A SUFFICIENCY THEOREM FOR DIFFERENTIAL SYSTEMS
AUGUSTO BOBONIS

1. Introduction. This paper is concerned with a boundary value
problem involving differential equations and boundary conditions of
the form

y! = [4:j(%) + ABij(%)]ys
(1.1) s:[y, \] = (Ma; 4 AM:)yi(a) + (Nis+ AN:)y;(6) = 0
(a§ xéb;iyj=1y2""’n>y

where the matrix of constants || M;24+NM;;!, N;?4AN; || has rank =
for all values of the characteristic parameter A. In his dissertation
the author [3]! extended to such systems the concept of definite self-
adjointness introduced by Bliss [2] for problems with boundary con-
ditions independent of the parameter. Earlier, Bliss [1] had formu-
lated a definition of definite self-adjoint systems in such a manner
that systems of this type had infinitely many characteristic values.
This property is in general no longer true for systems that are defi-
nitely self-adjoint in the modified sense of Bliss [2], and the analogous
definition of Bobonis [3] is such that definitely self-adjoint systems
(1.1) need not possess an infinitude of characteristic values. As shown
in [3], however, for definitely self-adjoint systems (1.1) the charac-
teristic values are all real and have indices equal to their multiplici-
ties; moreover, such systems admit expansion theorems analogous to
those obtained by Bliss [2].

It is the purpose of the present paper to consider a definitely self-
adjoint system (1.1) which satisfies the additional condition that the
matrix ”Bij(x)“ is of constant rank on the interval ¢ <x <b. Such a
system is shown to be equivalent to a boundary value problem asso-
ciated with the second variation of a calculus of variations problem
of the type considered by Reid [4], and the extremizing properties
of the characteristic values of the equivalent problem lead to neces-
sary and sufficient conditions for the given problem to have an infini-
tude of characteristic values. The methods of proof herein used are
analogous to those employed by Reid [5] in establishing the corre-
sponding results for definitely self-adjoint systems whose boundary
conditions are independent of A.
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2. Statement of the problem. In the present paper matrix notation
will be used whenever possible. The subscripts 1, j, k, &, will have the
range 1, 2, + + ., n. Capital italic letters denote n-rowed square mat-
rices, the element in the 7th row and jth column being denoted by
the same letter with the subscript ¢j. The vector (y;) is denoted by
the lower case letter y; Ay and y4 represent the vectors (4;;y;) and
(y;A ;s), respectively, where the repeated subscript j indicates a sum-
mation with respect to the subscript over the range 1, 2, - - -, .
The scalar product y,z; of the vectors y and 2 will be written y2. The
transpose of the matrix 4 will be denoted by 4. Whenever the ele-
ments of the matrix 4 are differentiable functions, the matrix of
derivatives is denoted by A’. For brevity, we shall also write .[y]
and 9 [z] for the adjoint differential operators whose components
L:[y] and 9 [z] are given by

Lily] = 98 — 4u(®)ys,  Dls] = 2! + 3,4 (%)
The elements of the matrices ||4:;(x)|, || B:i(x)|| are real-valued and
continuous functions in ¢ Sx<b and the matrices M(\) =”M.-,-()\)”
=|| M2 +NMA|, NV =||NiV)|| =|| Vi +AN:;| are such that the
elements of M°, M!, N° N! are real-valued and the #X2» matrix
||M P FAM, N.-,~°+XN,~H” has rank # for all values of the parameter
. It is assumed that not all of the elements of M*, N! are zero.

The system of equations with boundary conditions to be considered
here is

2.1) ¥y = [A(%) + 2B()]y;
' sly, ] = s°[y] + as[y]
= (M°+ AM")y(a) + (N° + ANY)y(d) = O.

Throughout the present paper we assume that the boundary condi-
tions of (2.1) satisfy the following hypothesis:

For all values of \ the nX2n matriz || M(\) N(\)|| has rank n. More-
over, there exist matrices P(\) = P°4+AP!, Q(\) =Q°+\Q?, together with
matrices M*, N*, P* Q* independent of \ such that the 2n X 2n matrices
” —P* — P(N) “ MO NO)

ot om I’ M* N
are reciprocals for all values of \.

