NEW RESULTS AND OLD PROBLEMS IN FINITE
TRANSFORMATION GROUPS!

P. A. SMITH

We shall be concerned with the topology of finite transformation
groups on spaces of relatively simple character. This represents a
rather small corner in the general theory, but the problems which one
finds here seem to be of some interest and difficulty. By disposing of
various low-dimensional cases, we shall try to show where the real
difficulties begin.

1. Definitions. A4 transformation group (G, X) consists of a group
G acting on a topological space X to form a group of homeomorphisms
of X onto itself. It will be understood throughout this paper that G
is finite. For a given transformation group or “action” (G, X) and
subset HCG, we denote by F(H; G, X) the fixed-point set of H—that
is, the points x such that kx=x for A& H. We may of course denote
this set simply by F(X) when only one action is being considered.
An action (G, X) is g-free if F(g) =, free if it is g-free when g1,
and semi-free if F(G)= . Let X" be the union of the fixed-point
sets F(g), g=#1, and let XY =X — X, Since gF(h) = F(ghg™!), the closed
set X" is invariant under the transformations x—gx. Hence G acts on
X7 (if Xr is not empty) hence also on X/, The action (G, X’) is free
but the action (G, X7) is not free. We call X’ the free part of X and
X the restricted part; (G, X") may be called the restricted part of the
action (G, X). An action (G, X) is effective if F(g) X when g5#1. In
a given action, the set N of elements g with F(g) =X is a normal sub-
group of G and there is induced an action (G/N, X) which is effective.

The sets Gx, x©X, are the orbits of (G, X). They form a decom-
position of X and the corresponding decomposition space, called the
orbit space of the action, is denoted by X/G. The stability group G, of
x consists of all g such that gx=x.

An action (G, X) is of class C* if X is a manifold of class C* and
the functions x—gx are of class C*. When k=0 we shall drop the
manifold condition on X; every action is then of class C°% A differ-
entiable action is a C'-action. (G, X) is orthogonal if X is a euclidean
sphere or an open submanifold of a euclidean space and the trans-
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formations x—gx are orthogonal. An action (G, X) which is of class
C* (or orthogonal) is triangulated if X carries a triangulation which is
of class C* (or orthogonal) and is compatible with the action. An
orthogonal triangulation here means one in which the cells are sim-
plexes if X is a euclidean space, and geodesic simplexes if X is a
euclidean sphere.

2. Isomorphism classes. An isomorphism ¢: (G, X)—(G’, X') of two
actions, both of class C* or orthogonal, consists of an isomorphism
G—G’ and a homeomorphism X—X’, of class C* or orthogonal (both
mappings being bijective) such that gx—g'x’ whenever g—g’, x—x’.
For a given G and X, the actions (G, X) of class C* fall into isomor-
phism classes the totality of which we denote by I*(G, X). Let
I°7 (G, X) be the corresponding sets for orthogonal actions. Since every
action and isomorphism of class C* can be regarded as of class C? we
have a natural mapping I*(G, X)—I°G, X). Similarly we have
I7(G, X)—I*G, X).

For each G, the mappings

I%(G, Sn) — I*G, Sa) = I°(G, S»)

are bijective when n=0, 1, 2. This is trivial for =0 and easy for n=1;
the proof for n=2 is due to Kérékjarts [12].

The mappings 1°°(Zs, S»)—I1%Zs, S») are mot all surjective when
nz3. Bing [1], for example, has constructed an action (Z,, S,) in
which F(Z,) is a topological 2-sphere, and the free part of S; is not
the disjoint union of two 3-cells as it would have to be were the action
isomorphic to an orthogonal one. Actions (Z,, S.) not isomorphic to
orthogonal ones and with arbitrarily large #, have been given by
J. H. C. Whitehead [25]. On the other hand, Hirsch and Smale
[10] have shown that every action (Zs, S;) which admits exactly two
fixed points? is isomorphic to an orthogonal one and G. R. Livesay
(not yet published) showed that the same is true of every free (Z,, S;).
An example of Floyd [7] showed that I°*(Zs, Su)—(I°(Zs, Su) is not
surjective, in fact the image of I°* does not even contain all members
of I°® which have triangulable representatives. In the triangulated
action (Zs, Su) constructed by Floyd, F(Zs) is not homeomorphic to
a euclidean sphere.

