NOTE ON THE EXPANSION OF A POWER SERIES INTO
A CONTINUED FRACTION

H. S. WALL

1. Introduction. In view of the fact that the continued fraction
frequently furnishes a method for summing a slowly convergent or
even divergent power series, it is desirable to have a simple algorithem
for obtaining the continued fraction. We present here such an al-
gorithm based upon the fact that the process for constructing a se-
quence of orthogonal polynomials can be so arranged that it gives
simultaneously a continued fraction expansion for a power series. It
has been known at least since Tschebycheff that the problem of con-
structing a sequence of orthogonal polynomials is related to the prob-
lem of expanding a power series into a continued fraction. However,
the fact that the two problems are actually identical does not seem
to have been emphasized.

2. The expansion of a power series into a J-fraction. A continued
fraction of the form
(12 a; as

(2.1)
bi+z—bo+3z—bs+3z— -

is called a J-fraction. The a, and b, are constants, and 2 is a complex
variable. We shall suppose that the a, are different from zero. We
denote by 4,(2) and B,(2) the pth numerator and denominator, re-
spectively, of the J-fraction, so that 4,(3)/B,(2) is its pth approxi-
mant. The usual recurrence formulas
Ao = 0, A1 = o, Ap = (bp + Z)Ap_l bl Gp_1Ap__2,
(2.2) P=2;3v4r"'1
BO = 1y Bl = bl + 2, Bp = (bp + Z)Bp—-l - apnpr~2y
show that 4 ,(2) is a polynomial of degree p —1, and B,(2) is a poly-
nomial of degree p:
A,(2) = ap,02™t + ap12? 2+ - - -+ ap,p1,
By(3) = Bp,03° + Bpaz”  + - - - + Bo.p
We note that

(2.3)
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(2.4 Bo.o =1, Bpa=bi+ b+ -+ 4 by
By means of (2.2) we readily obtain the determinant formula
(2.5) A5(2)Bp-1(2) — Ap-1(2)By(2) = aoa1+ - - a5y,

p=1,23 .
Consequently we find, with the aid of (2.4), that

Ani(z) A4.(2) @81t - Ga ka

Bon@®  Ba®) | @ g
where
(2.6) ho = — @1+ * a1+ b+ + + -+ bat).
It follows that there exists a power series
2.7 P(1/z) = cof/z+ c1/22 + cof5® + - - -

such that the expansion in descending powers of z of 4.(3)/B.(2)
agrees term by term with P(1/2) for the first 2 terms (n=1, 2,
3, + + + ). This uniquely determined power series is called the equiva-
lent power series of the J-fraction.

We shall now write down formulas connecting the various con-
stants, ap,q, Bp.0» €p» @p and b,. These formulas serve as an algorithm
for expanding a given power series P(1/2) into a J-fraction, and, con-
versely, for obtaining the equivalent power series of a given J-frac-
tion.

Boo =1, coBoo = @y, c1Boo = ho = — aoby;

bl = - hO/aOv (BIO; 311) = (1) bl)’
(Cz, 1) (210> = Qoay, (Cs, 02) (Zm) =p = — aodl(bl + b2);
11 11

by = hofao — hi/aea,
1, b2, 0

(Bzo, B2, B22) = (Bro, Bur) (o, 1, by

B2o
(ca €3, C2) (le) = 00102,
Bz

B20
(cs, ¢4y €3) (ﬂn) = hy = — @00102(b1 + b2 + b3);
Bae

) - 01(0, 0; ﬁOO)’
(2.8)
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by = hz/aolh - hz/aodlaz,

1, 55, 0, O
(B30, Ba1, Bazy Bas) = (B2, Ba1, Pze) (0, 1, 25 0 )
0 0, 1, b;
— a5(0, 0, B10, B11),

.............................

