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We consider the asymptotic behavior of solutions of inequalities
of the form
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and A is a second order elliptic operator. The asymptotic behavior of
solutions of parabolic inequalities and related problems have been
considered by Agmon and Nirenberg [1], Cohen and Lees [2], Lax
[3], and the author [4].

Let D be a bounded domain in E* and suppose #(x1, * * * , X, £)
=u(x, t) is a solution of (1.1) in the cylindrical region R=D XI
where I is the half-infinite interval 0 ¢ < . We shall study the be-
havior as t— « in R of those solutions # which satisfy the additional
condition

1.3) u=0 on I'XI

where T is the boundary of D,
We introduce the notation

(u, v) = f u(x, t)v(x, t)dxdt,
R

”u” = (u, w)'?,
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The elliptic operator 4 has the form

LI ]
4= 2 (%‘ ““—), @ij = @i,
J

i,j=1 dx; ax;

where the a;;=a;;(x, t) are C* functions of x and ¢.
A function v(x, ) defined in R is said to satisfy Conditions B if

v=0 on I XI,

1.4
(1.4 lim t“”"’”p,1 =0  for every a > 0.
t— o

The operator L is said to satisfy Conditions C if

a 1 . .
(1.5) 5(0.';‘)= O(—t—) fori,j=1,2,---,mn.
3b _
(1.6a) 5 =< 0 for all sufficiently large ¢.

If (1.5) holds and (1.6a) is replaced by

db
1.6b — = 0.
(1.6b) Py (]
We say that Conditions C’ are satisfied.

LemMA 1. If v(x, t) satisfies Conditions B and the operator L satisfies
Conditions C or C' then for all sufficiently large o we have

a2

ol + ool 5 ol Lol
where mo is a positive constant depending only on L.
LEMMA 2. Under the hypotheses of Lemma 1 we have
o7 t=0y|| < mol| =Ll
for all sufficiently large ai; my is a positive constant depending only on L.

THEOREM 1. Let u(x, t) satisfy in R the differential inequality (1.1)
and suppose Conditions B and Conditions C or C' hold. If in addition

1.7 a(t) = 0(t™%), cd), cs(t) = O(™)
then u=0 in R.

Theorem 1 follows from Lemmas 1 and 2 by standard arguments.
If we assume that the solution of (1.1) decays more rapidly than
stated in Conditions B then the hypotheses on the coefficients of L
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and on ¢;(#), =1, 2, 3 may be relaxed considerably.
A function v(x, t) defined in R is said to satisfy Conditions E if

v=0 on I XI,

(1.8) .
lim e“||'u||1,'1 =0  forevery A > 0.
{—o

LEMMA 3. Suppose v satisfies Conditions E and vanishes for 05tSe
for some €>0. If the coefficients of L have bounded first derivatives then
for all sufficiently large N> 0 we have

M 4 21 5

where ms 1s a positive constant depending only on L.
LeMmMA 4. Under the hypotheses of Lemma 3 we have
N[ af| < mol| Lol
where ms 1s @ positive constant depending only on L.

THEOREM 2. Let u(x, t) satisfy in R the differential inequality (1.1)
and suppose Conditions E hold. If the coefficients of L have bounded
first derivatives and if c,(¢), 1=1, 2, 3, are bounded then u=0 in R.
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