Call two orthogonal actions (G, S.) combinatorially isomorphic if
they admit triangulations which are carried one into the other by

2 Other supports can be used. Concerning the definitions and statements in this
paragraph see [18] or [1; 19; 20].
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some (not necessarily orthogonal) isomorphism. It is easy to see that
orthogonal isomorphism implies combinatorial isomorphism and
hence we have a natural mapping I(G, S,)—IY(G, S,) where I
consists of the combinatorial isomorphism classes. These mappings
are injective when G=Z,, m>1. This was proved by de Rham [16]
for free actions and the general case follows readily.

Not much more is known at present about the natural mappings
of isomorphism classes.

3. Joins. Two transformation groups (G, X), (G', X’) determine in
a natural way an action (GXG', X 0 X’) on the join X o X'. If
G=G" we may restrict the action of GXG to the diagonal of GXG
and obtain an action (G, X o X’). We shall denote this action by
G, X) o (G, X").

The join S, 0 S, of two euclidean spheres is homeomorphic to
Smint1. In fact one can assign the structure of a euclidean (m-+n-+1)-
sphere to S,, 0 S, in such a way that (G, S,) o (G, S») is orthogonal
and uniquely determined up to (orthogonal) isomorphism. The
multiplication defined by (G, S.) o (G, S.) is associative up to iso-
morphism.

Suppose that G is abelian and (G, S,) orthogonal. Then from ele-
mentary properties of real representations there is a “decomposition”

(1) (G) Sn) = (G’ S) o (G’ S,) 0--+0 (G7 S(k))

where S, S/, - - -+ are spheres and where the factors are orthogonal
and can not themselves be factored; this decomposition is unique up
to isomorphism and the order of the factors. The transformation
groups and isomorphism in (1) can of course be regarded as being of
class C° but from the C° point of view it is not known whether
uniqueness holds. The question of C%uniqueness for the decomposi-
tion of free orthogonal actions (Z,, Sent1), m>2, is essentially equiv-
alent to the problem of classifying lense spaces, which are the orbit
spaces of such actions. De Rham [16] showed that uniqueness does
hold for such actions if “isomorphism” is taken to mean “combina-
torial isomorphism.” This implies a combinatorial classification of
lense spaces.

The examples of Bing, Floyd and Whitehead in §2 show that not
every abelian (G, S.) (of class C° has a decomposition (1) even if it is
triangulable. It is in fact doubtful that a decomposition necessarily
exists in the differentiable case. For one reason, the sets F(g) for the
right member of (1) with differentiable factors, are homeomorphic
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to spheres whereas it is doubtful if this is true of the set F(g) for
every differentiable action (G, S,) although so far as the writer knows,
no counter-example has been constructed.

4. Effective actions in spheres. Let E*(X) denote the totality of
finite groups G such that there exist effective actions (G, X) of class
C*, and let E°*(X) denote the corresponding set for orthogonal ac-
tions. It is known that E°(S,) = E°(S,) when =0, 1, 2 but it is
not known whether this is true when #>2. (We shall consider the
case n=2 in §7.) It should be remarked that while the members of
E°r(S,) can be listed when # <3 (Seifert and Threlfall [17]), this is
not the case when #>3. We note also that every group G can act
effectively on some S which has the same homotopy type as S.. In
fact let S=S,\J(p o G) where p is a point of S, and let (G, S) be
defined by gx=x, xE.S,, g(p o k) =p o gh. This action is effective, and
S is retractible to S, by deformation.

No example is known of an effective action (G, S.) where G can
not act effectively and orthogonally on S,, and one might conjecture
that no such action exists. At any rate, one can show that none exists
wn which G is an abelian p-group. This is a straightforward conse-
quence of the next proposition.

By a homology n-sphere over A we shall mean a locally compact
finite dimensional Hausdorff space X such that H*(X, 4) = H*(S.; 4)
where H* means cohomology with compact supports.? It is to be
understood that S, consists of two points and that the empty set is a
homology (—1)-sphere. If X is a homology n-sphere over Z,, p a
prime, and if Z, acts on X, then F(Z,) is a homology m-sphere over
Zpand —1=m=mn; n—m is even if p>2. The example above shows
that m can equal # even if the action is effective, but this possibility
can be ruled out by imposing local conditions. Call X a generalized
n-sphere over a principal ideal domain A4 if it is a homology #-sphere
over 4 and a generalized #-manifold over 4. A generalized 0-sphere
over 4 consists of two points. If X is a generalized n-sphere over Z,,
then for any action (Z,, X), F(Z,) is a generalized m-sphere over Z,
and if the action is effective, m <z. If X is a homology n-sphere over
Z; and H*(X; Z) is finitely generated, one can distinguish between
actions (Z,, X) which preserve orientation and those which reverse
orientation. If orientation is preserved then n—m is even.

