ON THE PATHS WITH MONGE’S EQUATIONS OF THE
SECOND DEGREE AS CONDITIONS OF INTERSECTION

HSIEN-CHUNG WANG!

1. Introduction. The problem on the conditions of intersection of a
family of curves was suggested by S. Lie? and systematically studied
by F. Engel.® Under the latter’s initiative extensive researches have
been made on the subject.4 It is the aim of the present paper to point
out the relations between this type of problems and the geometry
of paths, thus obtaining the geometrical interpretation of some im--
portant invariants of a system of paths. To be definite, we consider
in an (z+41)-dimensional space a 2n-parameter family of paths. By
using Pfaffian forms, we can define the tensor of the lowest order
of the paths in a simple way. This tensor is essentially the one which
plays a réle in the so-called inverse problem of the calculus of varia-
tions.® It turns out that its vanishing is a necessary and sufficient
condition for the conditions of intersection of neighboring paths to
be given by a system of Monge’s equations of the second degree.

2. The tensor. Let (x, y%) (¢=1,.-., n) be coordinates of an
(n+1)-dimensional space. A 2n-parameter family of paths is defined
by a system of ordinary differential equations of the form

- . o , dyt . ad%y
(1) y* =F’(x’ ¥ y’)r Ly = 1,---,m, y‘ = ) y‘ = ’
dx dx?

which can also be written in a Pfaffian system
2) dyt — pidx = 0, dpt — Fi(x, y7, p)dx = 0,

where pf are auxiliary variables. To simplify our calculations we in-
troduce the following Pfaffian forms
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o = dy‘ - p‘dx,

3 i i i
® x =dp — Fdx— (3F /p" + 61.H)(dy" — p"dx)/2,
the function H=H(x, yi, p?) being any particular solution of the
partial differential equation
dH 0F* QF% OFi d [ oF¢
4) 2n—+ nH? — 4— — — — ,>=0.
dx dyt  3p7T 9Pt dx \dp*

Here, as throughout this paper, Latin indices run from 1 to %, re-
peated indices denote summation, and the operator d/dx denotes total
differentiation with respect to x along any of the paths, that is,

d/dx = 8/dx + pi0/dyi + Fid/opi.

By a simple calculation we find®
i i 1 /oF¢ i
() = [dx1r ] + —2'(5;; -+ 5kH)[dxwk],

Y = Qlfaze’] + (5
6 (r)" = Qi[dxw’] + ; <81>" a,H)[dx,rf]

1 02Fs ; OH i
+ ( + 8 G_p‘) [wsz] + Qi [wiwk )

2 \aprap!
where
; OF% 1 QF% OF* 1 d /oF¢
i a1 aary
© dyi | 4 9pt api 2 dx\dp

iN—— ———— — — —

dym 4 9pt apm 2 dx dp™

1 .-{BF"‘ 1 O0Fm™ OF! 1 4 OF"‘}
n

while Q} are functions formed from Fi and H whose expressions do
not interest us. The #? quantities Q} constitute a tensor in the follow-
ing sense. Let

£ = (2, 9), 3§ =5 )
be a point transformation which carries our paths to a system of paths

of the space (%, §%). Suppose the new paths be defined by the Pfaffian
system

@) dyt — pdx =0, dp — Fi(#, 57, p)dz = 0.

8 E. Goursat, Le¢ons sur le probléme de Pfaff, Paris, 1922, pp. 15-20.
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from which the forms &¢, #¢ and the functions H, Q) can be defined in a
similar way. Under this assumption there exist functions , u;, u}, 7}, s}
such that
% = udx + u.-w',
_i X
8) & = wuw,
L3 s 7 L)

T =1r;T +s,~w.

