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A NOTE ON SEPARATION AXIOMS AND THEIR
APPLICATION IN THE THEORY OF A LOCALLY
CONNECTED TOPOLOGICAL SPACE

J. W. T. YOUNGS

In a recent paper [1]! G. E. Albert and the author attempt a com-
prehensive study of a locally connected (1.8) topological space from
the point of view of Peano space theory [2]. Cyclic elements are de-
fined (2.15) and are themselves found to be locally connected and
topological (2.29). Moreover, it is shown that under proper and very
natural topologization (3.3) the class of all cyclic elements (the hyper-
space) becomes a locally connected topological space (3.3 and 3.8).
In fact, this hyperspace has no nondegenerate? cyclic elements (3.17).

For the purposes of this note it is the concept of a hereditary class
of spaces which is important (4.1). A subclass 3C of the class X of all
locally connected topological spaces is hereditary if, whenever X is
a space of the class 3¢: (1) each true cyclic element (2.15) of X is a
member of 3C; and (2) the hyperspace X is in 3¢. (It should be re-
membered that the first condition is the one required of a class for
it to be cyclicly reducible in the classical Peano space theory.)

The problem is to define small hereditary classes (4.1). In fact,
though there is a smallest hereditary class, an intrinsic definition of
it is lacking (4.2-4.5).

In this connection the main results are that: (1) the class of all
locally connected Tp-spaces is a hereditary class (4.10); (2) the class
of all locally connected Ti-spaces is zot a hereditary class (4.1).

It is the purpose of this note: (1) to define, by means of a separa-
tion axiom, a new hereditary class; (2) to place this separation axiom
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1 Numbers in brackets refer to the bibliography; numbers in parentheses to ap-
propriate paragraphs in [1].

2 A set is degenerate if it is vacuous or contains but a single point.
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in the spectrum of available separation axioms; (3) to point out the
fitting character of the axiom from the point of view of Peano space
theory.

First the axiom:

T: Ifx-y=0, then -9 is degenerate.?

(The reader is reminded that in a topological space the closure of
a point may contain many points.)

THEOREM. The class of all locally connected T-spaces is hereditary.

ProOOF. Suppose that X is such a space. It is clear that any true
cyclic element M of X is a T-space. That M is locally connected has
been shown elsewhere (2.29).

Consider the hyperspace X consisting of the totality of cyclic ele-
ments of X. Let £ and 7 be any two distinct points of X ;.3

(1) Suppose that T-1(£) is nondegenerate. (For a definition of the
transformation 7(X) = X see 3.2.) Then there is a true cyclic element
M such that T-1(&) =k(M), (2.14).

From the definition of the topologization (3.2) and the fact that M
is a closed inverse set, it follows that T'(M) is closed. Moreover,
§CT (M), therefore ECT(M), and T-1(§) C M.

If M-T-(n)=0, let S be the component of X — M which contains
T—(n). The existence of S is doubtful only in case T-1(n) is nonde-
generate. But then T-!(9) is contained in some true cyclic element
and so lies in a component S of X—M (2.29 and 2.15). Now
T-1(n) CS=S+F(S), and this is an inverse set (3.10 and 3.11).
Therefore, #CT(S), and T-'(#) CS. Hence, T %) =T-1(§) - T'(4)
C M-S = F(S) which is degenerate (2.15). Therefore £ - 7 is degenerate.

If M-T7'(y)#0, then T (n)=yEM—-k(M) (2.12 and 2.15).
Hence y is a cut point of the space, and as such =y (2.2). There-
fore =7 and §-7=E§- 9 is certainly degenerate.

(2) A similar argument applies in the event 77!(y) is nondegen-
erate.

(3) If T-'(§) =x and T1(n) =7y, then & and § are inverse sets (4.9)
and so T'(#) and T'(§) are closed in X;. Hence these sets contain £
and 7, respectively; moreover, T-1(§) C% and T—1(%) C4. Therefore
T-YE-5)=T"YE) -T-1(45)Cx -y which is degenerate because X is a

% The reader who is unfamiliar with [1] can still follow the spirit of the argument,
if he is acquainted with [2], by thinking of X as a Peano space. In case T-(§) is
degenerate think of it as a cut point or an end point. If it is nondegenerate, think of
it as a true cyclic element less all the cut points of X. As for the topologization in X4,
a set is open if and only if its inverse under T is open in X.
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T-space. This implies -4 is degenerate, and the proof is complete
on observing that X} is locally connected and topological (3.3 and
3.8).
The separation axioms mentioned in the course of this note may be

tabulated as follows:

Ty: x-9+% vy is degenerate.

T : & 9§ is degenerate.
If x-y=0, then

Ty: x-9+%-y=0.

Ty: #-9=0 (alternate form).

THEOREM. A Ti-space is a T-space; a T-space is a Ty-space.

The proof is left as an entertaining exercise for the reader. An im-
mediate consequence is that the T-axiom might very well have at-
tached to the letter T as a subscript any positive number less than
one.

In conclusion it might be interesting to note that the T-axiom fits
the phenomenon of Peano space theory relative to intersections of
cyclic elements. The theorem that fwo cyclic elements which have
more than one point in common are identical has as its counterpart
the statement that two points whose closures have more than one point
in common are identical.
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