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Let A be a closed, densely defined operator in a Banach space X.
There are several definitions of the “essential” spectrum of A4 (cf.
[1], [2]). According to Wolf [3], [4] it is the complement in the com-
plex plane of the ®-set of 4. The ®-set 4 of 4 is the set of points A
for which

(a) a4 —X\), the dimension of the null space of 4 —A], is finite

(b) R(4 —N\), the range of 4 —\, is closed

(c) B(4 —N), the codimension of R(4 —X\), is finite.

We denote the essential spectrum according to this definition by
0ow(A). The set g.m(4), as defined in [1], [2] is obtained by adding
t0 0. (A4) those points N for which a(4 —\) #B(4 —N\). It is the largest
subset of ¢ (4) which remains invariant under compact perturbations.
Finally, to obtain the set o,(4), which is the essential spectrum ac-
cording to Browder [5], we add to gen(A4) those points of ¢(4) which
are not isolated.

Interest in the sets 6.,(4), 0.n(4), 04(A4) is centered about the fact
that they remain invariant under certain perturbations of 4. In par-
ticular one has

THEOREM 1. Lel A and B be closed densely defined operators in X. If
MEp(A)Np(B) and (A —No)~1— (B—No)~L is a compact operator in X,
then

(1) dew(4) = oou(B)

and

@ Tem(A4) = oen(B).

Moreover, if the complement Caem(A) of Gem (A) is connected, then
3) oa(4) = oa(B).

This theorem was proved in [2] under the additional assumption
that D(B)2D(4). For selfadjoint operators the basic idea was em-
ployed by Birman [6], Wolf [4] and Rejto [7].
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We shall apply Theorem 1 to the situation of an elliptic operator
perturbed by a potential. Let

“@ A(x, D) = 2. Dra,(x)D’
el lvlsr

be a uniformly strongly elliptic operator of order 27 defined in the
whole of n-dimensional Euclidean space E*. Here u=(u1, * * *, Ma),
v=(, - -+, ¥,) are multi-indices of nonnegative integers, [,u|
=uy+ - - ¢ Fpn, DE=(—1) #1311 /Qxht - - . Jxkn. The coefficients a,,(x)
are to have bounded derivatives of all orders <max(|u|, |»|) in Er
and for |p| =|»| =r the a,(x) are to be uniformly continuous in E*.
By uniform strong ellipticity we mean that there is a constant Co>0
such that

Re X a,(@)&e 2 Col £|r
lul=l»|=r

for real vectors £= (&, + + -, &) and all xEE", where lél T=f£24 ...
+E, =t - B

Let A, be the operator 4 (x, D) acting on the set Cy of infinitely
differentiable functions with compact supports. We shall see that
there is an extension of 4, containing a half plane in its resolvent set.

Let 4 be a densely defined linear operator in a Hilbert space H.
According to Kato [8] it is called regularly accretive if there is a bi-
linear form a(u, v) such that

(1) D(@)=2D(4)

(2) Rea is closed, and there is a constant y >0 such that

(5) Re a(u, u) = 'y[ Im a(u, u) I for u € D(a)
(3) For u&D(a) and fEH one has
(6) a(u, ) = (f,v) forallv € D(a)

if and only if u&D(A4) and Au=f.

We call a(%, v) a bilinear form if it is linear in # and conjugate
linear in ». We write a¢(«) in place of a(%, #) and call a(x, v) closed if
u, ED(a), un,—u in H and a(u,—un,)—0 imply that «ED(e) and
a(u,)—a(u). It is called preclosed if u,ED(a), #,—0, a(tp—un)—0
imply a(u,)—0. It is easily seen that a preclosed nonnegative sym-
metric form has a closure (cf. [9]). The real and imaginary parts of
a bilinear form are defined as

Re a(u, v) = i[a(u, v) + a(v, w)]; Im a(u,v) = 2i [a(n, v) — a(v, w)].
i



1967] ELLIPTIC PARTIAL DIFFERENTIAL EQUATIONS 569

One can show easily that the bilinear form corresponding to a regu-
larly accretive operator is unique. Let 4 be a regularly accretive ex-
tension of an operator 4. We shall call 4 minimal if for any regularly
accretive extension 4’ of 4, we have

(i) D(a)ED(a"),

(i) o' (u, v) =a(u, v), u, vED(a),
where @ and @’ are the bilinear forms corresponding to 4 and 4’,
respectively.

The following theorem is basic in our study and answers a question
raised by Kato [8].

THEOREM 2. Let A be a densely defined linear operator in H. Then o
necessary and sufficient condition that Ao have a regularly accretive ex-
tension is that

(7 Re(Adou, u) = v| Im(Adou, )| u E D(Ay)

holds for some constant v>0. Moreover, there is a minimal extension
which satisfies (7) with the same constant v.

