NOTES ON LEGENDRE POLYNOMIALS
EARL D. RAINVILLE

1. Introduction. We shall obtain three results. The first is a gen-
erating function for the Legendre polynomials that lies between the
classical

(1 = 22W + W2~z = 3 P (x)Wr
n=0
and a special case of a well known result of Bateman.! The second
is an expression for P,(cos &) as a series in Py(cos ) with « and 8
unrelated. Special cases of the latter are known. The third result is a

relation in integral form between the Hermite and Legendre poly-
nomials.

2. A generating function for P,(x). From Laplace’s first integral,
1 L3
P.(x) = —-f [ + (x2 — 1)2 cos B]"dB,
mJo

we find by direct expansion and the use of Wallis’ formula the known?
result

tn/2] (1 — x?)kgn—2k
(1) P.(x) = n! ;/;,0 (— 1)* 22k(E1)2(n — 2k)!’

where [ ] is the greatest integer symbol.
Examination of (1) in the light of the identity

© o w© [n/2]
@ (z any“) ( >> b,.y») S by
ne=0 n=0 n=0 k=0
and of the power series for the Bessel function Jo(y),

S WP S
JO(y)—Z;o( 1) Zinnl)?
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1 H. Bateman, A generalization of the Legendre polynomial, Proc. London Math.
Soc. (2) vol. 3 (1905) pp. 111-123. I am much indebted to Professor Bateman for
pointing out that the generating function in (3) may be found in the work of Cat-
alan, F. H. Jackson, and others. This relation seems to have been less widely used
than it deserves. The short, possibly new, derivation in §2 may contribute to an
understanding of the material in §§3 and 4.

2 E. W. Barnes, On generalized Legendre functions, Quarterly Journal of Pure and
Applied Mathematics vol. 39 (1908) pp. 97-204. See p. 120.
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reveals at once that

L] tﬂ
3) et o(t(1 — 2®)12) = > P.(x) —
n=0 n:
or
4 et«s8] (¢ sin §) = p_ P,(cos 6) -
n=0 n:

3. The polynomials ¢,(2). In the study of the contribution to elec-
tron scattering of a freely rotating group within molecules comprising
a jet of gas, Dr. Jerome Karle encountered? the polynomials

1 L 4
¢n(z) = — f (1 4 2 cos B)"dB.
™ Jo

With the aid of Laplace’s first integral, we may write

1
() #a(2) = (1 — 2H)"/2P, (m)

It happens that the ¢,(2) have a very simple generating function. For
the modified Bessel function I(y) it is known that

1 L
Io(y) = —f eveosBgB,
m™Jo

Hence
1 x
etly(tz) = _..f et(1+aconB)dg.
™ Jo
or
L t”
(6) g‘Io(tz) = Z ¢n(z) .
n=0 n!

This generating function may also be obtained from equations (1),
(3), and (5) above.

4. A formula for P,(cos o). We have shown elsewhere! that if
e'G(xt) = 3 ga(x) —

tn
)
n=( ”!
then

3 Up to the present time computational difficulties independent of the ¢.(z) have
prevented application of the results.

4 Certain generating functions and associated polynomials, now in the hands of the
editors of the Amer. Math. Monthly.
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gn(xy) = E”ZC»,ky"(l — )" kgi(x).

k=0

Therefore, we may write

(7 $a(2y) = 22 Copy*(1 — )" *¢u(x).
k0

From (5) it follows that ¢,(¢ tan a) =sec® aP,(cos a). Now, let us
put x=4 tan 8 and y=tan «/tan B in (7). It becomes

tan® «

sec™ aP,(cos @) = Y Cpi (tan B — tan a)™* sec* BPy(cos B).
F=0 tan® 8

The above may be simplified by elementary means to the form

3 n n 1 — n—k
e Zc,.,k[w] Pi(cos B).

sin B/ -0 sin o

8) P(cos @) = (

5. Special cases of the above formula. It is interesting to note cer-
tain special cases of (8), either because they yield well known results
or because of their intrinsic neatness.

Using 8=2a, we get

(2 cos a)"P,(cos @) = Y, Cn1Pi(cos 2a).

k=0

Using a=7/2+8, we get
sin® BP,(sin B) = i (= 1D)*C, . cos* BPy(cos B).
k=0

Finally, using 8= —e,

n

P,(cos @) = 2, (— 1)*Cy k(2 cos &)™ *Py(cos ),

k=0
or

Po®) = 3 (= 1)*Crs(22)"*Pa(x),

Je==0
which in symbolic notation is P,(x) = {26 —P(x) } .

6. A formula for the Hermite polynomial. Either the generating
function (6) or the integral definition of the ¢.(2) may be used to
obtain

[n/2] g2k

én(z) = n! g 225(EN)2(n — 2k)! '
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The formula above naturally reminds one of the Hermite polyno-
mial,

(n/2] (22) 2
H,(x) = n! kz_% (— l)km'
Indeed, we may write
[n/2] 1k
bn(2i8112) = n! k};‘o (— 1)k ICEETIE

take the Laplace transform of both sides, and get
fwe““tb (2i811%)dt = n'{nzlﬂ (— 1)* _s__’:l_._ = s—(n+DI2E (s112/2).
0 " i El(n — 2F)!

Therefore,

H,(x) = 2x)"*? f e—4e" g, (24811%)dt,

0

or, with 4t=q,

0

H,(x) = 2”x"+2f e~ ¢, (ia!/?)der.

0

But, from (5) it follows that

1
$a(ial’?) = (1 + a)"/2P, (m)

Hence, it is possible to write

© 1
= Qnpn —az? n/2 —_—)da,
H,(x) = 27 +zj‘0 e (1 + a)*/?P, ((1 a)1/2> o

1
H,(x) = 2"+1x"+26’2f e+ 18'3="=3P,,(B)dp.

0

or

This result can also be put in the form

® X
H,(x) = 2n+ies f et Hp, (7> dt,

resembling that of Curzon® but apparently simpler.
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§ H. E. J. Curzon, On a connexion between the functions of Hermite and the functions
of Legendre, Proc. London Math. Soc. (2) vol. 12 (1913) pp. 236-259.



