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It has been shown by Kothe [1] and Grothendieck [2] that the
operation of taking the quotient space does not preserve several im-
portant properties of the initial space if we leave the class of metriza-
ble spaces. In this paper the technique of quotient spaces is used in
sketching a proof of a theorem similar to that about the open map
but expressed in terms of the concepts introduced in [3]. It is as-
sumed that the reader is familiar with [3].

The theorem can be directly used to secure some necessary and
sufficient conditions for continuity of functionals bounded on sub-
spaces of (LF)-spaces but that will be shown in a separate paper.

Let us consider an afy-representation = (N, Xi,a, | | rm). We
can always arrange for & and % to run over the set of natural numbers.

§ is said to be complete if all spaces X,), | |y, (kn) EN are
complete (see [3]); § is said to be directed if for arbitrary (EP)EN,
i=1, 2 there is () €N such that X ¢, CX @@, for i=1, 2 and the
identical imbeddings are continuous with respect to the proper

‘ . , &, =1, 2, 3. Denote S= {(kl, - -+, kp):there are k1, Bpta, - - -
such that (kn)EN} and for s=(ky, - - -, k) ESlet X, ,=Xp, 1N - - -
MNXy,,, and

I x|8,p = maX I xlk;,i-
1515
Let in the following N={(s,): there is (k,)EN such that s,
= By, - -+, kp), p=1, 2,--- } It is easy to see that

F=(N, X,n, | -|.,,,) is an aPy-representation. § is said to be an
alternative form of §. Notice that we have now
X8p+1,p+l C Xsp.p and ' xlspm = i xl'p+mrl~1

for (s,) €N and ¥EXeppp+1, p=1,2, - - - . Moreover, X¢,=Xaw,
and |- | &, is equivalent to [ . | o for sp,=(ky, - - -, kp) and (k) EN.

Let K be a linear subset of X=Uy Xu,=Ug X¢,. Denote
X&H=X,.,/KCX/K and |x/K|E=inf{|x+y|en:yEXaNK},
where xE€X, , and s€S. Let further X5, =N2; XX for (s.) €N and
|| & =20, 27| x| X (1+|x|X )1 Suppose Z, || || is a complete
normed space and Z is a linear subset of X/K (the homogeneity of
|| -] is not assumed).
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THEOREM. Suppose that § is complete and directed. If for each se-
quence (x,/K) CX {§ (\Z the condition

lim ||2/K — 21/K]|| = lim | 2m/K — 23/K |0y = O
n m

implies x1—x,CK, then there is (sEN such that ZCXty and
lim, ”x,,/K” =0 ¢mplies lim, |xn/K|g3)_—_0.

To prove the theorem we will need the following:

LEMMA. If for given (s,) EN and (x.) CX we have
S, |xn+1/K—xn/K‘§un<w, then there is xo&X such that xo/K
— x./K € X, ,o/K for n 2 q and lim, |xo/K — xn/K|g,q =0 for
q=1, 2’ e,

Proor. We have D o, |x,,+1—-x,,+y,,| 8,0 < @ for some y,EK such
that %1 — %+ EX,, . for n=1,2, - - -. By v (see [3]) there are
(sHEN, g=1, 2, - - - such that s,=s¢ for g=1, 2, - - -, Xpp1—x,
+y.€X 9 for p=q and

) 0,
(sn)

k

Z (xn+i+l — Xn+ti + yn+i)

=0

lim <sup

n>q 4

This means that

n+k
lim (sup Tntht1 — Xn + Z Yi ) =0
n k j=n (‘nq)
or
n+k n—1
lim sup (x,.+k+1 + Zyj) - (xn + Z)’i) ) =0
n k J=q Jj=q [C)
and
q
“p—zyi—xle(«vnq) forp > g,
Jj=1
where
p—1
up=xp+zyi’ P=2,3,"'-
j=1

Thus, for fixed ¢, %, — Z}'-l ¥;—%4 tends to some limit in X, 9. But
§ is directed and then (u,) tends to %o in some X, || and
Up— D -y ¥j— %, tends to
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q
%o — 209 — % € Xt C Xuyoar

=1

Therefore xo/K —x,/K& X, /K for n2q. Moreover
. K
lim l /K — aco/Kl.M

=0

8549

< lim
n

(x,. + "z_:lyi> - (xo - ilyi)

J=q Jj=1

and the lemma holds.

Proor oF THE THEOREM. Consider the afy-representation %/K
=(N, X, | . [f,,). From the lemma follows that /K is complete.
Hence Z, ||-|| and §/K are subject to the theorem proved in [3].

Applying this theorem we obtain the desired result.
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