(29) (an,Oy Qn,1y * ° ° an,n—l) = (ﬂn,o’ Bn,lr Tty ﬁu.%l)'

Coy C1y* * * 4y Cp—1
0, cop***y Cne

’ ? ’ n“1,2s31"')(6ﬂ.0=1)'
0) 01""50

By way of illustration, we shall obtain the third approximant
of the J-fraction for the function P(1/z)=log (1+1/2). Here ¢,
=(—-1)?/(p+1), p=0,1, 2, - - - . We then have:

Boo = 1, Co=ap=1;

by =1/2, (B, Bu) = (1, 1/2),

1/3, — 1/2) (1;2) = 1/12 = ay,

(— 1/4,1/3) (1;) = — 1/15 = hy;

1, 1/2, 0
be = 1/2, (Bao, Ba1, B22) = (1, 1/2) (o i 1/2) — (1/12)(1, 0, 1)
= (1) 1’ 1/6)1
1
(1/5, — 1/4,1/3) < 1 ) = 1/180 = aoa1as, a» = 1/15,
1/6

1
(— 1/6,1/5,1/4) < 1 >= — 1/120 = hy;
1/6
bs = 1/2,  (Bso, B, Bazs Bas) = (1, 3/2, 3/5, 1/20);
(as0, a1, @z2) = (1, 1, 11/60).
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Consequently, the third approximant of the J-fraction is
As(2) 1 1/12 1/15
B 1/243—1/2+z2—1/2+3
22+ 2z + (11/60)
@+ (3/2)2 + (3/5)s + (1/20)

We remark that for 2=1 this gives log 2=.69312 - - -, which is
exact to four decimal places. Only six coefficients of the power series
were used in the computation.

By the same method we find that the seventh approximant of the
J-fraction expansion of the divergent power series

B B B
1 _ 3 + 5 _ .,
1-2-2 3-4-33 5-6-25
where By=1/6, B;=1/30, By=1/42, - - - are the Bernoulli numbers,

18
1/12  1/30 53/210 195/371  22999/22737

2 + 2z <+ z -+ 2 + z
29944523/19733142  109535241009/48264275462
+ 2 + 2

Stieltjes [3, p. 521]' proved that this J-fraction converges for
R(z)>0 to the remainder J(2) in Stirling's formula log I'(3)
=(3—1/2) log 2—2+(1/2) log (2r)+J(2). He remarked that the
law of formation of the coefficients in the J-fraction seems to be
extremely complicated.

3. Proof of the formulas (2.8) and (2.9). We shall first prove that
the formulas (2.8) constitute an arrangement of the algorithm for
constructing a sequence of polynomials B,(3) =2*+4B,18" 1+ - - «
+B.,» which are orthogonal relative to a certain operator S. We
define S to be the operator which replaces every 2? by ¢, in any poly-
nomial upon which it operates:

S(Boz™ 4 B1z™ ™ 4 - -+ 4 Br) = S(Boz™ + Brz" ™ + - -+ + Ba2?)
= Botn + Bitn—1+ + + * 4 Bnco,

where ¢o, €1, * -+, €p, + - - are given constants. Two polynomials B,
and B, are said to be orthogonal if S(B,B,) =0 when the degrees p
and ¢ are unequal. We shall prove the following theorem:

} Numbers in brackets refer to the bibliography at the end of the paper.
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THEOREM A. Let m be a positive integer, and pul

Co, C1y PN 2
C1, Co ccc, Cptl

AP = ’ P = 01 1) 2;
Cpy Cpt1y * * * 4 C2p

There exists a sequence of polynomials B,(3) =2"+B,,12" 1+ - + - +Bn,n,
n=0,1,2, ., m, such that

=0 if p£gq, p=m q=m,
#0 if p=qg<m,

if and only if A,5=0 for p=0,1, 2, - - -, m—1. The polynomials are
uniquely determined by the formulas

3.1) S<B,,Bq){

(3.2) B_y=0, Bo=1, B,= (by+ 2)Bps — ap1Byes,
?=1y2131"'sm)
where
S(27Bp) = @oay -+ * ap # 0,
(3.3) S(ZP‘HBP) = — Qo1 * * * dp(bl + bz + ce. + bp+1),
p=10,1,2-+,m—1.

Proor. We suppose first that A,0 for p=0,1, - - -, m—1, and
shall prove that the required polynomials exist uniquely, and are
given recurrently by (3.2) and (3.3). Since Bo=1, we have: S(B3)
=S(1) =S(Z°) =Cy =Ao'7"£0. Let Bl=b1+z. Then, S(Bl) =b1Co+C1=0 if
and only if

S(Bo) = Qo S(Z.BG) = — aobl.