Let X be a generalized n-sphere over Z,, p a prime, and let
G=2Z,X +++ XZy s factors, act effectively on X. If p>2, then
s=(n+1)/2. In any case s<n-+1.

Suppose p>2. If s=1, there is nothing to prove. Assume s=2. We
shall show that there exist subgroups G=G'DG?D - - - DG*, each
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of index 1 in the preceding, and generalized spheres X = X7,
Xn=1 ... X132 0f of strictly decreasing dimension such that G*
acts on X* (i.e. gX*=X* whenever g&EG?) and does so effectively.
Suppose in fact that for some ¢ with 1<s—1, G%, - .-, G¢ and
X1, ..., Xt have been defined. The relation ¢<s—1 implies that
G’ is noncyclic and therefore (G?, X%) can not be free [22]. Hence
there exist cyclic subgroups H of G such that F(H)(=F(H; G*, X?))
is nonempty. Among the cyclic subgroups H of G* for which F(H)
# &, let H! be one such that F(H') is maximal i.e. is not properly
contained in some F(H). Take Gi*! to be a nontrivial cyclic sub-
group of G* such that GH'NH!'= {1}, and take X! to be F(H?Y)
noting that X5 ¢, Since G is abelian, Gt! acts on X! and it only
remains to be proved that (G*+1, Xit1) is effective. If not, there is a
nontrivial cyclic subgroup H' of G**! leaving X! pointwise fixed.
This means that the fixed-point set of H’, acting on X?, contains
X1 je. that F(H") DF(H"). Hence by maximality, F(H') = F(H")
and therefore the nontrivial elements of H’H' all have the same
fixed-point set, namely F(H') and therefore [22] H'H! is cyclic,
hence H'=H!. But this is impossible since H' CG**l. Now the X's
are generalized spheres over Z,, and each is the fixed-point set of an
action on the preceding by a cyclic subgroup of G. The “dimensions”
of the X’s form a strictly decreasing sequence ending with that of
X1 call it k. Then 0Sk<n—(s—1), hence x=n-+1. If p>2, the
dimensions decrease by even jumps, hence 0<k=n-—2(s—1),

sSE(n+1)/2.

5. Groups of order pq. Let G(p, g, k) denote the nonabelian group
of order pq defined by s?=tr=1, sts~'=¢*, with p, ¢ distinct primes,
p>2, k#1, k2=1 mod p.

Call an action (G, X) regular if the sets F(g), g&G, are manifolds.
If (G, X) is regular and X is orientable, all the manifolds F(g) are
orientable [20]. Consider an action (G,q, S.) where G,=G(p, ¢, k).
Let S, and F(¢) be oriented. G,, acts on F(¢) since the subgroup gen-
erated by ¢ is normal. Call the action (Gpq, Sa) concordant if s pre-
serves or reverses both orientations, agreeing that the orientation of
F is preserved if F= . The action is necessarily concordant if ¢>2.
Let r=dim F(f) agreeing that dim &= —1. Since $»>2, n—r
is even. A regular s-free action in which ¢=2 is necessarily concor-
dant.

Suppose G(p, q, k) acts regularly, effectively and concordantly on S,.
Then n=r mod 2q. The hypothesis of regularity can be omitted if the
action s t-free.

Proor. Let F=F(t), and let S, and F be oriented. To each trans-
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formation T: S,—S, of period $ having F as fixed-point set, there is
associated [11], Appendix B an element of Z,, denoted by ind T,
such® that (1) ind T*=k¢—»/2 ind T where r=dim F; (2) if S is a
homeomorphism (S,, F)—(S,, F) which preserves or reverses both
orientations, then ind (ST.S~)=ind 7. Let ind ¢t=ind T where T is
the transformation x—tx. Then

ind ¢ = ind sts~! = ind & = k)2

so that k/2=1 mod p. Since k?=1 mod p and k1, we see that
¢ must divide (r —#%)/2, hence ¥ —# =0 mod 2gq.

The preceding proposition restricts the cases in which effective
action can occur. We mention the following instances:

(a) If ¢>2,G(p, q, k) can act t-freely on S, only if n+1=0 mod 2g.

(b) If ¢>2, G(p, q, k) can not act effectively and regularly on
Sy, S3, Sy, If there exists such an action on S5 it must be f-free.

(c) If ¢>2, G(p, q, k) can not act differentiably and effectively on
Ss. For, suppose there is such an action. Since 6 —7=2¢=6, and 6—r
is even, we have r=0. Hence F(¢) consists of two points. Since ¢ is
odd, both points are fixed under s. Hence F(Gpo) # . (Gpg, Ss) in-
duces an effective orthogonal action on the tangent vector space of
any point of F(G,,) hence an effective regular action of (G,q Ss),
which is impossible by (b).

