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In this note we shall prove (cf. definitions in [2]) the following 

THEOREM. Let G/H be a simply connected normal Riemannian homo­
geneous space of rank 1 such that every point Q conjugate to Po = w(H) 
(w is the natural projection) is isotropically conjugate to P0; then G/H 
is homeomorphic to a Riemannian symmetric space of rank 1. 

1. Preliminaries. M. Berger [ l ] has classified the simply connected 
normal Riemannian homogeneous spaces of rank 1, and with the ex­
ception of two, viz, Sp(2)/SU(2) and SU(5)/(Sp(2)XT) all are homeo­
morphic to a Riemannian symmetric space of rank 1. To prove the 
theorem it therefore suffices to exhibit in each of the spaces 
Sp(2)/SU(2), SU(5)/(Sp(2)XT) a conjugate point of PQ = T(H) a t 
which no isotropic Jacobi field vanishes. (A Jacobi field along a geo­
desic a(s) (<r(0) = Po) is isotropic, if it is induded by a 1-parameter sub­
group of H. A point a t which at least one isotropic Jacobi field van­
ishes is said to be isotropically conjugate to Po.) Furthermore, since 
the zeros (if they exist) of an isotropic Jacobi field occur only at 
integral multiples of a fixed real number (Lemma 1 of [2]), it suffices 
to exhibit in each case a Jacobi field along a geodesic emanating from 
Po, vanishing for s = a and not for s = 2a (5 = arc length along the 
geodesic), such that no Jacobi field with periodic zeros vanishes for 
s = a. In [2] we exhibited the desired Jacobi field for the space 
Sp(2)/SU(2); and we now do the same for the second example. 

The equations we will solve will read as: 

(1) d*Va/ds* + (Qa, [X, Qfi]Xdw/ds) + (Qa, [[X, &]*, X]>^ = 0, 

a, j3 (repeated indices summed) = 1, • • • , n — dim G/H. In equation 
(1), 5 denotes arc length along the geodesic, ( , ) the inner product on 
g = !j)+m, m = |)x, Qa an orthonormal basis of m, and X £ m the initial 
unit velocity vector of the geodesic—as usual m is identified with the 
tangent space of P0 = T(H) [3]. [ , ] is the Lie multiplication in g, 
and [ , ]& its projection onto Ï). We note that the matrices 

(2) 2>(X) = (Qa, [X, &]>, 

(3) Ka?(\) = (Qa, [[X, Qjj, X]) 
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are respectively skew-symmetric and symmetric [2]. 
Equation (1) is Jacobi's equation of geodesic deviation written in 

the canonical connection (of the second kind [3])—which has the 
same geodesies as the metric connection—and with respect to an 
orthonormal frame {£<*($)} along the geodesic such that : (i) £«(0) 
= 0«, a = l , • • • , ny and (ii) for each ce, the field ea(s) is parallel in 
the canonical connection [2]. The vanishing of the covariant deriva­
tives of the torsion and curvature tensors of the canonical connection 
guarantees that the coefficients are constant. For the Riemannian 
symmetric case, where the metric and the canonical connections co­
incide, see [4]. 

We now turn to the space SU(5)/(Sp(2)XT). 

2. Proof of the theorem. We first calculate the coefficients of 
Jacobi's equation with respect to the Lie algebra couple (A4, C2®R). 
Let Eju be the matrix with a 1 in the j t h row and &th column and 0 
elsewhere: £,& = (ô/A*). Then, setting 

i2 = — 1, Ajk = (E33 ~~ Ekk), Bjk = Ejk — Ekj, Cjk ~ i(Ejk + Ekj) 

we have 

[Arj, Au] = 

[Arj, Bki] = 

[Ar3, Chl] -

[Brj, Bkl] = 

[Brj, Bkl] = 

[Crj, del] = 

= — ÔrkBrk + hrlBrl + ÔjkBjk — ÔjiBji, 

= ÔrkCrl — àrlCrk ~ ÔjkCjl + ÔjiCjk, 

- — ÔrkBri — ÔrlBrk + ÔjkBji + ÔjiBjk, 

= ÔjkBrl ~ ÔjlBrk — àrkBji + ÔrlBjk, 

= àjiCrk + àjkCrl ~ àrlCjk ~~ ÔrlCjl, 

= — ÔjkBri — ÔjlBrk — ÔrkBjl — ÔrlBjk. 

Furthermore, setting (Xy F}= — | trace (X, F), X, FEi44 , we obtain 
an orthogonal decomposition for the couple (A4, C2ÇBR): 

Si = A i2\ S2 = Bu', S$ = Biz) SA = (Biz — 2?24)/21/2; 

5 6 = (C13 + C 2 4 ) /2^ , 

St = {.Bu + Bn)/2^; S7 = (C14 - C28)/21/2; S8 = i l M ; S» = Bu; 

51 0 = C84; Sa = 2(AU - A12/2)/3^, 

Q1 = 31'M«/2W« _ 4 l 4 / 6 i / 2 _ ^ u / ó 1 ' 2 ; Q, = (fi18 + Bu)/2"*; 

Qz = (C13 - CM)/21 '8; Q4 = (£14 - Bn)/2W; Q6 - (C14 + C23)/2^; 

Çs = -Bisj Qi — C15; Çg = Bu; Qi = C25; Q10 = Bu; Q11 — C35, 

QIÎ = •#«» Qi8 = C46 
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where Su • • • , Sn, span C2ÇBR, and (?i, • • • , Q13 span m = (C2©^) x . 
We let a be the geodesic emanating from P 0 , given by <r(s) 

= w(exp(sQe)). Then for the torsion terms Ta^(Qû) we have: Tn 
= — T71 = 1/6112; — TJJ.IO = Tio,2 = 2̂ 3,11 = — Tu,9 = — 4̂,12 = ^12,4 — ^Ts.is 
= — ri3,5 = l /2 1 / 2 ; all the rest are zero. For the curvature terms 
K*p(Q(d we have X77 = 4; #88 = ^99 = ^10,10 = 1; #11,11 = #12.12 = #13,13 
= 1/2; all the rest are zero. 

