SOME ELEMENTARY TOPOLOGICAL PROPERTIES OF
ESSENTIAL MAXIMAL MODEL CONTINUA

W. R. SCOTT!

1. Introduction. Let T: z={(w), wED, be a bounded continuous
transformation from a bounded connected open set D in the w-plane
into the z-plane. Radé and Reichelderfer [3, p. 263]2 have defined
essential maximal model continua v (z) for such transformations. If 4
is a set in the z-plane, let E(4) be the point set sum of the e.m.m.c.
v(2) for s&A. Thus E(A) is a subset of D. We are primarily interested
in the topological properties of E(4). Since most of the reasoning is
valid for more general spaces, it is carried out first for these spaces
and then in §6 the results are applied to the above situation. These
results are also applicable to the set Et(4) and E—(4) defined by
Reichelderfer in [4].

2. Preliminaries. Let T: y=i(x), x& X, be a single-valued con-
tinuous transformation from a normal Hausdorff space X into a
topological space ¥ (these terms are used in the sense of [1, chap. 1]).
Suppose that for each set 4 C ¥ there has been defined a set E(4)CX
such that

1 E(4) = éAE()’)»
(2) Ey)= 2. 7
YESW)

where S(¥) is a class of disjoint nonempty closed connected sets yCX
such that yCT-'(y) and having the following property:

P. If v¢&S(y0) and if G is any open set such that yoCG, then
there exists a neighborhood N(¥,) such that if y&N(y,) then there
exists a Yy E.S(y) such that yCG.

Let f(y) be the number of y&S(y). Thus f(y)=0, 1, 2, .« ., or
+ 0, no distinction being made between infinite cardinals.

3. Closed sets 4.

THEOREM 1. Let T, A, E(4), and f(y) be given as in §2. If A is
closed and if f(y), yEA, is upper semi-continuous and bounded on A,
then E(A) 1s closed.
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ProoF. Deny the theorem. Then there exists a point 20 & C(E(4))
—E(A4), where C(E(A4)) is the closure of E(4). Since 4 is closed and
since E(A)CT1(4) which is closed, we have #(xo) =y0&4. Let
f(¥0)=k. Then there exist disjoint v;&S(vo), 4=1, - -+, k, and
Xo- Z'y; =0. Since each #; is closed, and since X is a normal Hausdorff
space, there exist disjoint open sets Gy, - - -, Gi, such that xEG,,
v:CGs, 2=1, - - -, k. By property P, there exist neighborhoods
Ni(yo) such that if y&E N;(yo) then there exists a y&S(y) such that
v CGi:. Since f(y) is upper semi-continuous on 4, there is a neighbor-
hood N’(y.) such that if yEN'(y,) 4, then f(y) Sk. Let

N(y0) = N'(30)- N1(30) * + = Ni(0)-

Then if yEN(y0)-A4, all of the yES(y) lie in Y 5., G:i But since
%0EGo and Go- 25, G;=0, this implies that xo& C(E(A4)). This is a
contradiction. Thus E(4) is closed.

It will be noted that the fact that each v is connected was not used
in the proof of this theorem.

4, Connected sets 4.

LEMMA 1. Let T, A, and E(A) be given as in §2. Let E(A)=E,+E,
where Ey-C(E;)+C(E,)-E:=0. Let fi(y), yEA, be the number of
YES(y) such that v CE;. Then fi(y) is lower semi-continuous on A.

Proor. Note that since a y,&.S(yo) is connected, either yoCE; or
or vo- E;=0. Hence fi(y) +f2(y) =f(y), yEA. It will be sufficient to
show that fi(y) is lower semi-continuous on 4. Let fi(yo) =n, yoEA4.
If =0, then fi(y)=#n, yEA. If #>0, there exist v;CE: E(yo),
j=1,+--,n Hence~vy, -, vs and C(E,) are disjoint closed sets.
Therefore there exist disjoint open sets Gi, -+ +, G. such that
C(Es)- 2.G;=0 and v;CGj. By property P there exists a neighbor-
hood N(yo) such that if y& N(y,) then there exists a v;CG;- E(y). If,
in addition, y&A4, then fi(y) 2#. But this proves that fi(y) is lower
semi-continuous on 4.