If ¢=2, then k= —1 and G(p, 2, —1) is the dihedral group Gq, of
order 2p. Milnor [13] showed that Gs, can not act freely on any Sn.
Of course G, can not act freely and orthogonally on S, for the reason
that since s is of order 2 and F(s) is empty, s would be represented by
the matrix —1I and would therefore permute with ¢.

In the cases which have not been excluded by the preceding re-
marks, it is not known whether G(p, ¢, k) can act effectively on a
given sphere. As Milnor remarked, the simplest unsolved case for
free actions is the following. Can G(7, 3, 2) of order 21 act freely on
Ss? Zassenhaus [28] showed that G(p, ¢, k) can not act freely and
orthogonally on any S,.

In the case of actions which are not free, perhaps the simplest
unsolved case is the following. Suppose (Gsp, Si) is regular and con-
cordant. Then 4=7 mod 4, hence r=0. Can this actually occur?
Specifically, can the dihedral group of order 6 (i.e. G(3, 2, —1))
act on Sy in such a way that F(s) = & and F(f) consists of two points?
No such orthogonal action is possible.t

3 (1) is not explicitly stated in [11] but can easily be verified.

4 A related question: let (G, S,) be a differentiable action such that F(G) consists
of two points x, y. Are the induced actions (G, T3), (G, Ty) on the tangent vector
spaces isomorphic?
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Most of the results in this section remain true if .S, is an #-manifold
which is an integral homology n-sphere. It remains true for example
that the dihedral group can not act freely on S,. On the other hand,
recent results of Swan [24] show that such actions do exist on hom-
ology spheres which are not manifolds.

6. Groups with periodic cohomology. It is well known [3, p. 358]
that if G acts freely on a sphere of odd dimension n, then G has coho-
mology of period n-+1. This means that [3, p. 260] H»++(G; A)
=I?’°(G, A), k=0, 1, - .- for every coefficient module 4. The only
properties of the A* which we shall need are the following [3, p.
237, p. 250]:

AHG,Z) = Zs, d=][G:1],
A%(G, Z) = Hom (G/[G, G], ZJ).

It is assumed in these formulas that G acts trivially on Z.

REMARK. If A%G, Z)=H?*(G, Z) with trivial action on Z, then
G=2Z,. For, Hom(G/[G, G], Zi)=Z; implies easily that G/[G, G]
contains an element of order d and this in turn implies that G=2Z,
since G and Z; are both of order d.

We shall need the following mild generalization of the theorem of
periodic cohomology.

Let X be an integral homology n-sphere and Y CX an integral homol-
ogy m-sphere with m <n—2. If G acts on X in such a way that gV =Y
for g&G and G acts freely on X' =X —Y, then G has cohomology of
period n—m.

Proor. There exists a spectral sequence E. [3, p. 354] or [18,
Chapter IV] such that E, is associated with the cohomology of
the orbit space X’'/G over a coefficient module A and E3?
=H?(G, HY(X’, A)). Cohomology here is taken with compact sup-
ports and is reduced in the dimension 0. From the Kiinneth relations,
H»X, A)y=4, H*X, A) =0, hs#n. Hence from the cohomology se-
quence for (X, ¥) we have H*(X', A)=H"(X', A)®H" (X', A)
=A@®A. Thus E}? is nontrivial only when ¢=#, m-+1. Using E, 4
=H(E,) and the fact that d, is of bi-degree (r, 1—7r), we find that

Ef= ... =F" and E§""'= ... =E"™" where r=n—m, s =0,
1, -+ - - . We have
1) &t E" s gt (s=0,1,---).

We assert that d®" is bijective when s=1. For, E3™, p=n—m,
evidently consists of permanent cocycles of total degree =n-+1. But
E,, gives the cohomology of X’/G which can be shown to be trivial
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in dimensions exceeding 7 (in order not to stop for this point we can
assume that dim X =# in which case it is trivial). Let x C ESt#~mm+1,
By what has just been said, the image of x in E, is zero. Assume
x5%£0. Then x must be “killed off” in passage to « which means that
x has an image in some E,, {27, of the form d.y, y#0. Using the
fact that d, is of bidegree (¢, 1 —¢#) we see that this can happen only
if t=7 and y&E™. It follows that (1) is surjective. Suppose s> 1.
If (1) is not injective E™ would contain a nonzero permanent co-
cycle, which, being of total degree =#n-+1, must be killed off by an
element in some E;” where v># whereas, all such elements being
images of elements in E3° are zero, which proves the assertion. It
follows from this and the fact that H*= H* when s=1, that ﬁ‘(G, A4)
= A7m+3(G, A) for every A when s=1. It must therefore hold also
for s=0 [3, p. 358].

