ORTHOGONALITY PROPERTIES OF C-FRACTIONS
EVELYN FRANK

1. Introduction. It has been indicated in the work of Tchebichef
and Stieltjes that the denominators D,(z) of the successive ap-
proximants of a J-fraction

bo bl b2
di+z—di+3z—ds+3z— -

constitute a sequence of orthogonal polynomials. The orthogonality
relations which exist between the D,(2) may be expressed in the fol-
lowing way (cf. [4, 7]).! Let S’ be defined as the operator which
replaces every z? by ¢, in any polynomial upon which it operates,
where the {c,,} are a given sequence of constants. Then the ortho-
gonality relations

(1.1)

=0 for p #yq,

(1.2) @ADL o o b

hold relative to the operator S’ and the sequence {c,}. The poly-
nomials D,(z) are given recurrently by the formulas Dy(z)=1,
Dy(2) = (dp+2)Dp1(2) —bp1Dp2(2), p=1, 2, - - - (Da(2) =0).

In this paper orthogonality relations similar to (1.2) are developed
for the polynomials B}(z) which are derived from the denominators
B,(2) of the successive approximants of a C-fraction

a12%“ A92% 1 2V4x
1 + 1 4+ 1 4+,

where the a, denote complex numbers and the a, positive integers
(cf. [3]). In fact, conditions (1.2) for a certain J-fraction are shown
to be a specialization of the orthogonality relations for a C-fraction.
Furthermore, necessary and sufficient conditions are obtained for the
unique existence of the polynomials B}(z) in terms of the sequence
{c,,} (Theorem 2.2).

(1.3) 1+

2. Orthogonal polynomials constructed from the denominators
of the approximants of a C-fraction. Let 4,(2) and B,(z) denote the
numerator and denominator, respectively, of the pth approximant

Presented to the Society, December 31, 1947, and February 28, 1948; received
by the editors March 31, 1948.
1 Numbers in brackets refer to the bibliography at the end of the paper.

384



ORTHOGONALITY PROPERTIES OF C-FRACTIONS 385

of a C-fraction (1.3). The recurrence formulas
do(z) =1, Ai(z) = 1+ azm,
Ap1(z) = Ap(2) + apr1z°rnd p1(2),
B(z) =1, By(z) =1,
By11(2) = Bp(2) + api12%nBya(3), p=12-.--,
show that 4,(2) and B,(z) are polynomials of the form

2.1)

Ay(z) = ‘Y;p) + 'Y;p)z + -4+ 'y,(:)zs”,
(2.2) (») (») tp
Byz) =1+4+B1 2+ -+ B, 2

From the determinant formula

Ap(8) Bp1(2) — Ap-1(2)Bp(2) = (—1)Pa10s - -+ - @ppazetest Fapr,
it follows that there is determined uniquely a power series
(2.3) Pi)=1+4+ciz+ c22+ - - -

such that the power series expansion for A4,(z)/B,(3) agrees
term by term with the power series P(z) up to the term in-
volving gortert---tept1 that is,

P(2)By(z) — Ap(z) = (—1)?a1az « - - @ppagortort - Faph,

This uniquely determined power series is called the corresponding
power series.
In [3] it was shown that the algorithm

1

®
B
®

(2‘4) (cm Cn—1y Cp—3y * * * ) 52

Oif aptar+- - +tap<n<a+ar+ -+ ap,
= (—1)”0102"'(1p+1 fn=a+a+- - +0£p+1,
p=0s11"'(a0=0)7

combined with formulas (2.1), gives the ¢, and &, of (1.3) correspond-
ing to the power series P(2) (2.3). Conversely, the coefficients ¢, of
the power series expansion P(z) are determined by (2.1) and (2.4)
when the corresponding C-fraction (1.3) is given.

Let the polynomials Bj*(z) be defined as follows:
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By(a) = 5"B,(1/5) = 2 + 85T 487 4+,
2-3) fr itz
where n, = ]
by if sp,<tp,p=0,1,---.

Let .S be defined as the operator which replaces every 2? by ¢4 in
any polynomial upon which it operates, and let the sequence

(2.6) {o,,}: €1, C2, C3y * * * (co=1,¢:=0,1<0),
be the coefficients of the power series (2.3) corresponding to the C-

fraction (1.3). From the algorithm (2.4)
»+1

=0 for k=0,1,-++, 2 a;— 1, — 2,
@) SGE*B3()

p+1

#0 for k= P — - 1;
2.7 Zeem el
(ii) S(z"B’;(z)) = (=1)?a185 - + - @py1 for k= D a;— ny— 1,
=1
p = 0, 1’ o,
Let BX(z) =zra+4B0znc 14 Pzm24 . . . be one of the poly-

nomials defined by (2.5). From (2.7) the following orthogonality re-
lations hold between B;f(z) and B j(z) relative to the operator .S and
the sequence {¢,}:
Pl
0 for nq=0,1,---,2a,~—n,,—2,

2.8) S(BL(2)Bi(2) = =
(2.8) S(By(2)By(2)) (= 1)1z - - - Gpp1 5 0
»+1
for mg= Y ai—np,—1, p=0,1,---.