Using induction, suppose that B,, By, - - -, B,, n<m, have been
uniquely determined such that (3.1) holds for p <%, ¢<#, (3.2) holds
for p <, and (3.3) holds for p =z —1. Now, an arbitrary polynomial
of degree #+1 in which the coefficient of 2*t1 is unity can be expressed
uniquely in the form B,y = (3+b,41)Br—an.Bn1+koBo+kiBi+ - - -

+kn_2B._2, where bny1, @n, ko, k1, + - -, ka_s are suitable constants.
The conditions S(2?B,1) =0, p=0,1, - - -, —2, give in succession:
koto=0, k10¢a1=0, - « - , kn_20¢0; + + - @n2=0, so that, since a,7#0
for p=0,1, - - -, n—2, we must have kgy=k1= -+ - =k,2=0. From

the conditions S(2*!'B,41) =0 and S(z"B,;1) =0, we then find that
S(g"B,)=a¢a; - - - an and S(E*H1B,)= —aa; - - - @n(b1+be+ - - -
+b441). Then, from the system of equations: S(z?B,)=0, =0,
1, ---,n—1,S(@E"B,)=aw - + - a,, we find at once that
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(3.4) A, = aody * * d”An..l,

and, inasmuch as #<m, we see that a,0. Consequently, B, is
uniquely determined, and (3.2), (3.3) hold for p=n+1 and p==n,
respectively. Also, S(B,B,) =0 for p#g, psn+1, ¢S<n-+1. More-
over, if n+1<m, then S(B21)=S(z"1B,1)#0, for otherwise we
would have A,;1=0. We have proved that the condition A,>0,
»=0,1, - - -, m—1,is sufficient for the polynomials to exist (uniquely)
and satisfy the stated conditions.

Conversely, the condition is necessary. For, it is obviously neces-

sary that Ag=¢,>0; and if S(s*B,)=0, for p=0,1, 2, - - -, n—1,
S(z"B,) =g.,7#0, n<m, then the relation A, =g,A,_; must hold, and
hence A,#0, $=0,1,2, - - - , m—1.

One will now readily see that the polynomials B, given by (3.2)
and (3.3) are the same as those given by (2.8).

THEOREM B. Let A,#0, p=0, 1, 2, - - -, and define polynomials

A.(3) =0n,08" 140y, 13" 2+ + -+ +Qu 1 by means of (2.9). Then,
Az a a Qe

(3.5) ()= ° - 1’n=1;2v31"'!
Bu(2) bit+z—bitz—---— btz

and we have the formal power series identity

Aoy * ¢ * Ay h,,,
(3.6)  P(1/3)Bu(3) — Au(z) = e R

where = —ao; -+ * + @n(by+ba+ « - + +boys) and P(1/2) = (c,/27+Y).

ProOOF. Let us define polynomials 4,(z) by means of the formulas
A_1= —"1, Ao-’-'—"O, A,=(b,,+z)A,,_1—a,,..1A,,_2, P=1, 2, 3, «++.From
these recurrence formulas and (3.2) it follows that (3.5) holds. Fur-
thermore, we may conclude from the determinant formula (2.5) that
there exists a power series P*(1/2) = (c*/27*!) such that

od1* ** Qy hn

P*(1/2)Ba(s) — A,(a) = — by

gntl gnt2

On equating coefficients of corresponding powers of 2 on either side
of this identity we find that precisely the relations (3.3) hold but
with ¢, replaced by ¢,*. Inasmuch as those relations determine the
¢, uniquely in terms of the @, and b,, we conclude that c¢*=c¢,,
p=0, 1, 2,--., or P*¥(1/2)=P(1/2), so that (3.6) holds. The
relation (2.9) may now be obtained by equating the coefficients of
29, 31, - - ., 27! on either side of the identity (3.6).
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This completes the proof of the formulas (2.8) and (2.9) connecting
the constants ay,,q, Bp.er Cpr @3, bp Of a J-fraction and its equivalent
power series.