Using the remark in the second paragraph of this section we have
the following

CoROLLARY. If X is an integral homology n-sphere and (G, X) an
action such that X' =X —F(G) and if F(G) is an integral homology
(n—2)-sphere, then G is cyclic.

7. Actions on a generalized 2-sphere. Let Q be the set of orbits of
an action (G, X) where X is finite (discrete). Since G,,=gG.g~! (§2)
we see that [G,: 1] is constant on each orbit w. Let »(w) = [Gs: 1]sc0.
Let N=[G: 1] and let ¢(g) be the number of points in F(g). Then
€] 2 4@ =N 2 (1~ 1/5)).

971 wED

This is shown by counting the number P of pairs (g, x) such that
g#1, gx=x. There are ¢(g) x’s paired with each gs£1, hence the left
members of (1) equals P. For x in a given orbit w, there are v(w)—1
g's paired with x; hence to w there correspond (v(w)—1)n(w) pairs
where #n(w) is the number of elements in w. Now #(w) equals the
number of cosets of G, xEw, hence #n(w)r(w) = N. Hence the number
of pairs corresponding to w is N(»(w) —1)/»(w) and therefore P equals
the right member of (1).

Let G act on a finite set X such that F(g) consists of a single point
when g#1 and each G, is nontrivial. Then X consists of just one point.

For, with ¢(g) =1, g1, (1) becomes

) 1—1/N =2 1 —1/v(w).

G.> {1} implies »(w) = 2 for every w. Hence the right member of (2)
is >1 if there are two or more terms in the sum whereas the left
member is smaller than 1. We conclude that there is just one orbit w
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and that »(w) = N. Hence G,=G for each x so that F(G) =X. There-
fore F(g) =X for every G, hence X consists of one point.

Consider now the subset E™t(S;) of E°7(S:) consisting of those
groups which can act effectively as rotation groups on S,.

If there exists a (G, X) with finite X such that every G, is cyclic and
nontrivial and every F(g), g#=1, consists of two points, then G E7t(Sy).

In fact, a classical argument [27, p. 17] based on (2) shows that
if (G, X) has the stated properties then (G, X) can be identified with
the restricted part (§1) of an effective action of G in Se, in which the
transformations x—gx are rotations.

Let X be an integral homology 2-sphere. If the restricted set X' of an
action (G, X) is finite and each set F(g), gEG, is nonempty, then G is
a member of E%(S;).

It is sufficient to show that the restricted part (G, X*) satisfies the
hypothesis of the preceding proposition. Let g be an element of G of
prime order p. Then F(g) is a homology 0-sphere over Z,. But as a
subset of X7, F(g) is finite and therefore consists of exactly two points.
It follows readily that every F(g), g#1, consists of two points. Since
each point in X” is fixed under some g#1, G, is nontrivial when
x&EX". It remains to be shown that G,, x& X", is cyclic. Let x be a
point in X7, and consider the action (G,, X). Let X7 be the restricted
part of X in this action. Evidently x&€X}; and G, acts on the set
X'=X5— {x} which is nonempty. Each element of G, different from
1 leaves just two points of X fixed, one of which is x, hence leaves one
point of X’ fixed. Moreover, if ¥’ €X' then at least one g in G, differ-
ent from 1 leaves «’ fixed. Therefore by the first proposition in this
section X’ consists of a single point and so in the action (G., X),
F(G,) consists of two points and is therefore an integral homology
0-sphere. Moreover, the free part of X in this action is X — F(G,).
Hence by the corollary in §6, G, is cyclic.

COROLLARY. If G acts effectively on an integral generalized 2-sphere

so that the transformations x—gx preserve orientation, then G is a mem-
ber of Erot(Ss).

8. Cyclic actions on 3-spheres. Let L be the restricted part of S;
for an action (Z., S;) and assume that L is the disjoint union of k
simple closed curves, 2=1. If the action is orthogonal, k is either 1
or 2. This remains true if orthogonality is replaced by the hypothesis
that each component J of L is unknotted in the sense that m(Ss—J)
=Z. Whether or not a component of L can actually be knotted is an
open question; Montgomery and Samelson [14] have shown that
certain types of knots are not possible.






