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Lectures on invariant subspaces. By Henry Helson. Academic Press,
New York, 1964. 114130 pp. $5.00

The problem of invariant subspaces is this: does every operator on
a non-trivial Hilbert space have a non-trivial invariant subspace?
(Explanations: “operator” means bounded linear transformation;
“Hilbert space” means complete complex inner-product space; “sub-
space” means closed linear manifold; “non-trivial”, for Hilbert spaces,
means of dimension greater than 1; and “non-trivial”, for subspaces,
means distinct from both {O} and the whole space.) The question is
thought to be important by some mathematicians and interesting by
most; it could be argued that an answer to it (whether yes or no)
would be a large step toward a general structure theory for operators
on Hilbert spaces. The chief value of the question, however, as of all
clearly formulated, unsolved, yes-or-no questions in mathematics, is
that of a catalyst and a touchstone. As a catalyst it has precipitated
valuable related questions and answers; as a touchstone it has served
to measure the extent to which those questions and answers have ad-
vanced the theory as a whole.

Helson’s book is concerned with the problem of invariant sub-
spaces, some of its special cases, some of its generalizations, and some
of the techniques that have yielded partial answers. It is a timely
book and will surely be a useful one; it is a highly personal book and
a difficult one for all but the specialist; and it is a beautiful book, well
conceived and well executed.

There can be little doubt that the subject is currently of interest
to many mathematicians. Brodskii [4], Brodskil and Livshits [5],
de Branges [6], Kalisch [13], Sakhnovich [18], and Schwartz [19]
are actively studying the “subdiagonalization” of operators with
“small” imaginary parts. (This list of references is intended to be
representative, not exhaustive.) The paper of Foiasand Sz.-Nagy [9]
on the existence of non-trivial invariant subspaces for operators 4
such that neither 4” nor A** tends strongly to 0 at any non-zero
vector has just appeared. Bernstein and Robinson [2] (see also [11])
have just generalized the Aronszajn-Smith theorem for compact oper-
ators [1] to operators that are algebraic over the algebra of compact
operators. Some of these results have become known too late to be
treated by Helson, and none of them appears to be of central interest
to him; Schwartz’s work is acknowledged with no more than a refer-
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ence to the bibliography, and the work of Aronszajn and Smith is
not listed even there.

What the book does treat is the circle of ideas clustering around
Beurling’s theorem [3]. That theorem characterizes, in a good and
usable sense, all invariant subspaces of one special operator (the uni-
lateral shift of multiplicity 1). Though the result is relatively recent,
and its extensions and generalizations are still being studied, its roots
are deep in classical analysis. One classical theorem that Beurling's
theorem is closely connected with is the theorem of F. and M. Riesz
[16] on the vanishing of the boundary values of functions in the
Hardy class H?. Beurling referred to the work of F. and M. Riesz
and leaned on it; after Beurling’s paper appeared it became clear
that one could go in the other direction and derive the Riesz result
from Beurling’s. The proof of Theorem 1 in Helson’s book is the
ultimate distillation of this insight. The statement is the qualitative
version of the Riesz theorem, and the proof is maximally simple and
elegant. The proof does not use Beurling’s theorem; all it uses is one
simple idea that occurs in the geometric approach to that theorem. It
can now be said, with the usual acuity of hindsight, that the F. and M.
Riesz theorem is a geometric triviality and that, for its qualitative
version at any rate, the hard analysis of F. and M. Riesz is completely
unnecessary.

The Beurling theorem itself occurs early (Theorem 3) with a clean
modern statement and a simple geometric proof. A corollary (Theo-
rem 4) is the factoring of functions in H? into “inner” and “outer”
functions. Beurling’s treatment of this subject was complicated;
Helson’s is startlingly simple.

At this point there begins a rather long analytic section. The start-
ling simplicity of the theorem about outer functions (based on the
geometric definition of an outer function as a cyclic vector for the
unilateral shift) is paid for by proving that the geometric definition is
equivalent to Beurling’s analytic one. Beurling’s theorem may be re-
garded as a theorem about L2, and, as such, it is susceptible of an L?
generalization; this is looked into. Beurling’s theorem may also be
regarded as a theorem about the discrete semigroup of non-negative
integers, and, as such, it is susceptible of a generalization to the con-
tinuous semigroup of non-negative real numbers; this was first done
by Lax [14] and is here expounded by Helson.

