SOME PROPERTIES OF MEASURABLE FUNCTIONS
H. FEDERER AND A. P. MORSE

1. Introduction. Throughout this paper the letter I will denote
some fixed closed interval and f a numerically valued measurable
function on I. It is our purpose to establish certain general properties
of f. We point out in §4 that two theorems of Banach are almost
immediate consequences of these properties. We suspect that further
use can be made of our results.

2. Some notations. We define

XN = E [y = f(x) for some x € X], XCI,
YW =E [f(x) € ¥}, Y CIN

Writing XAV =(X”)Y and YV* =(YV)" we note that the relations

X C XM, Y = VA,

(Zx) - a2, (EZr) -z,

n=1 n=1 n=1 n=1

(ﬂXn)AchXf, (f‘[n)v=f1y:,

n=1 n=1 n=1 n=1

A A A v v v
Xl'—X2C(X1—X2), YI_Y2=(Y1—Y2),
Yx» = (rvxh,
hold whenever X, X, X,, - - - aresubsetsof I and Y, V3, Vs, -
are subset of I,
We further define

=E [{y]Y has at least N, elements],

Q=E [{¥}V hasmore than N, elements].
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We denote the (outer) linear Lebesgue measure of a set 4 by IA l .
3. Some theorems concerning f.

THEOREM 3.1. If A is a measurable subset of I, then there is a measur-
able subset B of A such that B" = A" and f is univalent on B.

Proor. Let! 0=CyC CiCC.C - - - be closed subsets of 4 relative
to each of which f is continuous and for which

C=>Cw |4=C|=0.
n=1

For each positive integer # let? D, be a measurable subset of C, such
that D) = C2 and f is univalent on D,. Let

hed AV
Bl = Z [Dn - Cn,-l]o

n=1

Noting that C\, and C,C.\Y;, are closed and also that

AV AV
Dn_Cn—1=Dn“"CnCn—-l’ n=1223--" )

we see that B, is a measurable subset of C.
Now let & C”. Let k be the least integer in

A
{5 [yO S an~
Since

A A A A AV_A
Y0 ECy — Cpo1 = Dy — Ciu1 C (Di, — Ci=1)

take a number x¢ such that f(xo) =0 and

AV
% € [Dy — Cr1] C Bu.

Thus yo€B)". Moreover if xo7#xEB; with f(x) =yo, we could, for
some integer I >k, successively infer the relations

AV A A AV
2 € Dy — Ciy, ¥ € Cr CCra x & Cir,

the first and last of which contradict.

Consequently CNCBY, f is univalent on By, CA =B

Let a=A4 — CMY and select a set ByCa such that Bj =o” and f is
univalent on B,;. Now

1 See Saks, Theory of the integral, Warsaw, 1937, p. 72.
? See Saks, loc. cit. p. 282.
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B,CaCA—C, |By=0.

Defining B =B;+ B; we see that B is measurable and that

A A A A
A DB B; + B,

_ CA+(A _C/\V)ADCA_]_(AA_CA) =AA.

Lastly f is univalent on B; for otherwise, in view of its univalence
on B; and B;, we could select points x;&EB; and x,& B, with f(x1)
=f(x2) and deduce the false proposition

AV AV AV _AV
Xo E BgBl C aC = (A - C )C = 0.

The proof is complete.

LeEMMA 3.2. If f is continuous relative to each of the closed sets
A1CA2CA3C AR wztk

A=Y 4;CI,
j=1

then

Sn=4 (E [A{y}V has at least n elements])v

Yy

is a Borel set for each positive integer n.

ProoF. Let # be a positive integer.
For each positive integer j let W; be that subset of Euclidean

n-space such that P=(Py, P,, - - -, P,) is in W; if and only if

P, € 4, i=1,2,--,m

Pi— Piy 2 1/], i=2,3,-,m
Forj=1,2,..:3,- - note that W; is bounded and closed and let
Bj=A4;E [there is a P € W;with f(x) = f(P;) fori=1,2,---,n].
It follows that
& S.= 2 B,

=1
Now let jo be a positive integer and x1, x2, 3, - - - be points of Bjo

such that
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lim %, = % € I.

m— o

Clearly x¢& 4 j,- There are points P!, P2, P3, . . . of W;, such that

f(xm) = f(PY), m=1,2,3-31i=1,2,3,+++,n.

Let « be a set of integers and P° be a point of the compact set W,
such that
lim Pm= PO

m—o,mEa

Since f is continuous relative to 4 ;, we conclude

fP) = lim_ f(P7) = lim _ flam) = f(x0),

m—w, mEa m—o, mEa

1::1’ 2’ v, N,
which implies x¢ & Bj,. Hence Bj, is closed.
In view of (1) the proof is complete.

TuEOREM 3.3. There is a measurable® set C such that C = and
{3}V = C) is finite for each y € IN.