4. The expansion of a power series into an S-fraction. If we replace
2z by 1/2 in the power series (2.7) and in its J-fraction expansion
(2.1), the series becomes

4.1) Pi) =cz+ 2+ c2®+ -+ -,
and the J-fraction becomes

a3 a,2? az?
1405z —1+byzg—1+bgg— -+

An important special case arises when all the b, are equal to zero.
For, in this case it is evident that P(g)/z contains only even powers
of z. If we change the notation and replace ¢z, by ¢., we see that the
power series

4.3) ¢z + 022 4 c12® 4+ 0zt 4 co2® + - - -

has the expansion

(4.2)

4.4) L .

1 — 1 -1 —---
Let us now remove a factor z from both (4.3) and (4.4), and subse-
quently replace 22 by 2. Afterwards, we again multiply both the series
and continued fraction by z and then replace z by 1/2. The series then
becomes

(4.5) St

z 28
and the continued fraction becomes

.6 LT
z—1—-2—-1-3 —-

Conversely, if the power series (4.5) has a continued fraction expan-
sion of the form (4.6), then the power series (4.3) has a continued
fraction expansion of the form (4.2) in which the b, are all equal
to zero. We shall call (4.6) an S-fraction since it is the form of con-
tinued fraction preferred by Stieltjes.

From the preceding it follows that the condition for (4.5) to have
an S-fraction expansion (4.6) in which a,0, $=0,1, 2, - - ., is the
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same as the condition for (4.3) to have an expansion (4.2). This con-
dition is that the determinants

Co, 0) C1, 0
co, 0, ¢4
Co, 0 Oy C1, Oy Ca
Co, ’ Oy C1y 0 ’
0’ C1 C1y 0’ Ca,y 0
C1, Oy C2

0’ (20 0) C2

be different from zero. From this we readily conclude the well known
result that the power series (4.5) has an S-fraction expansion if and
only if the determinants

Co, C1, Gy C1y Cs ttcty Cpp

C1, C2, Tty Cp+1 Ca,y Csy Tty cp+2
Ap = ’ QP =

Cpy Cpt1y * * * y C2p Cptly Cpt2y " * "y Copil

(p=0’1’2’...)
are all different from zero.
It is immediately evident that the algorithm of §2 can be used to

compute the coefficients in (4.6) if we there replace ¢z, by ¢, and
Cont1 by 0.

5. A theorem of Stieltjes. A remarkable formulation of the problem
of expanding a power series into a continued fraction was given by
Stieltjes [3, p. 184]. Rogers [2] rediscovered part of the result of
Stieltjes in a slightly different form. We offer the following formula-
tion of the theorem.

The problem of expanding the power series

into a continued fraction

1 a as

bi+z—bot2z—bs+2—"

is equivalent to the problem of securing a power series identity of the
form

Q(z + 9) = 0(*)Q(y) + @:01(%)01(y) + @18:02(2)Qu(y) + - - -,



19451 EXPANSION OF A SERIES INTO A CONTINUED FRACTION 105

where a,#0, p=1,2,3, - -

2" gntl gnte
0n(2) =;$_l+ ‘n'n.n+1m+ r,,,,,“(—”:-l——z)—l-}- e,
and
3
Qo) = Q) = 1+ c1 + 61— +";1 +-

The formulas connecting the various constants are:

mo,0 = 1, T =0 for p>gq;

(Mo, T1,g9 T2gy = * )
bh 11 01 0’ °
a1, bz, 11 0, *
= (10,01 T1g-1) T2g=1) * * ) ;
01 Gz, blv 11 *
by = o,1y bp = Tp—-1,p — Tp-2,p-1y p= 21 3' 4,--

Cptq = T0,pMo,q T C171,pT1,q + G182m2 52, + « « ¢+ .

This combines the idea of Rogers with a formulation of Stieltjes’
algorithm particularly adapted to the J-fraction. A part of this is
given in [1, pp. 328-329]. We omit the proof.

Both Stieltjes and Rogers gave the example:

fw 1 1k 2k+1D 342
0

sech*u e—*dy = — .
2+ z + z + z + .-

This can be obtained almost by inspection from the identity

sech® (x + ) = (cosh x cosh y 4 sinh « sinh y)~*.
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