=1
- Consequently the following theorem holds.

THEOREM 2.1. Let the C-fraction (1.3) be given. By the algorithm
(2.4) the sequence {c,,} (2.6) of coefficients of the corresponding power
sertes (2.3) can be computed. Then the polynomials B (z), which are
found by (2.5) from the denominators B,(2) of the successive approxi-
mants of (1.3), satisfy the orthogonality relations (2.8) relative to the
operator S and the sequence {c,}.

From formulas (2.4) or conditions (2.7) there follows directly a
condition necessary for the existence of the polynomials B,(z) and
consequently the polynomials B;*(z), namely, that
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A(0,0) #£0,A0,7) =0,2=1,2,---,5 — 1, A0, 5,) 5% 0;
Aty — 1,5,) #0,A0@, — 1+ 4,5, + %) =0,

p+1

(2.9) i=1,2,--, > ai—t, — s, — 1,
P+ Pl =1
A(Ea.-—sp—l,zm—tp>;60, p=1,2,---,
=1 =1
where
Ck—iy Ch—j4ly * * ° 4 Ck
Ck—jtly Ch—it2y *** 4 C
AG, #) = k—i+ly  Ck—it2 k+1 ’ k=01,

Chy Ckt1ly **° 5 Cktj

(cf. [3, (3.2)]). In fact, the coefficients a,70 of (1.3) may be found in
terms of the determinants A provided conditions (2.9) hold.

Conversely, given a sequence {c,} for which conditions (2.9) hold,
one can construct a unique system of polynomials B(z) such that
(2.7) hold, and consequently (2.8), and the B, (z) are given by
formulas (2.1), (2.5), and (2.7) (ii). For, by conditions (2.9), A(0, 0)
=co=1, A0, 2)=0, i=1, .+, 51—1, or = +++ =¢,1=0, and
A(0, s1) =¢,, %0, it follows that s; =0y, since cq,70. Then equations
(2.7) (i) hold, that is, S(z*Bf(2))=0, k=0, : + -, au—2; if B(2)
=B¢(z) =1, and S(z*r'B¢*(z) =a1 if ¢o;,=0a1. Thus a; and a, are de-
termined. Suppose now Bi*(z) =zm-+BVzm—14pMem—24 . .. =gu g
computed by (2.1) and (2.5). By the algorithm (2.4)

- e .

(2.10) 2 CaitiBi =0, j=1+,m—1,
=0
o @

(2.11) > Caytag—ifi = — G10s.

=0

These equations are exactly conditions (2.7) for #;=a;. But since
equations (2.7)(i) may be solved for the coefficients B® uniquely be-
cause (2.9) hold, the polynomial Bi*(z) as determined by (2.1) and
(2.5) is the unique polynomial which satisfies (2.7). The value of a,
may be determined from (2.11) and the value of a; from (2.9). In
exactly the same way one may show for p=2, 3, - - - that, from a
given sequence {c,} for which conditions (2.9) hold, unique poly-
nomials B,f(z) may be found by (2.1), (2.5), and (2.7)(ii) such that
(2.7) hold and consequently conditions (2.8). This completes the
proof of the following theorem.
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THEOREM 2.2. Let {c,,} be a given sequence of constants. There exists a
unique sequence of polynomials B¥(z) (2.5) which satisfy conditions
(2.7) and consequently relations (2.8) relative to the operator S and the
sequence {c,,} if and only if conditions (2.9) hold. These polynomials
are determined by the recurrence formulas (2.1), (2.5), and (2.7) (ii).

The polynomials By(z) (2.1) are the denominators of the successive
approximants of the C-fraction (1.3) corresponding to the power series
(2.3) with coefficients c,.

If conditions (2.9) hold for p=1, - - -, m, then a finite sequence of
orthogonal polynomials B,f(z) may be constructed. On the other
hand, if (2.9) hold for all values of m, there exists an infinite sequence
of orthogonal polynomials B,*(z).

