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Nonlinear elliptic differential equations of order m acting in a
space of m dimensions often occupy a special position in more general
theories. In this paper we shall study one aspect of this situation.
The nonlinear problem under consideration will be the variational
approach to eigenvalue problems for nonlinear elliptic partial differential equations as developed by the author in [l], [2], [3], N.
Levinson [8] and F. E. Browder [4]. We shall study nonlinearities
with exponential type growth, thus filling a gap in the earlier work. A
special result applicable in this context, is a theorem of F. John and
L. Nirenberg [6], which allows an extension of the Sobolev Imbedding
Theorem to Orlicz spaces. The author extends hearty thanks to Professors R. Juberg, W. Littman and N. Meyers for helpful suggestions
with this work. This research was partially supported by NSF-GP
2280.
I. Imbedding Sobolev spaces in Orlicz spaces. Let G be a bounded
domain in iV-dimensional real Euclidean space RN. We consider various classes of real-valued functions defined on G and their integrals
with respect to iV-dimensional Lebesgue measure. The Sobolev space
Wm,p(G) consists of all function u(x) in LP(G), whose derivatives (in
the sense of L. Schwartz) up to order m are also in LP(G). W»,p(G)
is the closure in Wm,p(G) of CQ(G). V?P(G) is a Banach space with respect to the norm

M I : * - T,\\i>a4i>.
Suppose <l>(t) is a real-valued, continuous, convex even function of
a real variable such that lim^o <t>(t)/t = Q and lim^» 4>if)/t= oo. Then
the Orlicz class L^G) with respect to the function </>(t) consists of
all functions u(x) such that J a4>(u(x))dx < oo. An Orlicz class can be
made into a Banach space L^(G) by associating with <f>(t) its complementary function 0(f) and defining
||«|| = sup I uvdx,

where
898

I 0(v) dx ^ 1.
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(Functions, differing only on a set of measure 0, are considered equivalent.) The closure of the bounded functions in L**(G) will be denoted E+fjG). If </>(t) is a function of exponential growth, E^{G)
C.L^(G) CI***(G) are proper set inclusions (Krasnoselskii-Rutickii
[7]). A sequence of functions un(x) is mean convergent to u(x) with
respect to the class L^{G) if fo<l>(un—u)—»0 as n—»«>.
A real-valued function u(x) defined on G is said to have bounded
mean oscillation on a bounded cube K0, if /*(#) is integrable over KQ
and there are constants c and ak such that for every parallel subcube
K of edge length R, the following inequality holds
(1)

f | u(x) -Ok\dx£

cRN.

JK

Suppose X and X\ are two topological spaces, then X is imbedded
continuously in Xi if the imbedding operator i, i(y) =y in a continuous one-to-one mapping from X to X\. If i is a compact mapping we
say the imbedding is compact.
A result of John-Nirenberg [6] shows that if u(x) is of bounded
mean oscillation in Co, then «(#)£Z^(Co) for any function <f>(t)
^ [exp(o'0 — 1] for some &'>0. It is also known that when N=mp
any function w(^)GeWm,p(G) belongs to LP(G) for any 1 ^p< oo, but
u(x) is not necessarily in LW{G). The following theorem makes this
point precise (cf. Dubinski [5]).
THEOREM 1 (AN IMBEDDING THEOREM). Let G be a bounded domain
in RN, and suppose N = mp. Then VPm,p(G) can be continuously imbedded in £*(G) [in the sense of mean convergence] for any <t>(t)
gexp(&'0 - 1 {for some V>0). If <j>{t) =fU(x)dx and lim^* (t/f(log t))
= <*>,the imbedding of V?m,p(G) into L^{G) is continuous and compact.

Let K(G) be any bounded cube containing G in RN. Extend
the functions in *WmtP(G) to V?m,p(K(G)) by setting any function
w(x)GeWm,p(G) identically equal to zero outside G. We now show
u(x) regarded as an element in V?m,p(K0(G)) is of bounded mean oscillation on Ko(G). First, by the Sobolev Imbedding Theorem if
u(x)E:^(Ko(G))f
|gradu(x)\ ELN(K0(G)). Thus modifying Lemma
6 of Serrin [ l l ] we obtain
PROOF.

(2)

I | u(x) -uk\dx£

cNR I | grad u(x) \ dx

where K is any subcube parallel to K0(G) with edge length R, CN is
a constant depending only on N, and Uk=R~NfKudx. Applying
Holder's inequality to (2) we obtain, as in Meyers [l0],
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| u(x) - uk | dx g cNRN\\ | grad u(x) \

\\LN(K(Q)).

Thus u(x) is a function of bounded mean oscillation with respect to
K(G) and by the John-Nirenberg Theorem mentioned above u(x)
£ £ * ( G ) where 0 ( 0 gexp(6'/) - 1 for some &'>0.
We next demonstrate the continuity of imbedding of V^mtP(G) into
L^iG). Let un(x) be a sequence of functions converging strongly to
uix) in cWm,p(G). Then by the Sobolev Imbedding Theorem | grad un\
—»| grad u\ strongly in £j\r(G). Thus by equation (3) of [ó]

J

[exp(ô' J u - un | ) - l] dx g JTjr|| | grad(«« - «) | ||o,2V.

