THE COEFFICIENTS OF UNIVALENT FUNCTIONS
M. S. ROBERTSON
1. Introduction. Let the function
1.1) f@ =cotcztex®+ -+ + -, ¢y real,

be regular and convex in the direction of the imaginary axis for
Izl <1. Thus each circle |z| =7, 0<r<1, is mapped by f(2) into a
contour C, which has the property that straight lines parallel to the
imaginary axis cut C, in at most two points. Since the coefficients are
all real, C, is symmetric about the real axis. For

flre¥®) = Ulr, 6) + iV (r, 6)

we have dU(r, 0) /30 <0 for 0 <0 <. In other words, zf’(2) is typically

real for Izl <1. It is well known [1, 2]! that the coefficients ¢, are

bounded, |¢a| =|ai], #=1, 2, - - -, and [3] have the representation
2 * sin #f

(1.2) Cn = — -
nr Jo sind

da(6)

where () is a nondecreasing function of 8 in (0, 7) normalized so that

% f " da(6) = 1.

A sufficient condition that f(z), given by the series (1.1), be regular
and convex in the direction of the imaginary axis for |z| <1 is that
the sequence {c.} be monotonic of order 4, a theorem due to
L. Fejér [4]. A sequence {c.} is said to be monotonic of order p
if each of the differences

(1.3) AW¢, = ¢y — Cr16nt1 + Cry26ayz — » + » + (— 1)*Ch 1t

are non-negative for £=0,1,2, - - -, p; =0, 1, 2, - - - . This suffi-
ciency test implies, among other inequalities, that 0 =¢,—¢uy1. This
suggests the problem of finding an upper bound for ¢, — 441 for func-
tions f(z) given by (1.1) which are convex in the direction of the imag-
inary axis for Izl <1. The example c:2(1+42)~! shows that the upper
bound 2|c;| is sharp. However, if we consider the differences
Cn—1—Cny1 We obtain an inequality which is not so immediately
obvious. This inequality is stated in the following theorem.
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! Numbers in brackets refer to the references cited at the end of the paper.
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THEOREM A. Let the function
f@) =zFcz+ - Fcazm + -

be regular and convex in the direction of the imaginary axis for lzl <1
and be real on the real axis. Then the coefficients c, satisfy the inequalities

Gn—l'—cn+1 4”(”2_1) 1(1—‘6,,‘) ”=2,4,6,"';61‘=1;
| eat = Cupr| S4m(n? — 1)1 = ca), n=23,517- -

The factor 4n(n*—1)~1 cannot be replaced by a smaller one and the
equality signs are attained for the function 2(1—z)~L

2. Some trigonometric inequalities. For the proof of Theorem A we
need the trigonometric inequality to follow.

LeMMA 1. If n is a positive integer then for all real values of 0
sin ( — 1)8 sin (n + 1)8
(n+1) e n—1) ———

in 6 sin 6

sin n6
é4<n— - >
sin 6

Proor. We consider first the case where # is an odd positive integer.

(2.1)

(n—1)/2

8 6
8 > l:cos”7 — cos (2k — 1) —2—]

k=1

nf nd (2 6
= (4n — 4) cos?— — 16cos—- », cos 2k — 1) —
2 2 1 2

(n—1)/2

+ 8 Z cos2(2k—1)——

, M0 nd sin ((n — 1)6/2)
(4%—4)(:05 3—""8C0 ?W

+8[n—1+sin (n — 1)0]
4 4 sin 6

= (2n — 2)(1 + cos n8) — 4[sin ((2n — 1)8/2) 3 1]

sin (6/2)

sin (n — 1)0

sin 0

+2n—2+42
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sin (n — 1)6 B sin ((2n — 1)6/2)]

= 4 2n —
n+ (2n — 2) cos n0+4[ < 0 n 0/2)

sin (n — 1)8
) 8 (n—1)

sin 4 . .
sin 70 sin (n — 1)0
= 4n 4+ (2n — 2) cos n6 — 4 — — 2 -
sin 6 sin 6
sin 76 sin (n — 1)0 sin (n + 1)0
=4<n—- - )_(,,+1)_(7~_)_+(n__1)__(._2_.
0 sin @ s 0

Again, if % is an even integer we have
n0 2 (n—2)/2 ne 2
4(1 — COs ——) + 8 Z l:cos—— — Cos ke]
2 —1 2
nf n6 n6
={4—-28 cos? + 4cosz—;) + (4n — 8) cos? 5

no (n=2)/2 (n—2)/2
— 16 cos ? Z cos kO -+ 8 Z cos? kb
1

1

0
=4—8 cos%— + 2(1 + cos n8) + (2n — 4)(1 + cos nf)

— 16 cos ﬁe[_ _.1. + sin ((n — 1)0/2)]
2 2 2 sin (8/2)
n 8[%—-3+ sin (n — 1)9]
4 4 sin §

