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In the present note, we give a simple general proof for the existence
of solutions of the following two types of variational problems:

PrROBLEM A. To minimize [q F(x, u, - - -, D™u)dx over a subspace
V of Wm2(Q).
PrOBLEM B. To minimize [o F(x, u, - - -, D™u)dx for u in V with

Ja G(x, u, - + -, D™lu)dx=c.

The solution of the first problem yields a weak solution of a cor-
responding elliptic boundary-value problem for the Euler-Lagrange
equation

1) Au = Y, (=1« DeFu(x, u, - - -, D™u) = 0.

lalsm
From the solution of the second problem, we obtain a solution under
corresponding boundary conditions of the nonlinear eigenvalue
problem.

2) Au= )\{ > (—1)BIGe(x,u, - - -, D""lu)} = ABu, AER.
1Blsm—1

In §1, we give a complete self-contained treatment of the existence
of minima of functionals on reflexive Banach spaces, a treatment
which extends and strengthens earlier studies by Lusternik, E. Rothe,
Vainberg, and others (see [6], [11], [12], [14], [15]). In §2, we
apply the results of §1 to Problems A and B, above. In the case of
Problem A, we strengthen and simplify results of Morrey [10] and
Smale [13]. The relation of the resulting existence theorem for the
solution of the variational boundary-value problem for equation (1)
to those obtained by the writer in [2], [3], [4¢] by operator methods
(as well as unpublished results of Leray and Lions) and the results
of Vidik [16] using other analytical methods, is discussed in detail in
[5]. Special cases of the eigenvalue problem treated in Problem B
have been treated for 4 linear by Levinson [7] with 4 =A on R?, and
by Berger [1] for general linear 4.

1. Abstract variational problems. Let V be a real Banach space.
Strong convergence in V is denoted by —, weak convergence by —.
We consider two functions
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&: V X V- R}
g: V— R
and define f: V—R! by f(v) =®(v, v), v& V.
The function & is said to be semi-convex if both of the following

conditions hold:
(@) For each v in V and c in R, the subset W, of V given by

(3) Wc.v = {ul u E V, <I>(u, ‘U) é C}

is convex.

(b) For each bounded set B of V and each sequence {v;} in V with
v;—v, ®(u, v;)— B(u, v) uniformly for u in B. For fixed v in V, ®(-, v)
s continuous in the strong topology of V.

THEOREM 1. Let V be a reflexive Banach space, ® a semi-convex real
Sfunction on VX V. Let f(v) =P(v, v) for vin V, and let C be a weakly
closed bounded subset of V. Then f is bounded from below on C and
assumes its minimum on C.

Proor or THEOREM 1. We may choose a sequence {u;} from the
bounded weakly closed set C such that

) = 3(u;, u;) — ¢o = g.Lb. f(u),

4EG
while
%; — %o, #o & C.
By property (b) of semi-convexity and the boundedness of C,
®(uj, u;) — ®(uo, u;) — 0.
Hence
®(uo, 4;) — co.

Let ¢ be any real number with ¢>¢,. Then for j=j., ;& W,,., as
defined by equation (3) above. W.,,, is convex by property (a), and
is closed by the second part of property (b) of semi-convexity. Hence
We.u, is weakly closed. Since u;—uo, %6e&E W4, i.e., P(u,, uo) =c.
Since ¢ was any number > ¢y, it follows that ¢o> — « and f(u,) =c,.
Q.E.D.

As corollaries of Theorem 1, we have the following:

THEOREM 2. Let ® be a semi-convex real function on VXV, where V
1s a reflexive B-space, and for vin V, let f(v) =P(v, v). If f(v)—+ « as
ll| =+ =, then f assumes a minimum on V.



178 F. E. BROWDER January

ProoF oF THEOREM 2. Set C= {v|||¢|| R} for R sufficiently large.

THEOREM 3. Let V be a reflexive B-space, ® a real semi-convex func-
tion on VXV, and f(v) =®(v, v) for vin V. Let g be a weakly continuous
real function on V. Let C= {u|g(u)=c} for a fixed ¢ in R* and sup-
pose that f(u)—+ » as ||ul|—>+  on C. Then f assumes a minimum
on C.

Proor oF THEOREM 3. CN{u|[|«|| <R} is weakly closed and
bounded for all R>0.

Let V* be the adjoint space of V, (w, ) the pairing between w in
V*and # in V.