Taking the bilinear covariants of the above equations and comparing
the coefficients on both sides, we obtain

i 1

ri = —S$i
du; i 1 k aF': i 1 ;/0F 1
-(};-=qu+'§"u“i(aﬁk+6ky)—_ul<5‘1;+aiﬂ)v

a1 1 ,/9F i 1 oF!
©® — —u5)=——u,- —~a,H)——u, —_—aH + i
dx\u 2 ap 2u  \9p?
a imi 1 g u j(dF
;i;sk = wuiQ; — '; uiQr + 731; (a_f’. - 51~H)
1 (BF I H)
— ——S —
2 \gpr "
Let 2} and s be defined by the equations
i § g
UV = O, S = §;0;,

8% being the well known Kronecker symbol. Then the first three sets
of equations of (9) give

S g
— Uy,

(10) 5i =

while the last set gives, after the elimination of ds}/dx,

(11) ( + 32u+ suﬁ) = uu?@i - ;‘—u;QI;
Multiplying (11) by #{ and contracting, we get

ds/dx + su/n + suH = 0,
since Of =Q/=0. Finally, we have Q)= (1/42)u;Q}v}, which shows
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that the quantities Qf undergo a linear transformation. The vanishing
of Q) has therefore a geometrical meaning.

The quantities Q} differ slightly from similar ones employed by
Douglas.® The condition Qf=0 makes them obey a simpler transfor-
mation law.

3. Conditions of intersection of paths. Let the system of finite
equations defining the family of paths be

(12) y¥ = Gi(x, C?), a=1,.--,2n.

We can consider C* as coordinates in a 2z-dimensional space Rs,
whose points are our paths. Paths are said to be neighboring if the
corresponding points are infinitely near. Let T and I'’ be two neigh-
boring paths defined by the parameters C* and C*+3C* respectively.
In order that they intersect, we must have

(13) 8y = (8G*/8C=)sC= = 0, a=1,--+,2n.

The system of #—1 equations obtained by eliminating x from (13)
gives the conditions of intersection. The #—1 equations are inde-
pendent, otherwise the paths intersecting a given path would depend
on more than #+1 essential parameters, which case is excluded.

We proceed to show how the conditions of intersection can be
treated most simply by our symbolism. Let us introduce two differ-
ential operations d and 8, the operation d denoting the variation along
the path, while & denotes the change from one path to the other. By
definition they satisfy the conditions

dx%0, dCe=0, dx=0, 8C*%0,
so that
0@ =0 x(d) =0,
') = 8y = (3G'/6C™)sC",

‘ ‘ 1 /9F% P i
(14) w(0) =8p — -2—(5;"' 5,‘H)5y

d [3GN\ 1 fF%  ; \ oG} .
D) A D
aCe\dx/ 2 \9pi aCe

a=1...,2n,

According to the theory of completely integrable Pfaffian systems, the
last 2n equations can be solved in terms of §C#, thus expressing 6C*
as linear combinations of w#(8) and 7#(4).
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Suppose that the system giving the conditions of intersection con-
sists only of Monge ’s equations of the second degree:
(15)  Awp(CHoCSC =0, a By =1, ,2mie=1,-+,n—1.
We express the left-hand side in terms of w#(8) and 7#(9), getting
(16) A(CMCC" = ain’ (3)w’ () + bins' ()7’ (8) + ety (B)x'(8),
ao,By=1,--+,2ne=1,--+ ,n—1,

where the a’s, b’s, and e’s are functions of x and C« and, for unicity
of the coefficients, we can assume

¢ ¢ [ €
(17) Qi = Qjiy €i; = €ji.

Since (15) is evidently satisfied when w#(8) =0, ¢j; must vanish, so
that (16) becomes

(16') Ass(CMCC = aijw ()6’ (8) + iy (B)7 (9).

The left-hand side of the preceding equation is independent of x, so
that the same is true of the right-hand side. Thus we have

(18) d{ai' (D)’ () + bigw G)r'(3)} = 0

To expand (18) we notice that from (5) we have
dw'(3) = dax'(8) + (OF /ap" + ouH)dww' (8)/2,
dr'(3) = Qidzw’' () + (OF Jop’ — 8iH)dxr'(3)/2.
Substituting these expressions into (18) we get

¢ ¢ [OF7 i e i i . i
{ daty + [«m(@ + akH) + b.-;Qk] dx}w (0)w"(8) + bisdar (8)r'(8)