G

Hence un—>u in L$(G) with respect to mean convergence.
Finally we demonstrate the compactness of the imbedding *Wm,piG)
-+Li>*iG) with <t*it) =fofis)ds and lime-** (*//(log t)) = oo. To this end
we use results of Krasnoselskii-Rutickii [7] which imply t h a t a set of
functions X in E^ is compact if X is compact in the sense of convergence in measure, and for some Orlicz function #i(0> fG<f>iiu)dx is uniformly bounded for u(x) G Z , where the function <£i(/) has the property
that for all X > 0 , lim^œ (0i(X/)/^(O) = «>. We choose <t>i(t) = exp(fc'*)
— 1 and by the continuity of the imbedding of eWm,p(G) into L^iG)
we conclude t h a t if X is a bounded set in eWm,p(G), fG<l>iiu)dx is uniformly bounded for w £ J . Furthermore w G Z implies Xw(#)<EL</>(G)
for all X > 0 thus w(#)££*(G) where <j>it) =zfofis)ds. Finally an application of Rellich's Lemma shows that X is compact in £ 2 (G) and
thus a fortiori with respect to convergence in measure.
II. A limit case for nonlinear elliptic eigenvalue problems. In
[8], N. Levinson studied the quasi-linear eigenvalue problem:

A« + \fiu) = 0,
u\ea = 0,
where G is a bounded domain in R2 subject to the growth assumption
(4)

fit) log f it) £K

f fis) ds
Jo

for some

K^l

and

t > 0.

In [ l ] , [2] and [4] Levinson's results are extended to eigenvalue
problems for nonlinear elliptic partial differential equations of order
2m, of the form Au=\Bu,
acting on bounded domains in RN. However an exponential growth assumption analogous to (4) was not obtained. In this section we apply Theorem 1 to determine such a
growth assumption for A linear and iV=2m.
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Using the definitions and notation of [l ], we consider the boundary
value problem
Au - X/(«, *) = 0,
D°u \ea = 0,

0 ^ | a | g m - 1,

where A is a formally self ad joint, uniformly elliptic real linear operator of order 2m t h a t satisfies Garding's inequality. We assume
ƒ(/, # ) £ Z ( p i ) , i.e. f(tt x) is a real-valued function defined on R'XG,
jointly continuous in the x and t variables, odd and nondecreasing as
a function of / and bounded above zero for xÇiG and J > 0 with the
exponential condition of growth
t
(6)

lim

=

00.

,_„ /(log /)
(We note that the above growth condition is independent of m and
N.)
Set F(t, x) —fofis, x)ds, we then define
dMR = iu\uE

e

Wm.2(G), ƒ F(u, x) = R \ .

Due to growth assumption (6), we can apply Theorem 1 to conclude
t h a t 8MB is weakly closed in eWm,2(G:).
THEOREM II ( E X I S T E N C E T H E O R E M ) . Let G be any bounded domain
in RN. Suppose N = 2m andf(t, x ) £ Z ( p i ) with the polynomial growth
condition replaced by the exponential growth condition (6). Then the
boundary value problem (S) has an eigenfunction u(x) [in the generalized sense]] u(x) is normalized by the requirement that u(x)Ç£dMR for
some fixed positive number R and characterized as a solution of the variational problem inf a(v, v) for VCEOMR.

As the proof of this result is a repetition of an analogous theorem of
[ l ] and [2] (using Theorem 1 in conjunction with the Sobolev Imbedding Theorem), we shall omit it here.
REMARK. If A is a nonlinear operator acting in V?miP(G), as in [4],
Theorem 1 can be used to give an exponential growth condition for
nonlinear eigenvalue problems of the form Au —\Bu for domains G in
RN with N = mp.
I I I . A counterexample. The following example emphasizes the
importance of the variational approach in the theory of nonlinear
eigenvalue problems of the form Au=\Bu.
Consider the two-point
boundary value problem (of "Navier-Stokes type")
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d2u

du

+ \u — - 0,
(7)

dt*

dt
u{a) = u(b) = 0,
( - oo < a < b < «>).
By direct integration it can be easily shown that (7) has no nontrivial
solution in V^l[at b] for any X. However (7) cannot be formulated as
a variational problem of Euler-Lagrange type as in Theorem 2.
BIBLIOGRAPHY
1. M. Berger, An eigenvalue problem for quasi-linear elliptic partial differential
equations. Bull. Amer. Math. Soc. 71 (1965), 171-175.
2.
, An eigenvalue problem for nonlinear elliptic partial differential equations. Trans. Amer. Math. Soc. 120 (1965), 145-184.
3.
, A Sturm-Liouville theorem for non-linear elliptic partial differential
equations, Proc. Nat. Acad. Sci. U.S.A. 53 (1965), 1277-1279.
4. F. E. Browder, Variational methods for nonlinear elliptic eigenvalue problems,
Bull. Amer. Math. Soc. 71 (1965), 176-183.
5. J. A. Dubinskii, Some imbedding theorems in Orlicz spaces, Dokl. Akad. Nauk.
SSSR 152 (1963), 529-532-Soviet Math. Dokl. 4 (1963), 1339-1342.
6. F. John and L. Nirenberg, On functions of bounded mean oscillation, Comm.
Pure Appl. Math. 14 (1961), 415-426.
7. M. A. Krasnoselskii and Y. Rutickii, Convex functions and Orlicz spaces,
Noordhoff, Groningen, 1961.
8. N. Levinson, Positive eigenfunctions f or Au+\f(u)=*0, Arch. Rational Mech.
Anal. 11 (1962), 258-272.
9. N. Meyers, Mean oscillation over cubes and Holder continuity, Proc. Amer.
Math Soc. 15 (1964), 717-721.
10. J. Serrin, Local behaviour of solutions of quasi-linear equations, Acta. Math.
I l l (1964), 247-302.
UNIVERSITY OF MINNESOTA