After the analysis, back to geometry. Beurling’s theorem may be
regarded as a theorem about the unilateral shift of multiplicity 1,
and, as such, it is susceptible of a generalization to shifts of higher
multiplicity. Equivalently, and this is the point of view preferred by
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Helson, Beurling’s theorem on H? for numerical-valued functions can
be generalized to a theorem about spaces like H? that consist of
vector-valued functions. The purpose of the work is to generalize as
much as possible of the numerical case, and it is surprising how much
is possible. The known techniques along these lines are not yet per-
fect. Sometimes they are quite general, but more often they apply
only when the multiplicity (the dimension of the value space) is
finite.

Since the total number of non-trivial operators whose invariant
subspaces are completely known is very small (three?), Beurling’s
results and their generalizations would be significant even if unilateral
shifts were nothing more than a very special case of the general
theory. They are, however, much more than that. It was Rota [17]
who first pointed out that unilateral shifts play the role of universal
operators, in the sense that every operator that satisfies a mild size
condition is similar to a part of the adjoint of a shift. (“Part” means
restriction to an invariant subspace.) This result was recently im-
proved by de Branges and Rovnyak [7]; with an even weaker hypoth-
esis they get a much sharper conclusion (unitary equivalence instead
of similarity). (The reference here is to Theorem 1 of the paper by
de Branges and Rovnyak, and to that theorem only. The reader who
verifies this reference should see [8] also.)

In view of these results, the general problem of invariant subspaces
reduces to this: does every non-trivial part of the adjoint of a uni-
lateral shift have a non-trivial invariant subspace? The high point of
Helson's book (Theorem 16) is the exposition of the solution of this
problem (affirmative) for shifts of finite multiplicity. This exposition
is extremely valuable. For the shift of multiplicity 1 it is a conse-
quence of the full (quantitative, measure-theoretic) power of the
Beurling theory. For shifts of higher multiplicity the necessary tech-
niques are so scattered in the literature that, although workers in the
field have believed the result for some time, they would have been
hard pressed to cite chapter and verse for the proof.

The personal character of the book is visible, in part, in the rather
arbitrary choice of some topics and omission of others. The style is
charming, and very much in the first person singular; whether it is
at times too much so is a matter of individual taste. The organization
is informal. As the title indicates, the book is divided into lectures
(eleven of them). The arrangement and the display of the material
make it easy to learn the statements of the main results by casually
rifling the pages, and, at the same time, the neat and careful proofs
make the book useful for someone who wants to verify the details.
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It is, however, not an easy book to find something in; there is no
index.

The preface says that “the book is written for a graduate student
who knows a little, but not necessarily very much, about analytic
functions and about Hilbert space”. Despite this claim, a close study
of the book requires very much more ammunition than that; the
reader must be an expert in many phases of both modern and classi-
cal analysis. Thus the function-theoretic structure of inner functions
is called “known and familiar” and dismissed with a reference to
Hoffman'’s book [12]. Among the things that the reader must know
are conjugate functions, Banach spaces and their weak topologies,
the Riesz representation theorem for bounded linear functionals on
spaces of continuous functions, Stone’s theorem on the representa-
tions of unitary groups, and the Hardy-Littlewood theorem on re-
arrangements of functions.

Theorem 2 is (easily equivalent to) the statement that multiplica-
tions form a maximal abelian algebra of operators on L? of the unit
circle; it is called “a famous theorem of Wiener”. The result is cer-
tainly well known by now, and has routinely been a part of courses
on Hilbert space for many years. Is the attribution correct? No
reference is given. Along the same lines, Theorem 9 is the generaliza-
tion of Beurling’s theorem to shifts of arbitrary multiplicity; it is
called Lax’s theorem. Lax proved the result for shifts of finite multi-
plicity only. For shifts of infinite multiplicity he first raised it as an
unsolved problem [14], and later informally stated it without proof
[15]. The first published proof of the theorem appears to be the one in
[10]. As for misprints and other such minor blemishes, the book has
some, but apparently they are very few and very small. On p. 5, line
12 from the bottom, it is not (1.8) that can be inferred from the argu-
ment, but the complex conjugate of (1.8). On p. 38, line 9 from the
bottom, {T:} should be replaced by { V.}.

In sum: the book has its faults (and what book does not?), but the
mathematical world is much better off with it than it would be with-
out it (and how many books can one say that about?).
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