(19)

. 1 « OF7 e OF7
+ {db;k-l- 5 (40.1, + byj— 3 + bih7 dx}w (6)# ©®) =0,

e=1,2,¢,n~—1,
It follows that

bi; + by = 0,

€ 1 [ aF e aF
dbsy + — 3 (40'15 + bn’ Py + b 3;') dz = Q,
20) . « [OF7
( 2da;x + {a.',' (5; + GZH)

e [OFi i « i o
+ ars (5; + 663) + b:i0s + bk;‘Qi}dx = 0.
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On account of the symmetry of ag and the skew-symmetry of g in
the lower indices the second set of equations of (20) gives

(21) an = 0.
The last two equations of (20) then become
db:k + —l—(b:j ?f—j' + b;‘k 19-Fl) dx =0,
(22) 2 ap* op*
Bis0h + buiQi = 0.
As a conclusion of our discussions we see that the existence of b
satisfying (22) is a necessary condition for the family of paths to

have the prescribed property, that is, the conditions of intersection
be given by a system of Monge’s equations of the second degree.

4. The main theorem. Our main theorem can be stated as follows:

THEOREM. The conditions of intersection of neighboring paths of the
family defined by (2) consist only of Monge's equations of the second
degree if and only if all the components of the tensor Qj vanish.

In order to prove the theorem we first establish two simple lemmas.

LeEMMA 1. Let K¢ be n—1 skew-symmetric matrices of order n whose
first rows are linearly independent, and R be any mairix of the same
order. Then the equations

(23) K‘R — R'K¢ =0, e=1,..-,n—1, R = transpose of R,
imply that R is a scalar matrix.

Proor. By hypothesis, there exist # —1 linear combinations C* of
K¢ having their first rows identical to

(0111();"' ,0,0), (0101 1"" 7030)1"' :(090"" 10a 1)
respectively. As the K's satisfy (23), so do all the C’s, that is,
C‘R— RC«=0.

By actually writing out the elements of the matrices, we can justify
this lemma by a short calculation.

LEMMA 2. Let bjxiy?’=0,e=1, - - - , n—1, be n—1 independent equa-
tions in x%, yi, with skew-symmetric coefficients

b+ bjs = 0.

Let Q be a square matrix satisfying
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(29) BQ—(Q'B=0,
where
B = (b:).
Then Q is a scalar matrix.
Proor. We can find x§ such that the n—1 linear equations in ¥¢,
b.fix:yj =0,

are linearly independent. Let P be any nonsingular matrix with x} as
its first row. The first rows of PB* are

e 1 e 1 € 9
(birxo, bigxo, « -+, bin%o),

respectively, and hence are linearly independent. It is easy to see that
the matrices PB*P’ satisfy all the hypotheses for K¢ in Lemma 1. By
writing (24) in the form

(PB*P')(P'-1QP’) — (P'-'QP'Y(PB*P') = 0

it follows that P’~1QP’, and hence Q, is a scalar matrix.

PROOF OF THE MAIN THEOREM. Suppose that the conditions of in-
tersection of neighboring paths of the family consist only of Monge's
equations of the second degree. There exist b (e=1, .-, n—1)
satisfying (22) and having the property that the n—1 equations

biw' (6)x'(6) = 0

are independent. From Lemma 2 it follows that

Qi = (1/m)8,01 = 0.

Conversely, suppose Q}=0. We regard by = —bj; as functions of x,
C= and consider the system of (#—1)%/2 partial differential equations

3bi/x + (1/2)(b:i0F7/0p* + bjdFi/dp?) = 0,

where
aFi  9Fi(x,G™, 0G™/0x%)

apt ap*

Let b;; be n—1 sets of integrals satisfying the initial conditions that
all (b:;)smz, vanish except

(b; e+1)z-zo = - (b:-n 1) Zem gy = 1.
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The quantities bj so obtained not only satisfy (22) but also possess
the property that the equations

bio () (8) = 0

are independent. That these equations give the conditions of inter-

section of neighboring paths follows from our discussion. Therefore the
theorem is proved.
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