In particular, the differential system adjoint to (2.1) is given by

"= — z[A(x) + AB(%)];
1°[z] + M[z] = 2(a) [PO + AP!] + 2(b) [Q° + AQ!] = O.

(2.2)

2.3 °
' t[z, ]

i
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The condition that the matrices (2.2) are reciprocals leads to the
following useful relations

— P*M° — PM* = ], Q*M° 4 Q'M* = 0,
— P*M! — PIM* = 0, Q*Ml +Q1M* =0,

(2.4)
— P*NO — PON* = 0, Q*Nl +Q1N* =0,
— P*N' — PIN* =0, Q*N° 4 Q°N* = I.
(2.5) MNP — NOMQQ) =0,
(2.6) — M*P® 4+ N*Q® = I,
2.7) — MOP* 4+ N°Q* = I,
(2.8) — M*P* 4 N*Q* = 0,
— M*P1 N*Q! = 0,
(2.9) + N

— MP* + NIQ* = 0.

In the above I'=||Z;j|| and 0=]|0;|| denote the nXn identity and 0
matrices respectively.
Setting

s*[y] = M*y(a) + N*y(),  #[s] = s(a) P* + 2(b)Q*,

we have, in view of equations (2.4), that

#lalsly, ] + s Ms*[y] = 2(2) ()

b

a

Consequently
(2.10) Plelsoly] + Pllely] = 50|
(2.11) #*s]s'[y] + #[s]s*[y] = o,

for arbitrary sets y(a), ¥(b), 2(a), 2(b).

It is to be emphasized that the boundary conditions of our prob-
lem are unchanged if the matrices M(\) and N()\) are replaced by
TA)M), T(N\)N(N) where the matrix I'(\) is nonsingular for all val-
ues of A and such that the product matrices T(A) M(\), T(\)N(N) re-
main linear in N,

The hypotheses under which the boundary value problem is to be
developed are the following:

(H;) The system (2.1) is self-adjoint under the nonsingular trans-
formation z=1T(x)y, where T'(x) is a nonsingular matrix with real-
valued elements of class C’.
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(H2) S(x)=T(x)B(x) is symmetric on a Sx Zb.
(Hs) The matrix

.12 ” T(a)P*M* T(a)P*N* I
’ T(®)Q*M! T(b)Q*N?

belonging to the quadratic form Q[y(a), ¥(8)]=t*[Ty]st[y] is sym-
metric.
(Hs) The quadratic expression

(2.19) Kl = 0@, 5] + [ 553d

is non-negative for arbitrary vectors y(x) whose components are con-
tinuous on a £x 6.

(Hs) For an arbitrary value of A the only solution of the system
(2.1) satisfying K[y]=0 is y(¥) =0 on a Sx <b.

(He) B(x) is of constant rank n—m, 0Sm <z, on a Sx <b.

The characteristic values of problems satisfying hypotheses (H;)—
(Hjs) are all real and the zeros of a permanently convergent power
series (see Bobonis [3]), so that there are at most a countable number
of such values. Moreover since hypotheses (H;)—(Hs) remain invari-
ant under a linear change of parameter, it may be assumed without
loss of generality that A =0 is not a characteristic value of the problem
considered.

Necessary and sufficient conditions for the system (2.1) to be self-
adjoint under the transformation =Ty are

(2.14) TA+AT+T' =0, TB+ BT =0,
(2.15) MM T-Y(a)M\) = NA)T-{(B)N).
For the proof of the above conditions see Bobonis [3]. We have fur-

ther that equations (2.5), (2.15), together with the hypothesis (Hj),
justify the relations (Bobonis [3])

(2.16) MNTHa) = CPM),  NMWT'(p) = COM),

where C is a nonsingular constant matrix independent of A.
We also have as a consequence of the previous hypotheses the fol-
lowing useful lemmas (Bobonis [3]).

LeEMMA 2.1. Hypotheses (Hy) and (Hy) imply that the qguadratic form
yS(x)y is positive semidefinite on a Sx =D.