If g: V>R, g is said to be differentiable at v, in V if there exists
an element g'(v¢) in V* such that for all kin V

8o + k) = g(vo) + (&'(v0), &) + (k)
where e(h) =o(||1||) as ||| —0. If &: VX V—R!, & is differentiable at
(v1, vo) if there exists a pair wy, w, in V* such that
®(o1 + ki, v2 + ha) = B(vy, 1) + (wy, ba) + (ws, bs) + o[ ]| + || 7o]]),

and we set wi=®{ (1, v2), wo=® (1, v;). If ® is differentiable at
(vo, vo) and f(v) =®(v, v), then f is differentiable at v and

J'(w0) = &{ (vo, v0) + @4 (v, v0).

THEOREM 4. Let V be a Banach space, f and g two real functions on
V with f and g differentiable at vo, g’'(v0) %20. If f has a local minimum
at vo with respect to the set C={v|g(v) =g(vo)}, then there exists \ in
R such that f’(v0) =Ng' (v0).

ProoF oF THEOREM 4. Let Vi={v|v€V, (¢'(z:), v) =0}, and
choose u, in V such that (g’'(v0), %) =1. If v is any element of Vi
with ||2]| =1 and € and 7 are real numbers with ||, |7| sufficiently
small, then

F(o) = f(vo + ev + ruo)
provided that g(vo) = g(ve+ €, +ruo). We know that
g(vo+ ev + ru0) = g(v0) + €(g'(v0), v) + 7(g' (vo), %) + s(e, 7, 2)
= g(vo) + 7+ s(e, 7, v),
where for each fixed v in Vi, s(e, 7, v)=o([e| +Ir|). Consider 7 on
the interval [—%[e], -I—%lel ], and the quantity r+s(e, 7, v) with

€<0 and v fixed. For |e| sufficiently small, r+s(e, 7, v) is negative at
the left endpoint, positive at the right, and continuous in r. We may
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choose a value of 7(¢, v) in the interval to make r+s(e, 7, v) =0, and
hence Ir(e, v)l =o(| el ). For this choice of r, we have

J(o) = f(vo + ev 4 ru0)
= f(v0) + €(f'(@0), 0) + ('), wa) + o(| | + | 7])
so that
e(f’(vo),v)_Z_—o(Iel), lel — 0.

Hence (f'(v0), v¥) =0 for all in Viand f'(ve) =Ng’'(vo), for some X in R,
REMARK. In [6] and [14], Theorem 4 is called Lusternik’s principle
and proofs are given for special cases.

THEOREM 5. Let V be a reflexive Banach space, ® a semi-convex
real function on VXV, g a weakly continuous real function on V,
f@)=®(@, v) for vin V. Suppose that f and g are differentiable on V,
that for a given constant ¢ in R! the set C={v|g(v) =c} is nonempty,
and that g’ (v)#0 for v in C. Suppose further that f(v)—-+ o as
||| =+ on C, then there exists vo in C and N in R* such that f'(vo)

=Ng' (o).

Theorem § is an immediate consequence of Theorems 3 and 4.
A useful complement to Theorem § is the following:

THEOREM 6. A sufficient condition for condition (a) for semi-con-
vexity to hold is that ® be everywhere differentiable on VXV and that
®{ (u, v) be monotone in u for fixed v, i.e., for all uy, uyin V,

(®{ (w1, v) — ®f (o, v), %1 — ug) = 0.

ProoF oF THEOREM 6. Let %,, #;, and v be elements of V, 0 A1,
Let ux=Au1+(1—N\)u,. To prove condition (a), it suffices to show
®(u, v) convex in u for fixed v. Set

B(N) = ®(up, v) — AD(u1, ) — (1 — N)P(uy, ).

It suffices to show that A(\) £0 for 0 =\ £1. Since £(0) =£(1) =0, it
suffices to show that 4’(\) is nondecreasing on the interval. However,

Q) = (®f (w, ), %1 — o) — ®(u1, v) + (10, 1),
so that for A <§,
K@) — Q) = (®f (ug,v) — ®{ (4, 9), 41 — %0)
= (£ — X)"U(®{ (ug,v) — &{ (r, ), %: — wm) = 0. Q.E.D.

REMARK. Connections between monotonicity of the gradient and
convexity of the functional have been remarked in Minty [9] and
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implicitly in Vainberg and Kachurovski [15]. Monotone operators
between V and V* have been studied in Browder [2], [4] and Minty
[8].

2. Nonlinear eigenvalue problems. We adopt the notation of [2]
and [3] in general, except that all our functions will be real- rather
than complex-valued. Let Q be a bounded, smoothly bounded open
set in R*, n =1, D= the elementary differential operator (3/dx1)= -
(0/9x,)*». We assume that we are given positive integers r and m, a
real number p with 1 <p < =, and a closed subspace V of the reflexive
Banach space W=?(Q) of r-vector functions # on @ such that
Deuc L2(Q) for all a with ]al <m. Let (,) denote the natural inner
product in R’ and for two real-valued r-vector functions # and v on £,
set

[, 1] = f w(@), v(x)) dx,

where the integration is taken with respect to Lebesgue n-measure.