3. Special C-fractions. The C-fraction (1.3) (and its corresponding
power series) is called regular if all of its approximants are Padé ap-
proximants (cf. [5]). In [3] necessary and sufficient conditions for
regularity are found in terms of the s, and ¢, (cf. (2.2)). There is a
special class of regular C-fractions called a-regular, in which the con-
dition of regularity depends only upon the exponents a,, that is, the
o, must satisfy the relations

a1+ ag+ -0 azpi1r = Sapp1 = 0 + 1A fapy,

(3.1)
a ot da, =y 25— p=01---,

where w is an integer. In [3] it is shown that necessary and sufficient
for a-regularity are the conditions

AG w+14+49=0i=01-,h—w—2
Ay — @ — 1, k) 5 0;
Ay — @ — 2, ky) % 0, Alhy —w — 144, by + 1+ 4) =0
5.2) i=0,1,- -, g — byt w—1,
Algy— 1, gp+ w0+ 1) #0;
Agr— 1,8+ w #0,A(p+ 4 g +w+1+14) =0,
i=0,1, 0, by — gp— o — 2,
Alpys — & — 1, hpyr) 0, p=1,2 -,
where go=0, go=a2tay+ + - - +azp, by=ar1+oaz+ - - - +agy-1. Con-
ditions (3.2) reduce to (2.9) when s, and ¢, satisfy (3.1).

For a-regular continued fractions, let the polynomials B}(z) be de-
fined as follows:
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(3.3) Bipia(s) = 811 Bapia(1/2), Bay(s) = 29+Ba,(1/3),
=0,1,---.
Then the following theorem is a corollary to Theorem 2.2.

THEOREM 3.1. Let {cp} be a given sequence of constants which are the
coefficients of an a-regular power series. There exists a set of unique
polynomials By(z) (3.3) which satisfy the orthogonality relations

0 for ny < gp41 — 1,
S(Brp41(2) By(®)) = (—1)?71a18 - - + aappa 5 0
3.4) \ for ny = gp1— 1;
0 for ny < hpy1 — o — 1,
S(B2p(2) By(®)) =1 (—1)*2a185 - + - @app1 5% 0
| for ng=lppn—w—1,p=01-.-.-,

relative to the operator S and the sequence {cp}. These polynomials are
determined by the recurrence formulas (2.1), (3.3), and the relations

S(ziB:ﬁl(z)) = (=1)?Hg1ay - - - Gopy2 fOr @ = gy — 1,
(3.5)  S(Bi(2) = (—1)%%a:1a2 - - - G2pi

for t=lbpp1—w—1,p=0,1,---.

The polynomials B,(2) (2.1) are the denominators of the successive
approximants of an a-regular C-fraction.

It may be remarked that for an a-regular C-fraction the orthogo-
nality relations (3.4) depend entirely on the exponents o, of the C-frac-
tion and the integer w, and are independent of the coefficients a,.

A second special case of the orthogonality relations (2.8) is ob-
tained from the denominators of the approximants of a certain con-
tinued fraction (1.1). If one specializes the C-fraction (1.3) by put-
ting a;=1, ¢=1, 2, - - -, and then replacing z by 1/z the even
part (cf. [5, p. 201]) of the resulting continued fraction after certain
equivalence transformations is

ay a203 Q405

1
+az+z—(aa+a4)+z—(as+ae)+z—'-

This is a J-fraction for which the orthogonality relations (2.8) reduce
to the known conditions (1.2).
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4. Analogue to the Christoffel-Darboux formula. The denominators
D, of the successive approximants of a J-fraction (1.1) are con-
nected by the identity (cf. [1], also [2])

Do(z)Do(w) + Di(2)D1(w) + - - - + Dp(2)Dp(w)
Dpy1(z)Dp(w) — Dy(2)Dpia(w) ,

Z2— W

p=0,1,-+.

A similar relation for the denominators of the approximants of a C-
fraction is shown in the following theorem.

THEOREM 4.1. The denominators B, of the approximants of a C-frac-
tion (1.3) are connected by the identity

Byi1(2) Bp(w) — By(2)Bpra(w)
= @p1Bp1(3) Bpr(w) [3% — worh]
+ @p110,Bp-2(2) Bps(w) [zo71 e — wertiga |
+ @p118,0p_1Bp_3(2) Bp_s(w) [zorriwergert — gortigergger1]
+ oo+ @pr1a, - - - a2Bo(2) Bo(w) [zortiwer - - -

—_ -wap+lzap o .. ]‘

(4.1)

Proor. (4.1) is derived from the recurrence formula (2.1) for
B,. For Byy1(2) Bp(w) — By (2) Bpy1(w) = By(w) [B,(2) +ap+12ap+pr—1(z)]
— B, (2) [Bp (w) + appw*+t By, ('w)] = Opy1 [zapHBp (w) Byt (2)
— w»+B, (3) By (w)] = ap1Bpi (3) Bpa (w) [z2e+1—we+1] +a,110,
- [z22+102rB,,_1(2) Bp_o(w) —wr+1222B,_1(w)B,_2(2) |. By a repetition of
this process, formula (4.1) is ultimately obtained.
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