The associated characteristic polynomial of (1) along cr(s) 
= Tr(exp(sQe)) is then calculated to be 

0 = det(*2/ + xT + K) 
= x12(x* + l)b(x2 + 3/2) (x* + 25/6). 

A basis of solutions, 77(5), of (1) satisfying 77(0) = 0 is given by: 

171(5) = ai( l - cos(5V61/2)) + a%(20(6l'*)s + s in^ /ó 1 ' 2 ) ) , 

172(5) = «3(1 - COSC31/V21/2)) + cuft1'** + sin(31/V21/2)), 

973(5) = OJ5(1 — cos 5) + a*(s + sin 5), 

174(5) = «7(1 ~ cos s) + as(s + sin s), 

775(5) = ag(l — cos s) + aio(s + sin 5), 

170(5) = ans, 

177(5) = - Sa1sin(55/61/2) + 5«i(l - cos^ /ó 1 ' 2 ) ) , 

178(5) = ai2 sin 5, 

179(5) = «i3 sin 5, 

1710(5) = 31/2a8sin(31/25/21/2) - 31'2<x4(l - c o s ^ ' V ^ ' 2 ) ) , 

1711W = - 21>2a6sin5+ 21>2a6(l - cos 5), 

1712(5) = 21/2a7sin5 - 21/2a8(l — cos 5), 

1713(5) = - 21 '2a9sin5 + 21/2aio(l - cos 5). 

Now, as we shall show (cf. Remark), the subspace of the isotropic 
Jacobi fields along 7r(exp(5, Qe)) are spanned by the solutions ak = ôjk, 
j = 1, 3, 7, 12. Furthermore there exist a5, OJ6 such that a^a^O and the 
solution 17(5; 0, • • • , 0, oj6, a6, 0, • • • , 0) of (1) has zeros. The values, 
a, of 5 for which 77(5) = 0 are the zeros a of the determinant 

I 1 — cos 5 5 + sin 5 I 

I —sin 5 1 — cos 5 I 

=ƒ(5) = 2 (1 — cos 5) + 5 • sin 5 such that a T*2wk where k is any integer. 
Note that / (O) = 0 , f(s)>0, 0 < 5 < T T , ƒ(*•) =4 , / (4?r/3)<0, which im-
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plies there exists a, Tr<a<4ir/3 such that ƒ (a) =0 . The zeros of the 
isotropic Jacobi fields are at 2TT(6)1 /2 /5 , *-, 2TT(2)1/2/31 /2 , 47T(6)1>2/5, 

2TT, and higher value of 5. 6 1 / 2 <5/2 implies (27r/5)61/2<7r; and 
(47r/5)6^2>87r/S>47r/3; and 2 ( 2 ) 1 ' V 3 1 / 2 > 4 T T / 3 , which implies that 
no isotropic Jacobi field vanishes for s = a—and the theorem is 
proven. 

REMARK. Let a(s) =7r(exp(sB)) be a geodesic emanating from P 0 

in a reductive homogeneous space G/H> with Lie algebra decomposi­
tion 8 = ty+m, J3£nt, and let v(s, e) be the isotropic variation of a 
given by v(s, e)=T(exp(eA)) -T(exp(sB)), A£;f). Then 

d(dr(exp eA)-B)/de = [A, B] 

where the above derivative is taken in the vector space m; and 

d(dr(exp eA)-B)/de = &q/ds\9m.o = Drj/ds\8mm0, 

where rj is the induced isotropic Jacobi field of v(s, e), ô/ds is co-variant 
differentiation along <r(s) with respect to the Cartan connection and 
D/ds is covariant differentiation along <r(s) with respect to the 
canonical connection. 

Therefore, in the above example (§2), since 

[3"*Si - Su, Q6] = [St ~ Sh Ç6] = [SA - Sa, Qt] = [S. - S7, Qe] 

= [SB, Qe] = [Sh Q6] = [Sio, Gel = 0, 

the corresponding isotropic variations of 7r(exp(5Ç6)) are all trivial, 
i.e., they leave the geodesic w(exp(sQo)) fixed. The nontrivial isotropic 
variations are generated by the linear span of Si, — (S2+S3)/2, 
--(S4+Sö)/21>2, - ( S 6 + S 7 ) / 2 1 / 2 a n d Ô7j/ds8mm0 is given respectively by 

[Sh Öe] = 07, 

[ - ( S 2 + S 8 ) / 2 i / 2 , e 6 ] = Q 8 , 

[-(S4 + S5V21/2, Qe] =Ö 1 0 , 

h ( S 6 + S 7 ) / 2 i / 2 , Ö 6 ] = e 1 2 

with corresponding constants of integration afc — cySy*, J = l, 12, 3, 7 
respectively, where c3- are constants. 
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