Let {={¢a| |a| =m} and ¢= {y¢| || <m—1} be elements of the
real vector spaces R¥ and RX, respectively, where for each o and
£, ¢« and y; are real r-vectors. We assume that we are given two
functions

F(x) w’ ;‘)’ G(x? 'p)

defined on X R¥ X R¥ and QX RM, respectively, measurable in x and
Clin (¢, {) or . We let F,, F:, and G; denote the appropriate partial
gradients of the functions F and G with respect to {. and ;.

We suppose that F and G satisfy the following system of in-
equalities:

| Fe, 0,0 < o) {g(x)+lr|»+ 2 |¢sl’5},

1€ Sm—1

@
6] sco {e)+ T lwilnf,
SM—
where g& L?(Q2), p; are exponents satisfying the inequalities

(n—pm— |E|Npe<np ifn—pm—|E)>0

and c(7) is a continuous function of 7= {{¢| |£| < #/p—m}.
For each u in V, let

tw) = {Doulla| =m}, v@) = {Du||g] sm— 1},

Then the functionals
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B(u, 1) = f Pz, ¥0), £)) da
and
o) = f G(x, ¥(u)) da

are well defined and continuous on VXV and V, respectively, g is
weakly continuous on V, and ® satisfies condition (b) for semi-
convexity. If we assume further that:

| Pl 0 8) | S (o) {g1<x) et 3 v Iv'e},

sm—1

D) | ol 09| < o) {glcx)+ lelo+ 3 I'Pel"ea},

1§l sm—1

|GGz, ¥)| S o) {g1<x>+ > l'l'elqeﬂ}:
1€

sm—1

where g1€L?~1(Q2) and p¢, ¢s, and g are exponents satisfying the
inequalities

(n— plm ~ [E| Npd Snlp—1), ifn—pm—|t])>0,
(n— plm — | £]))gss < n(p — 1) + p(m — | 8]),
ngs < n(p — 1) + p(m — [ 8])

then the functionals ® and g are everywhere once differentiable with

(®{ (v1, v2), w) = Z [Fa(x’ ¥(v2), $(v1)), Dau]’

jajmm
(&4 (v1, 92), w) = mz . {Fﬁ(x7 ¥(v2), {(21)), Diu]:
€@, u) = mZ 6w, ¥(), Dtu].

If we assume that each F, is itself differentiable in ¢ and that the
following semi-ellipticity condition holds:
(IIT) ] 2 (Fas(x, ¥, ey m8) 2 0,
al,|Bl=m
for ally in R¥, x in ©, and ¢ and 7 in R¥ (where F,s is the gradient of
F, with respect to {5, which we assume to exist); then ® will satisfy
the monotonicity condition of Theorem 6 and thereby condition (a)

for semi-convexity.
Applying Theorem 2, we have:
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TuEOREM 7. If F satisfies the inequalities imposed on it in (I), (II),
and (111) and if f(©)=B(v, v)—>+ o as ||| >+ =, then f has a
minimum on V which is a variational solution in the sense of [2] of the
Euler-Lagrange equation

Au= 3 (—1)81DPFy(x, Y(u), {(4)) = 0.
1Blsm

Applying Theorem 5, we have:

TueoreM 8. If F and G satisfy (1), (II), and (1I1), if the set
C= {vl vV, g(v) =c} is nonempty and g’ (v) #0 on C, and if, finally,
f@)—>+ o as ||v]| >+ o on C, then f has a minimum on C which is a
variational solution of the appropriate boundary-value problem for the
eigenvalue problem

Au =ABu =2\ D, (—1)8DiGy(x, ¥(u)) }

1&lsm—1
We complete our considerations with the following:

THEOREM 9. (a) If V is W?(Q), the closure of C;(Q) in Wm»(Q),
the boundary conditions in Theorems T and 8 are those of the homo-
geneous Dirichlet problem.

(b) Condition (111) can be replaced by the weaker integral condition

a ]
Z [Faﬂ(x; '/’(‘01), {('”2))‘0 u, D u] = — c”““zb—l,p-
lal,18|=m
(c) Theorem 8 can be specialized to hold under the following more in-
tuitive restrictions than (1) and (11): namely, | F| <c{1+|¢|?+|¥|?},
| Fo| +| Fe| sc{1+]|]|714|¢|>1}, G=us with ¢<np(n—pm)=* for
n>pm and G an arbitrary continuous function of u for n <pm.

The regularity of the solutions of Theorems 7 and 8 can be derived
from known results for linear and mildly nonlinear equations A as
well as for the case m=1, r=1,
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