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=0 and KL?=L if and only if every finite-dimensional L-module is
completely reducible. The latter implies that Extyy(M, N)=0 for
all V(L)-modules M and N, finite dimensional or not, and therefore
all V(L)-modules are projective and V(L) has global dimension zero,
i.e., Extygy (M, N)=0 for all >1 and for all M and N.
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In this paper, we state some of the results obtained by application
of the methods of [4] to the study of the cohomology of the Steenrod
algebra A. In brief, our results are a complete determination of
H>t(4) for t —s <42 in the mod 2 case, and for ¢t —s
=2(p—1)(2p2+p+2) —4 in the mod p case, p>2. Due to the exist-
ence of the Adams spectral sequence [1], these results give informa-
tion about the stable homotopy groups of spheres.

We recall that the mod p Adams spectral sequence {E,} (for the
sphere) has differentials §,: EX'*—E!*™*t"~! and satisfies the proper-
ties:

1 Ey'>~H*!(A) as a Z,-algebra.

2 Each E, is a differential Z,-algebra.

(3) {E%|t—s=F} provides a composition series for 7(S; p) (relative
to a suitable filtration); here m(S, p) denotes the stable homot-
opy group m(S) modulo the subgroup of elements whose order
is finite and prime to p.

1 During the preparation of this paper, the author was partially supported by
National Science Foundation grant number NSF-GP-1853.

2 The work announced here is contained in the author’s doctoral thesis, submitted
to Princeton University.
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Now Toda [5], [6] has calculated m(S, 2), k<19, and m(S, p), p>2,
kE=<2p2(p—1)—3, with partial information for k=2p2(p —1) —2 and
2p2(p—1)—1. It turns out that there is only one pattern of differ-
entials consistent with Toda’s results. Therefore the structure of the
Adams spectral sequence is completely known in the range of Toda’s
computations. Partial information about the differentials in higher
dimensions can be obtained whenever an element is decomposable
in terms of elements whose differentials are known. In fact, there are
enough relations to allow complete determination of m:(S, 2), k<28,
and to determine m(S, p), p>2, E<2(p—1)(p2+2p) —4, up to one
unknown differential.

We state our results first for the case p = 2. Let H*(4)
= @ ;=i H**(4). H*(A4) is a Zy-space, but there exists an element
ho&E HY1(A) such that multiplication by %, on elements surviving to
E,, corresponds essentially to multiplication by 2 in the ring 7 (S, 2).
We interpret multiplication by k¢ in H*(4) to be multiplication by 2
in writing the groups H*(4) below. We only state our results in those
dimensions in which nearly complete information on (S, 2) has
been obtained.

THEOREM 1. For 18 £k =31, H*(A) and m(S, 2) are as follows:

k o+ 4) (S, 2)
18 Z:+ Zs+ Zs Zy+ Zs
19 Zo+ Zs Zs+ Zs
20 Zs Zy

21 Zs+ Z, Zy+ Z,
22 Zs+ Zs Zy+ Z,
23 Zo+ Zy+ Zs+ Z1s Zy+Zs+ Zs+ Zse
24 Ze+ 2o+ 2, Zy+ 2
25 Zo+ Zo+ Z1s Zs+ Z,
26 Ze+ Zs+ Zs Zy+ 2,
271 Zs Zy

28 Zs Zy

29 Zs 0 or Z,

30 Za+Zs+ Zis+ Zsa
31 (Z)* 4 Zs+ Zae

0 C m30(S, 2) C (Z29)?
Zoe S 10(S,2) © Zou + (Z9)¢

(here (Z)r=2Z3+ + « + +Zy, n summands).
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REMARKS. Adams [2] has calculated H**(4) for t—s <17 and for
t=24. Liulevicius (unpublished) has calculated H*¢(4) for ¢t=<31,
which, together with the periodicity theorems of Adams [2], gives
complete information for t—s=23. The stated facts about m(S, 2),
k=30 and k=31, follow from unpublished results of Maunder, in
which he identifies the elements of E, which survive to the image of
the J-homomorphism Zy++t Cwi(S, 2), k=2*+2"*'m—1, m=0, n=2.

Next we state our results for the case p>2. As in the case p=2,
there is an element a,&H!1(4) such that multiplication by @, on
elements surviving to E, corresponds essentially to multiplication
by p in #(S, p), and we may define a group structure on each
E;= @ -k E* by interpreting multiplication by a, to mean multi-
plication by p. For the sake of brevity, we state our results in terms
of E4 and restrict our attention to those dimensions % in which nearly
complete information on 7 (S, ) is obtained.

THEOREM 2. The following elements (of the stated orders and dimen-
sions) generate all Ej in the range 0 <k <2(p—1)(p?+2p) —4: (In the
list below, j=1 and ¢=2(p—1)).

element order dimension
a; ? Jg—1,7#0 mod p
ap #*  jpg—1, j#0 mod p
oz p*  jp'qg—1,j # 0Omod p
Buiibr b (p+p+De—2j, 0LI<p—2
wBuiBl P GptipHi+1g—2i—1, 0=ISp—2
Bubly b (HiptlpHDe—2—2, 0515p-2,

j=14f I=1 and p=3
BB v p (PHipHipHiH1)g—2i—3, 0=I<p-2,

j=114f l=1 and p=3
ary ? (p*+Dg—3, 1=1=p-2
& ? @®*+Dg-2, 1=isp-1
¢ p* (P*+p)g-3

BbpiBl P (piptp—1)g—2i—2, j=1if p=3.

82p-1(B111B87 ) = BB or zero. All listed elements other than the
BBy are cocycles under each 8,, and, at least in the range 0<k
<2(p—1)(p2+2p) —4, no listed elements other than the o1
are coboundaries under any 9,.
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ReMARKS. In [5, 111, p. 209], Toda states a problem equivalent to
the problem of determining 8,,_1(y). Gershenson [3] has calculated
H*4(4) for t—s=2p(p—1)—1. The results due to Milnor and Ker-
vaire on the image of the J-homomorphism imply that for each =0
and =1, 750 mod p, there will be an element o%?, of order p*+! in
71'1;(3, P), k= ij"(P— 1) -1

Proofs and a complete statement of our results will appear else-
where.
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