Returning to our operator A4 (x, D) we wish to determine conditions
on a function g(x) so that A,+¢-+N\ has a regularly accretive exten-
sion. We formulate our conditions in terms of the following expres-
sions (compare [10]). We define

M.,(q) = sup I q() I”I x — yl“dy —n<a<0
X lz—yl<1
1
=Squ |q(y)|"(1+10g———~—>dy a=0
x lz—yl<1 | X = 3’]
= sup lq)|rdy  a>0
X lz—yl<1

We let M,,, be the set of functions ¢ for which M, ,(q) < .
For any function h(x) we set ht(x)=max[0, k(x)] and A (x)
=min [0, 2(x)]. Employing Theorem 2, we have

THEOREM 3. Assume that Im qE Ma,_,,1 and that (Re q)~ & M, for
some a satisfying —n <a<2r—mn. Then there is a No>0 such that A,
+g-+N\ has a regularly accretive extension for each N> N\o.

We now apply Theorem 1 to obtain

THEOREM 4. Let q satisfy the hypotheses of Theorem 3 and, in addi-
tion, assume that (Re ¢)*E Mg, B<4r—mn, and
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(8) ﬁz_wﬂlq(y)ldy-——)o as | 2| = .

Let A and B be the minimal regularly accretive extensions of Ao+\ and
Ao+g+N, respectively, \>No. Then (1) and (2) hold. If Com(A) is
connected, then (3) holds.

COROLLARY 5. If Im ¢& My, 1, Re gE My ,1 and (8) holds, then the
conclusions of Theorems 3 and 4 hold.

Next we assume that there are constants a,, such that for each
wv, ul, |y =7,

(9) f Ia’l"‘(y)_anvldy"*o aSlxl'—-)OO,
lz—y1<1

We set
A(w, D)= 3. Dra,D’

lul,lvlsr

and let 4, be the minimal operator of A(«, D), i.e., the closure in
L2 of A(x, D) defined on Cy. The spectrum of 4,4\ is easily com-
puted via Fourier transforms and consists of the set Ry of those com-
plex 7 for which there is a real vector £ satisfying > iu1.is sr @uwE*E+X
=17. Moreover, if 7 is in ¢(4.), then the range of 4., —7 is not closed
in L2 Hence we have

10 Tow(Aw) = oem(Aw) = da(Ads) = 0(4w) = Ro.

We can now state

THEOREM 6. If (9) kolds as well as the assumptions of Theorems 3
and 4, we have

(11) oew(B) = gem(B) = Ry,

where B 1s the minimal regularly accretive extension of Ao+q-+N\. If
CR) s connected, we have

(12) oa(B) = Ry

as well.

In the next two theorems we consider the perturbation of 4 (x, D)
by another operator of the same form

C(x, D) = D, D+Cy(x)Dr.

lul, 12l <7



1967] ELLIPTIC PARTIAL DIFFERENTIAL EQUATIONS 571

We assume that D#(C,u) EL2 for uE Cy and let Cy denote the oper-
ator C(x, D) with domain Cy. We let M_, » denote the set of essen-
tially bounded functions and take « to satisfy 2r—n—2<a<2r—mn.
We make two sets of assumptions

H1. (@) (Re Cu) " EMezja for I,ul #7r,
(Re Cu)==0 for |u| =7
(b) For us£v

Cus(x) + -Cm(x) = Z1ur(%) h1» (%)

where
21(®) € Mo suionty han(®) € Macaine | v] =7
Gur() € Moaursy, hu(®) €E Mg, || =7, |v| =7
Zur(®) =0 Ipl = lv =7
(©) Cuwr(®) — Coulx) = Zowr (%) gy ()
where

gz;n(x) & M2r—2lu|—n.2, h2uv(x) - M2r-—2lrl—-n.2

H2. (@) (Re Cu)*EMp g1, B<4r—n
(b) Sie-si<t| Cw()|dy—0 as |x| oo,

THEOREM 7. Under assumpiions H1 there is a No>0 such that
Ao+ Co+N\ has a regularly accretive extension for each N> \o.

TaeEOREM 8. Under assumptions H1 and H2, we have
(13) oow(E) = oeu(4), oom(E) = aen(4),

where E is the minimal regularly accretive extension of Ao+ Co+N. If
Co.m(4) is connected, then o4(E) =04(4). If (9) holds, then

(14) oew(E) = o'em(E) = Rx.
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Introduction. In this note we summarize the main results of a
paper, Representations of uniformly hyperfinite algebras and their asso-
ciated von Neumann rings, which will be published elsewhere.

A uniformly hyperfinite (UHF) algebra of class {n.} is a C*-
algebra, A, which contains an increasing sequence of factors,
MiCM.C - - - CH,of types, (In,), (I.y), - - - ,such that ¥ is the norm
closure of U,2; M. It is always assumed that the integers, #,—« as
i— . UHF algebras have been defined and studied by Glimm [2].

If II is a *-representation of a UHF algebra, %, on a Hilbert space,
then the von Neumann ring, R= {I[(%) }”’, generated by the represen-
tation algebra, II(¥), has the property that R is the strong closure of
an increasing sequence of type (I,) factors. Von Neumann rings with
this property will be called hyperfinite rings. It is clear that every



