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1. The result. Write ||| for the distance of a real number £ to the
nearest integer. Given a polynomial f in any number of variables, put
L(f) for the sum of the absolute values of its coefficients. Our main
result is the following

THEOREM. Let f(x1, + + -, x,) be a nonzero polynomial with integral
coefficients and of degree di in x, (k=1, - -, n). Let Q>0 and ¢=0
be integers and &, - - -, £, reals satisfying
(1) |QIéQ: lEkg'éQ (k=1)"'1”)
and
@ laeall = [leagll*s - - - [[esgl| @it~ g2t otr L ()|

(k= L2 "n)-l
Then
3) | £ - s ) | 2 (laagll® - - - [|Eng]|ong - —m2m,

Generalizing a well-known result of Liouville [1] for n=1 (for
further references, see [4]), we obtain a
SUFFICIENT CONDITION FOR ALGEBRAIC INDEPENDENCE. Let

&, - - -, &, be an n-tuple of reals such that to every d>0 there is an
integer q with

(4) 0< H‘Ekq” < (HEIQH e ”Ek"lqn)qumd (k = 1) 2: ) n)ol

Then &, - - -, £. are algebraically independent (over the rationals).
This is true since (2) can be satisfied with

ngax(% IEIQI"": lgnQI)

and for every f, if (4) can be satisfied for every d.

For example, the numbers &, &, - - - defined by
& = D 2-G0! (k=1,2,---)
t=1
are independent.? It suffices to show that &, - - - , £, are independent

1 For k=1, the product of the ||£g||’s means 1.

2 A similar system of algebraically independent numbers was given by von
Neumann [3]. Actually von Neumann’s system has the power of the continuum.

Added in proof. Using our criterion and the sequence g;=2¢" one can show that
the numbers &(x) = Z: - 2-1#%7) 0 <x < 1, are algebraically independent. This exam-
ple (with 0 <x =1) is due to H. Kneser (Bull. Soc. Math. Belg. 12 (1960), 23-27).
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for fixed #. Take a positive integer # with n![ h and put ¢ga=2"". Then

kaqh“ = 2hl E 92— ()1 (=1,---,n),

ta=h [k+1
which yields
2= (hHE)! ||£kqh|l < QHM=GHRL (=1, ... )
and
(leage - - - llgmgdyigins > zmacti-viman =1, .-, m).

Hence g, for h>h(d) satisfies our condition, and the assertion is
proved.

2. The proof. Let 0>0, g0, p1, - - -, p. be integers such that
lgl =0 Il =0, |l S0

Let f be a polynomial as described in the theorem, and put Lg(f)
=L(f(Qx1v Tty an))-

We define now recursively a set of 2z+41 polynomials

fm Eny * 0 7f17 glrfo
as follows:
fn(xlr ] xn) = qd1+“.+dnf(xl/q’ t xn/Q);

if fx(xy, -+ +, xx) is already defined, let 8; be the largest non-negative
integer such that (x;— pk)"‘[ fi(xy, -+ -, x), and then put

gk(xh NI xk) = (xk - Pk)—akfk(xl’ tt Ty xk)
and
Sea(xy, - oy @1) = gleen, - o, Xeoay Pi).

It is clear that these polynomials are #£0.
From the definition,

Lo(fa) = D20 - o+ 20 | @igeniy | gt Hdn—itm e ominQint - i
i in

and hence
(5) Lo(fa) S Q¥+ +nL(f).
Assume next that, say,
dy dg . .
Je(on, -y ) = E) .. Eo a(k)i,...i,,xll e

and
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di dr . .
% i
g(xy, - o, m) = E ce E b(k)il""’:kxll Wk .
i1=0 ip=0

It is then clear from the definition of g; in terms of f; that, for every
choice of 1:1, e ,’L.k_1,

& ik o & ik
Z a(R)iy. ..o = (X — pr) Z b(R)iy. . ik -
=0 1p=0

An inequality of Mahler [2] states that

Il LG = 2dL< II ga>,
o=1 o=1
where gi(x), - - -, g:(x) are polynomials in one variable and d is the
degree of their product. Putting s=2, gi(x)=(Qx—pr)%, go(x)
=D % o b(k)s,...;Q%x* and applying this inequality, we find
k 1 k

2 | 6B ] O S 2% 30 | a(B)sy. .| Q5.

=0 =0

This we multiply by Q4+ *+%-1and sum over all allowed 74, - - -, 2_3.

The result so obtained is that?

(6) Lo(gr) = 2%Lo(fi).

Successive application of (5), (6), and the easily obtained formula

(7 Lo(fi1) = Lo(gr)

yields

(®) Lo(ge) = 2%t HdnQdrt- 4] (f) (=m,---,1).
Let now €, * - +, €, be real numbers, and assume that the former

inequalities for ¢ and p; are replaced by the stronger formulae

(9) lgl=0, || 20 |;teal =0 ((k=1---,n).

It follows then from the mean value theorem that

Ak = grpi(pr+ e, - vy Pt ey Prrr + eryr)
= G(prt e, -0, Pt e, Prrr)

€rt1 gerr(P1+ €1, - -+, D €, Bir1) |oppmppirtocrn

Xr+1

3 A reader not familiar with Mahler’s inequality should have no difficulty proving
Lo(gr) =ai(f)Lo(fx). This yields a theorem where the expression in brackets in (2) is
replaced by cs(f), and it yields our condition for independence.
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where 0 is a certain constant satisfying 0 <0<1, so that also lx;,+1|
= Q. Thus we find that

| Ac| = | &1 ] drs10 Lao(gess)
and hence by (8),

(10) l Ak[ < |€k+1| Qdvt s Hdn1gy | Qdktit s Hdn (),
Assume now that lek‘ =1 (k=1, .-, n) and that
1D |a] S al® - | [#Qidm g2k it L(f)]-1
k=1,---,m).

We are going to show
12)  |flrte, ot a)| 2 lalt a2
(k=0a1,°'°’n)*
The formula is true for k=0 since |fo| 2 1. If it is true for some
k < n, then by (10) and (11),
lgk+1(1>1 +e, et ) —filhrte, e+ ek)‘
S 27 fupr @, o e+ @)
hence
|fk+1(P1 + e, v, Prr1 Tt t) |
= l €k+1{""+‘{ ger1(pr+ €, - oy Prgr + €rqa) (
> 2——k—1l Elld‘ ce ‘ ekldk| €k+llsk+l;
and (12) is true for k41.
The proof of the theorem is now immediate. Assume (1) and (2) to
be satisfied. Put &ig=pr+e (=1, - - -, n), where p; is integral and

| e =||£xg||. Then (1) yields (9) because Q and the p;’s are integral,
and (2) gives (11). We obtain

l qd1+---+d1.f(£1’ ) £n)l !fﬂ(?l + €, ", Pn + en)l

l elldl e I [ Idnz—ﬁ’

v

thereby proving our theorem.
I am grateful to Professor Mahler for simplifying my original proof.
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