LeEmMA 2.2. Hypotheses (Hs) and (Hy) imply that the quadratic form
Qly(a), y(b)] is positive semidefinite.
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LeMMA 2.3. If for continuous y(x) we have that K[y]=0, then hy-
potheses (Hy), (Hs), and (Hy) imply By=0 on a Sx <b, s*[y]=0.

The previous lemmas enable us to state that if hypotheses (Ha),
(Hs), (Hy) are satisfied, hypothesis (H;) is equivalent to:

(H¢) The only solution of y’'=Ay, s°[y]=0 satisfying ySy=0 on
aZx=<b, st[y]=0,is y(x)=0.

We can also see with the help of relations (2.10) and (2.11) that
if y(x) and y*(x) are solutions of (2.1) for distinct values of A, then

b
(2.17) *[Tylst[y*] +f ySy*dx = 0.

As a consequence of hypothesis (Hsg) it follows that there exist m
sets of continuous functions II,;.(x) (e=1, 2, - - -, m), such that on
a<x=b,

(2.18) Sii(0)(x) = 0.
The sets IT;c can be chosen orthonormal in the sense that
(%) (%) = I (y0=1,2,--:,m).

In view of hypotheses (H:) and (Hs) it follows that there exists an
n Xn matrix R(x) such that the (n+m) X (n-+m) matrices

IS,-j(x) II;,(x) , “ Rij(x) ()

Oje(x) Oc (%) O
are symmetric reciprocals on ¢ £x <.
Moreover, in view of Lemma 2.1 and relation (2.18), the quadratic
form R;;(x)uu; is positive for every non-null set (u;) satisfying

M(x)u; = (e=1,2,:--,m).

The matrix

2.19 ” P*M'T-Y(a) P*NT-\(b) ”

Q*M'T-Y(a) Q*N'T-'(b)
is symmetric and positive semidefinite since it is obtained by multi-

plying the positive semidefinite matrix (2.12) on the left by the non-
singular matrix

Ha ey
0 T-1(3) ||’
and by the transpose of the latter matrix on the right.
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Multiplication of (2.19) on the left by the nonsingular matrix
— MY NO©
” — M* N*

and by the transpose of the latter matrix on the right, with the use
of equations (2.7), (2.8), (2.9) and (2.16), show that the matrix
(= M°P*4-N'Q")TC is symmetric and positive semidefinite. Conse-
quently, the matrix E=C"}(—M°P'+4N°Q") is also symmetric and
positive semidefinite. Equations (2.5), (2.6), together with the
second, fourth, sixth and seventh equations of (2.4), imply
Pl=P*(— M°P'4 N°Q!) = P*CE, Q' =Q*(— M'P'4 N°Q?) = Q*CE. As
the nX2n matrix ||P*Q¥| is of rank =, it follows that E;g;=0 is
satisfied by a set (g;) if and only if P;;g;=0, Qi;'g;=0. In particular
the rank of E is equal to the rank of the 7 X 2% matrix, || P* QY||, which,
in turn, is equal to the rank of “M 1 N1|[ in view of (2.16). Hence the
rank of E is equal to n—r, 0 <r <#, and there exist 7 sets of con-
stants g, (v=1, 2, + - -, 7) such that E;;g;, =0. The constants g;, can
also be chosen normed and orthogonal in the sense that gigi,=1I,,.
It clearly follows that there exists a constant matrix 3¢ such that the
symmetric (n+r)X (n-+r) matrices

are reciprocals. Moreover, the quadratic form 3C;;u:u; is positive for
all non-null sets (u;) satisfying g;,u;=0 (v=1,2, - - -, 7).

’

HCis iy
g» Oy

Ei; gy
gir Ouy

3. A minimum problem and its accessory boundary value problem.
An arc z(x) is admissible if the functions z;(x) are of class D’ on
a Sx b and satisfy the differential equations

3.1) I, (2)N;[z] = 0 (e=1,2,--+,m).

