ, and nySn,. For each N\=(Z, n) EA we may choose, by
virtue of (2), an element e in B, ||e\]| = C, and a finite subset Y of
B such that

(a) Z=e\: Y)\’

() lley—sll <1/n GETY).

Now, for arbitrary 2& B and €>0, choose A\ = ({z} , n), where C/n<e.
Then for A=)\, there is a y& V) such that

lleaz — 2| = ||ex(esy — 9)|| < C/n < e.

In other words, lim exz=2z for every z&B. Hence (2) implies (3).

To complete the proof, we need to show that (3) implies (1). Let Z
be a totally bounded subset of B, 0 <A<%C, and 0<d<1. We shall
define by induction a sequence of elements e, e,, €3, - - - in B that is
uniformly bounded by C so that if

3.5) Tn =Z” A1 =Nl 4 (1 — A)re,
k=1

then x; ! exists and satisfies

(3.6) Hx;lz - lez” <8/?", ”x:lz — 4| <8/4 (€ 2).
Due to the fact Z is totally bounded, we have a finite subset F; of Z
such that

sup{int{||z — y||: » € Fi}: 2 € Z} < 3/16.

Therefore, by virtue of Lemma 3.1, there exists an element e, in B,
||led] = C, such that Re 6,20 on Mz and that ||ey—y|| <8/4, yE Fr.
It is easy to see that x; satisfies (3.6). Suppose that the elements
e1, e, + - -, €, have been chosen in B such that [|ex]| < C and Re 8,20
on Mp: and such that x, satisfies (3.6). There exists, as before, a finite
subset F,41 of Z such that

@7 suplin{f|s — 3]y € Fars}:2 € 2} < >\-6/2”“][:)::',.-1“2

and therefore, by virtue of Lemma 3.1, there exists an element e,41
in B, ||est1|| < C, such that Re 8,4120 on M,

(3.8) “81.,.'.18]; - ek” < X/“x;.l” (k = 13 2’ v ’n)’

and
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(39 lenry = sll < 832" ” (9 € Fus).

According to Lemma 3.2, x,}, exists and that

-1 -1
(3.10) Tnt1 — ¥n = (€ — €nt1)V¥nt1,

where the norm || y,,.,.;” é”x; 1”2. By combining (3.7), (3.9), and (3.10)
we see that (3.6) holds and therefore our induction is complete. The

elements x,"1z form a Cauchy sequence in B for each element z in Z.
Therefore set

Y = {y =lim lez: 5€2} and x= ) A1 — )\)k-lek.
k=1
Since x;'z—y uniformly on Z, we see that conditions (la), (ic),
and (1d) follow directly from the definitions of ¥ and Y. To see that
(1b) holds, we observe that the inequalities

ey = ol < llay — %2 Gp)]| + Z [|a(ay) — &5 (ap)|

+ [lan (@) — 5] <8

hold for each y in ¥ for the appropriate choice of #. Hence our proof
is complete.

4. A variant of Theorem 1.1, Let X be a Banach space, let ® be a
commutative semisimple Banach algebra of bounded operators in
the Banach space X, and let 8X = { T(x): TE®, xEX}. If ® has an
approximate unit {E;.: )\EA}, then B@X = {xEX : lim Ex(x) =x}
and therefore ®X is a closed subspace of X (see [2, p. 172]). We will
now state a variant of Theorem 1.1 that extends a result due to
P. Curtis and A. Figd-Talamanca [2, p. 171].

THEOREM 4.1. Let X, ®, and ®X be defined as in the above paragraph
and let ® have an approximate unit. If Z is a totally bounded subset of
®X and 6>0, then there exists an operator T in B and a subset Y of
®X such that

(1) Z=7(1),

@ [[Te)-sl<s GED),

(3) T is a homeomorphism of Y onto Z.

Proo¥. The proof is similar to the argument given for Theorem 1.1.

Added in proof. Professor K. W. Schrader has observed that a
slight modification of the proof of Lemma 3.2 will yield a result which
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allows the proof given for Theorem 1.1 to hold for an arbitrary
Banach algebra and left approximate unit.

REFERENCES

1. P. Cohen, Factorization in group algebras, Duke Math. J. 26 (1959), 199-206.

2, P. Curtis and A. Figd-Talamanca, “Factorization theorems for Banach al-
gebras” in Function algebras, edited by F. T. Birtel, Scott Foresman and Co., Chicago,
IlL., 1966, pp. 169-185.

3. C. Rickart, General theory of Banach algebras, Van Nostrand, Princeton, N.]J.,
1960.

4, W. Rudin, Representations of functions by convolutions, J. Math. Mech. 7
(1958), 103-115.

5. D. Taylor, A gemeralized Fatou theorem for Banach algebras, Pacific J. Math.
(to appear).

UNIVERSITY OF MISSOURI