In particular, if E;=0, we have that f(y), y&A4, is lower semi-
continuous on 4. Thus, if 4 =V, this shows that f(y) is lower semi-
continuous on Y.

LEMMA 2. Let A be a connected subspace of Y. Let gi(y), yEA, be a
(finite) integral-valued, lower semi-continuous funciion, i=1, - - -, n.
Let g(y)= Y gi(y), yEA, be upper semi-continuous. Then gi(y) is
constant on A for each <.

ProOF. The function g*(y) = D_;x gi(y) is lower semi-continuous.
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Hence gi(y) is upper semi-continuous, being the difference of an
upper semi-continuous function g(y) and a lower semi-continuous
function g*(y). Since g:(y) is also lower semi-continuous, it is con-
tinuous. Since 4 is connected, g;(y) is constant on 4.

THEOREM 2. Let T, A, E(4), and f(v) be given as in §2. Let A be
connected, and suppose that f(y) is upper semi-continuous and f(y) Sk
<+, yEA. Then E(A) has at most k components. Let these com-
ponents be E,, .- -, E, r=k. Let fi(y), yEA, be the number of
yES(y) such that vy CE;. Then fi(y) is constant for each 1.

Proor. If E(4) =0, the theorem is trivial. If E(4) 0, let Ey, - - -,
E. be such that E;0, E;-C(E;) =0 if 15j, and > E;=E(4). Let
fi(»), yEA, be defined as in the theorem. Clearly fi(y) is integral-
valued and $#0. Moreover, by Lemma 1, f;(y) is lower semi-continu-
ous on A. Since f(y) = D_fi(y) is upper semi-continuous and bounded
on 4, Lemma 2 is applicable, and fi(y)=k;21, ¢=1, - - -, r. But
since

k2 f) =2fzLl1=r
=1 =1
we have r <k. But if E(4) had more than k2 components, then there
would exist Ej, - + +, Epyq such that E; 50, E;- C(E;) =0 if 257, and
> E;=E(A). Hence E(A) has at most ¥ components and the theorem
is true.

5. Open connected sets 4.

THEOREM 3. Let T: y=1(x), xEX, be a continuous transformation
from a connected, locally connected, locally compact, separable metric
space X into a topological space Y. Let A be a connected open set in Y,
let E(A) be given as in §2, and suppose that f(y)#£0 is upper semi-
continuous and bounded on A. Let y1EA, y. EA. Then there exist points
x1EE(n), x:EE(y2), and an arc C from x1 to xz such that T(C)CA.

Proor. Let Ei(4) be any component of E(4). Let fi(y), yE4, be
the number of y&S(y) such that yCEi(4). Then by Theorem 2,
fi(y)=Fk1>0, yEA. Hence there exist an x,EE(y)-Ei(4) and an
%2 E E(ys) - E1(4). Let G be the component of 7-1(4) which contains
E(A). Then [2, Theorem I, 14.1] G is open and connected. Hence [2,
Theorems I, 14.3 and II, 5.2] G is arcwise connected. Therefore there
exists an arc CCG joining x; and x,. Clearly T(C)CA4.

6. Plane transformations. Let T": z={(w), w&D, be a bounded
continuous transformation from a bounded connected open set D in
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the w-plane into the z-plane. Radé and Reichelderfer [3, p. 263] have
defined essential maximal model continua (e.m.m.c.) v for such trans-
formations. Let S(2) be the class of (disjoint) e.m.m.c. of z. If yE.5(2)
then yCT-'(z) and S(2) has property P [3, Lemmas 2.8 and 2.16].
Define E(A4) by equations (1) and (2). The function f(z) becomes the
essential multiplicity function k(z) [3, p. 263]. The conditions in
Theorems 1, 2, and 3 are satisfied, and we have the following result.

CoROLLARY. Let T': z=t(w), wED, be a bounded continuous irans-
formation from a bounded connected open set D in the w-plane into the
z-plane. Lel k (3) be upper semi-continuous on A with k(z) Sk<+ o,
2EA. Then if A is closed, E(A) is closed; if A is connected, E(A) has at
most k components.

Theorem 3 of course yields a corollary also.