09 sin ((n — 1)8/2
=4n — 4+ 2n — 2) cosnﬂ-—-8cos—~——((—————)——{~2

2 sin (0/2)
42 sin (n — 1)
sin 0
_ 4(”_ sifl nG)__ (et 1) sin (n — 1)0+ (n— 1) sin (7.z+ 1)0.
sin sin 6 sin 6

Hence, in either case we have, as required,

4(n B sin nO) + (= 1) sin (n + 1)6

sin 6 sin

(2.2) in ( 10
—m+ 22" P s,
sin 0
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LEMMA 2. If n is a positive integer then for all real values of 0

sin 20  sin 36 sin (n — 1)6
4[1 + + e+ -—*——--——:l

sin 6 sin 0 sin 60
(2.3) .
sin n0
- (=2 ——=n
sin 6

Lemma 2 follows easily from the identity
sin nd 2"“1 sin k6 (sin (n8/2) >3
sin (6/2)

2.4 =
2.4) in 0 =1 Sin @

and the inequality 4,(0) =0 where
sin 6 ) (sin (n6/2) >2
sin 0 sin (6/2) ’

To prove the inequality 4,(0) =0 we observe first that 4:(8) =A4,(6)
=0. We prove next that 4,41(0) =4 »-1(8) whence 4,(0) =0 by induc-
tion.

An+1(0) - An—l(o)

(2.5) A 0) =n2+n

ittt 1) sin(sf.z+1)0_(n_1)sin(n—-1)0

in 6 sin 6

sin ((n + 1)6/2)\? /sin ((n — 1)6/2)\?
B 2[( sin (6/2) )_ ( sin (6/2) ]
sin (n + 1) — sin (n — 1)0]

sin 0

(2.6) =4n+ (n — 1)|:

sin (n + 1)6 s sin nf

+ 2 (1 4 cos 6)
n 6

sin 6 si

=4(n_s1nn0>+(n_1) sin (n + 1)

sin 6 sin 6

i - 1)0
sin (n )Z

—(n+1) =0

sin 6
by Lemma 1.
3. Proof of Theorem A. From (2.1) we have

1 ™ sin (n — 1)0
(n — 1)7rfo

(3.1) da(0)

sin 6
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1 ff sin (n + 1)0
da(6)

B (n+ Dn sin 0

0
n 1 " 1 T sin %0
[—— f () — — [ 222 da(O)].
—1Lw Jy nrJdy siné

From (1.2) and (3.1) we have immediately
4n

(3.1)

3.2 Cnel — Cnp1 S 1 = cn), n=23---
nt—1

Since

(3.3) —f(—2) =2 — coa®+ caz® — cazt - - -

is also regular and convex in the direction of the imaginary axis for
|z| <1 it follows that (3.2) may be replaced by the inequalities given
in Theorem A.

The function

(3.9) £&) = f: e S0

is regular and convex in the direction of the imaginary axis for | 2| <1
since zf’(2) =2(1 — 22 cos 0-+32)~! is typically real, indeed univalent
and star-like for |z| <1. For this function
. Cn—1 — Cniy1
lim ——m—
-0 1—c¢n

_ n >(n+1) sin (n — 1)0 — (n — 1) sin (n + 1)0
h alg: n— 1
=4n-(n? — 1)1,

n sin 6 — sin #n6

As a consequence of Theorem A we easily obtain the following theo-
rem.

THEOREM B. Let the function
F(2) =24 ax*+ -+ + auz" + - -
have real coefficients and be regular and univalent for |zl <1. Then
(n+ 1Dans— (n— Danp1 £ 4(n — | aa]), n=2,4,6,-- -,
| n+ Dapy — (v — 1)a,.+ll S4(n—a,), n=3,51T. --

The equality signs are attained by the function z- (1 —2z)~2 which is uni-
valent in the unit circle.

3.5)
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4. Some additional inequalities for the coefficients. From the in-
equality (2.3) by an argument similar to that used in the proof of
Theorems A and B we obtain the following theorem.

THEOREM C. With the same hypothesis as in Theorem B, the following
inequalities for the coefficients of F(z) hold :

(4.1) 414 as+as+ - + @) — (n — 2)a, £ 02

In a somewhat similar way by using the trigonometric inequality

sin 26 si + 1o
(n? — 1)(n+2)(2— ;M)—Z(n— 1)(n+2)—m—(s’i%0——)-
. i ) i 2)0
P PRI Rk PSP O Ll AL
sin 6 sin 6

we may obtain another set of inequalities for the coefficients of f(2)
of Theorem A:

4.3) 2(n2 — 1)1 — ¢c2 — Cny1) + (B2 + 3n)cn + (02 — 31 — 2)Cny2 = 0.
We omit the details of the proof.
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