The class Hy* is defined as the totality of admissible functions satisfy-
ing the following additional conditions

(3‘2) g‘1t?[z] =0 ('Y =1,2,---, r)s
b

3.3) G[z(a), 2(b) ] +f 2Kzdx = 1,

where G[z(a), 2(b)] is a quadratic form in the arguments 2(a), 3(b)

having (2.19) as matrix of coefficients, and K= — BT, The second
equation (2.14) and the symmetry of S show that K is symmetric.
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Suppose Hy* is nonvacuous, and consider the problem of minimizing
the expression

3.4) 11s] = Pleloenls] + [ " ot [s]Rov[s]dz

in this class. In view of (3.2) the quadratic form #[z]3¢°[z] is posi-
tive unless #[z] =0; similarly, (3.1) implies that the integral of (3.4)
is positive unless M [3]=0 on a<x <b. As A=0 is not a characteristic
value of (2.1), it is also not a characteristic value of the adjoint sys-
tem and consequently I[z]>0 for all arcs of H¢¥. For a minimizing
arc 2(x) define

(3.5) Rij%j[z] + Hiel‘c = 5'.'.

From the first necessary conditions of the above defined calculus of
variations problem we know that there exist multipliers u.(x), A, and
d, such that in addition to (3.1), (3.2), and (3.3) we have

(3.6) ¢ — A¢ + AKz = 0,

Pii(%euns] + girds) — APESIT 5] = tia) = 0,
Qi3 ati[s] + ginds) — AQLSIT 5] + £4(8) = o0
Solving (3.1) and (3.5) simultaneously we have that

(3.9) Mz] =S¢, pe =gy

In view of (2.5), (2.6), (2.7), and (2.8) it follows that (3.7) is equiva-
lent to

(3.9) s°[¢] = As'[T1],
(3.10) wiit‘;’[z] + girdy = — si [¢].

Solution of (3.10) simultaneously with (3.2) and use of equation (2.6)
together with the second, fourth, sixth, and seventh of equations
(2.4) yield

(3.11) 0] — C 5] = 0, dy = — goysi [¢]-

Therefore the system (3.1), (3.2), (3.5), (3.6), and (3.7) is equivalent
to the system

M [z] = S¢, #[s] — c-1stf¢] = o,
Llt] = — ARz,  s°[¢] — Ast[T-15] = 0.

Concerning the above system we shall prove the following result.

3.7

(3.12)

THEOREM 3.1. The system (3.12) is normal.
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Suppose the system is not normal. Then functions z;(x) =0, {:(x) %0
exist satisfying (3.12) for constant A. The functions {; =IL;u. would
then satisfy the system

Ll=0 sfl=0 sf]=0.

Since B;II;,=0 we have that B;;{;=0. This implies by hypothesis
(Hyg ) that {(x) =0 which is contrary to the hypothesis that {:(x) 0.
Therefore, the system is normal.

The positiveness and reality of the characteristic values of the sys-
tem (3.12) have been proved by Reid [4]. We also know that the
characteristic values of such a system are at most denumerably in-
finite in number, since they are the zeros of a permanently convergent
power series.

4. Sufficient conditions for the existence of infinitely many char-
acteristic values. To prove our sufficiency theorem use will be made
of two theorems proved by Reid [4]. They will be inserted here for
reference.

THEOREM 4.1. Suppose that the class Hi* is not empty and A=A, is
the greatest lower bound of I[z] in this class; then A1>0 and A=A, is the
least characteristic value of (3.12).

THEOREM 4.2. Suppose Ay <A< - - - <A;1 are consecutive charac-
teristic values of (3.12) and correspondingto A=A, (p=1,2, - - -, t—1);
there are r, linearly independent solutions zi,,, iy (@=1,2, -+, 1p).
Define the class H* as the subclass of arcs belonging to Hy* satisfying the
conditons

b
Gle@), 2, + [ siKisiods = 0.

Then, if H* is not empty and A, is the greatest lower bound of I[z] in
this class, Ay>A;_y and A=A, is a characteristic value of (3.12).

Consider once more system (3.12). Let 2, { be a solution of this
system for some value of A. If we use(2.14) and (2.16) it then follows
that z=(—1/AY2) Ty defines a vector 5 such that 7, { is a solution of

Lln] = A2B;,  s°[n] + Avsi¢] = O,
L] = A12By,  sO¢] + AVst[y] = 0.