Reichelderfer® [4] has recently defined a class S*+(z) for such plane
transformations as follows. S*(z,) consists of all e.m.m.c. o of 3
such that if G is any open set containing 7o then there exists a finitely-
connected Jordan region RCG containing v, in its interior and such
that u(z0, T, R) >0 (see [3, p. 263] for notation). Reichelderfer [4]
shows that S+(z) has property P. Define E*(4) by equations (1) and
(2). The function f(2) is then denoted by x+(z). Then Theorems 1, 2,
and 3 apply in this case.

Similar definitions and conclusions hold for E-(4) (see [4]).

7. Examples. The discussion will be restricted to bounded continu-
ous plane transformations T: z=¢(w), w&D, where D is an open
simply-connected set, and to the functions «(z) and E(z) mentioned in
§6. The following examples shed further light on Theorems 1, 2, and
3. We have let w=u-1v, z=x-+1y, and have used whichever notation
is more convenient.

I. In Theorem 1, if f(2) is merely assumed to be bounded, then
E(A) is not necessarily closed. For let D be the disc |w| <2, and let

_fw |w|§1
z——{w/lwl, 1<|w| <2

Let A be the closed disc |z| <1.Then k(2) =1, 2E4, and E(4) is the
set |w| <1 which is not closed in D.

I1. In Theorem 1, if k(z) =+ =, 3E 4, then E(4) is not necessarily
closed. Sierpinski [5] has constructed a continuous function x =g*(«),
0=u=1, such that «(x, g¥) =+ « for 0 <x <1 except at a countable

3 The author had the privilege of reading this paper in manuscript.
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set of points. A slight modification of his function yields a continuous
function x =g(u), 0= =<1, such that k(x, g) =+ «,0<x <1, and such
that g(1) =1. To construct the required example, let D be the open
rectangle: 0<u# <3, 0<v<1. Let T be defined by the relations

g(u), 0<u=1,
x =103 —u)/2, 1<u=2,
1/2, 2<u<3,
Yy =1, 0<ov<1.

Let 4 be the line segment: 1/2=<x=<3/4, y=1/2. Then «(z) =+ o,
3E€ 4, and E(4) is not closed because it contains the segment 3/2 <u
<2,9=1/2, but not the point u=2,v=1/2.

II1. In Theorem 1, if 4 is open and k(z) =k <+ », 24, it does
not follow that E(4) is open. For let D be the disc |w| <2, and let

(w— Dw, 1=|w| <2,
l'wl-—l, 0=|w|<1.

Let 4 be the disc [zl < 2. Then it follows that k(z) =1,2EA4, and E(4)
is the set of points w such that 1= Iw[ <2. Hence E(4) is not open.

IV. In Theorem 2, E(4A) may be connected, thus having only 1
component, even though k(z) =k <+ «, 2E4. For let z2=wk, l-w[ <2.
Let 4 be the unit circle ]zl =1. Then k(z) =k, 2EA4. But E(4) is the
unit circle |w| =1, and is therefore connected.

V. Theorem 3 does not hold for line segments 4. For let D be the
open rectangle: —2<u<2, —2<v<2. Let S be the point set con-
sisting of the line segment ¥ =0, —1 <v <1, and the curve v =sin 27 /4,
0<u=1. Let S’ be the point set consisting of .S and the two line
segments —2<u<0,v=0, and 1 <% <2, v=0. Let d((%, v), S’) be the
distance from the point (%, v) to the set S’. Define the transforma-
tion T as follows:

5= 1w = {

u, —-2<u<0,
x =10, 0<u=1,
u— 1, 1<u<2,
d((u, v), §"), (u, v) above S’,
y=10, (u,v) €5,
— d((u, v), S") (u, v) below S’.

T is clearly continuous. Let 4 be the line segment: —1=<x=<1/2,
y=0. Then k(z)=1, 2E€4, and T-1(4)=E(A) consists of the line
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segments —1 <u<0,v=0, and 1 <# <3/2, v=0, and the set S. Hence
if Z1=(—1, 0) and 2.=(1/2, 0) there is no arc wiw,CD such that
t(ZU1) =21, t(?l;)z) = 32, T(arc wlwg) CA.

VI. There remains the question as to whether, in the case of plane
transformations, we could require CC E(4) in Theorem 3. This would
be impossible in the general case, as may be shown by an example
similar to the one described in V.
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