Now, if #*, {* is a solution of (4.1) the functions n=n5*-+{*, { =n*+{*
and n=9*—{*, ¢= —n*+4{* are also solutions of this system. Hence
if A is a characteristic value of (3.12) of index 7, it follows that there
exist 7 linearly independent solutions 7, { of (4.1) such that for each

(4.1)
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of these solutions we have either n=¢ or = —¢{. Suppose that 7,
¢=mn1is a solution of (4.1). Then y=1 is a solution of (2.1) for A\=AY2,
Likewise, if 5, { = —17 is a solution of (4.1), y =17 is a solution of (2.1)
for A=AY2, Therefore, the sum of the indices of AY/2 and —AY? as
characteristic values of (2.1) is not smaller than the index of A as a
characteristic value of (3.12). On the other hand, if y(x) is a charac-
teristic solution of (2.1) for some A0, 2=(—1/\)Ty, { =y is a solu-
tion of (3.12) for A=\2% Relation (2.17) implies that the set of char-
acteristic solutions corresponding to values AV2and —AY?are linearly
independent and, therefore, we have that the index of A as a char-
acteristic value of (3.12) is not less than the sum of the indices of
A2 and —AY? as characteristic values of (2.1). Hence, we have the
following result.

THEOREM 4.3. If A is a characteristic value of (3.12), then either AM?
or —AY2 s a characteristic value of (2.1); conversely, if N is a character-
istic value of (2.1), then A =N2is a characteristic value of (3.12) with index
which equals the sum of the indices of N and —N\ as characteristic values

of (2.1).

The three preceding theorems imply the analogue of Theorem 4.1
of Reid [5].

THEOREM 4.4. A system (2.1) satisfying hypotheses (Hy)—(Hs) has
an infinity of characteristic values if and only if there are infinitely many
arcs 3=wy(x) (p=1, 2, - - +) satisfying (3.1) and (3.2) and such that
for each r and arbitrary comstants f;%0; (¢=1, 2, - .-, r) the arcs
w=w,(x)f: satisfy the condition

b
Glw(a), w(d)] +f wKwdx > 0.

Finally, it is to be noted that if 2 is admissible then there exists a
vector k(x) with components piecewise continuous on ¢ £x=<b and
such that MM [z]= —hk(x)B(x). Furthermore, if the end values of 2
satisfy (3.2) it follows that there exists a constant vector k= (k;) such
that #°[z] =kE. From the form of the matrix E it then follows that
h(a) =kC1M°, h(b) = —kC-N° satisfy £ [2]+#'[2] =0. That is, an ad-
missible 2z satisfies (3.1) if and only if

4.2) M) = — W)B(), #[:]+ 2[r] = o,

where k(x) is piecewise continuous on a <x <b, it being understood,
in particular, that the components of %(x) may be discontinuous at
x=a and x=b.
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UNIVERSITY OF PUuERTO RICO

ON THE SUMMATION OF MULTIPLE FOURIER SERIES. III!
K. CHANDRASEKHARAN

Let f(x) =f(x1, - - -, xx) be a function of the Lebesgue class L,
which is periodic in each of the k-variables, having the period 2. Let

1
(2m)*

Qoo =

+r +r
f f f(x) exp {— i(m@s + - - - + viwi) Jdxy - - - da,

where {:} are all integers. Then the series ) _a,,. . .,, exp (w1t - - -
+wixx) is called the multiple Fourier series of the function f(x), and
we write

F(®) ~ D ayyenery €Xp B(ma%s + + ¢ o+ V).

Let the numbers (»2+ - - - +»?), when arranged in increasing order
of magnitude, be denoted by A<\ < + + + <A< - -+, and let

C,,(x) = E Qyy. o9y €XP i(v;xl + LR + vkxk),
where the sum is taken over all 2+ - + « +w?=N\,,
¢(xv t) = Z Cn(x) €Xp (_ )\nt)y

Se(x) = X Ca(%), A S R < Mg
MSE?
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