Proor. Retaining the notation of the statement of 3.2 and demand-
ing in addition that |I—A4| =0, we define

(2) S=4 (5: [4{y}Vis inﬁnite])v,
\"
3) T=({I- A)(l;: (1 — A){y}Vis inﬁnite]> ,
C=S+T.

The set C is measurable because S=]],_,S, and |T| =0. The fact
that CAC ® may be easily verified by deleting 4 and (I —4) from
(2) and (3), respectively.

The assumption that (4 { y}v — () is infinite leads to the relations

AfylvCsce, 4y} -c=o,

the second of which is contradictory. Similarly the assumption that
((I—A){y}Y—C) is infinite leads to a contradiction.
Thus{y}Y —C is finite for each y&I*, C{y}V is infinite (and non-
3 Using the fact that there is a perfect set of measure zero which is decomposable

into a continuum of disjoint perfect sets, it can be shown that a judicious choice of our
function f insures that neither "V nor QV is measurable,
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vacuous) for yE &; consequently & CC.
Hence & =CA.

THEOREM 3.4.% Let €>0. Then
(i) there is a measurable set LCI with L™= and |L| <e;
(ii) there is a measurable set RCI with R* =Q and |R| =0.

PROOF. Let C be a measurable set such that C* =& and {y}V—C
is finite for each y € .

Let F be the family of measurable sets X CC such that X {y}v is
finite for each y& X”. Note that 0& F>0 and define

M = sup | X|
XEF
and let X, X,, X3, - -+ be sets in F such that lim,,le,,] =M.
Letting
Sa= 2 Xj n=1,23"-,

j=1
observe that X,CS,&EF. Thus ]X,.I =< IS,,I SMforn=1,2,3,-- -
and consequently
| S| =lim |S.| =M where S = 3 Sa.

n=1

Let 7o be an integer such that |S—S,,| <e. Let T be a measurable
(3.1) subset of C—.S such that 7" =(C—S)” and f is univalent on T.
Defining

L=T+4 (S~ S.,), R=TQV,

we verify first that | 7| =0. If | T'| were greater than 0 there would be
an integer %k such that

|Si|>M —|T|, (T+S)EF, TS.CTS=0,
Mz|TH+S|=|T|+]|S|>M, M>M.

Consequently L and R are measurable, | L| <e¢, | R| =0.
Next since Sa,{y}" is at most finite, S{y}"V is at most countable
and C{y}Y has the same power as {y}V for yE R, we see that

From these relations it follows almost immediately that L = & and
R =9.

4 1t is evident from Theorem 3.1 that Theorem 3.4 remains true if we add the re-
quirement that f be univalent on L and on R.
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4. Some applications. We say our function f satisfies condition S
if and only if for each €>0 there is a § >0 such that

| XA [— 1/, 1/e]| < e whenever X C I, | X| < &;
f satisfies condition N if and only if
| XA| =0 whenever X C I, | X| = 0;

f satisfies condition T if and only if | 8] =0; and f satisfies condition
T, if and only if | Q[ =0.

The following two theorems of Banach?® are essentially corollaries
of 3.4.

THEOREM 4.1. If f satisfies condition N, then it satisfies Ts.

THEOREM 4.2. 4 necessary and sufficient condition that f satisfy con-
dition S is that it satisfy both N and T;.

Theorem 4.1 and the necessity in 4.2 are immediate consequences
of 3.4. The sufficiency in 4.2 may be proved as follows:

Suppose f satisfies N and T but not .S. Then we can find a number
€ >0 and measurable subsets 4;DA4: 43D - - - of I such that

lim | A, =0, |As|Ze A C [~ 1/e 1/e],
e n=1,23 .

We note® that 42, I, &, §, are measurable and define

Since the product of a descending sequence of nonvacuous finite sets
is nonvacuous, we have

%ﬁAfc(ﬁAny =4,
n=1 n=1

Hence

A <A
|47 = |§ II4.

n=1

= lim |§dn | =1lim |40 |2 e

n—
in contradiction to the relations

4] =1lim |4.| =0, |4"|=0.
n—w

% See Saks, loc. cit. p. 284.
¢ If f satisfies IV, then X/ is measurable, whenever X is a measurable subset of I.
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Theorem 4.2 is proved.

5. Generalizations. Suppose E is a metric space and ¢ is a measure
over” E such that: closed sets are ¢ measurable in the sense of Cara-
théodory;? every ¢ measurable set is the sum of an F, and a set of ¢
measure zero; E is a countable sum of compact sets; ¢(E) < «.

Let H be another metric space. We say a function ¢ is ¢ finitely
valued, if it is on E, its range is a finite subset of H and

E [¢(x) = 5]

is ¢ measurable for each y&H. We call a function ¢ measurable, if
it is ¢ almost everywhere in E the limit of a sequence of ¢ finitely
valued functions.

To generalize our results we replace I by E, Lebesgue measure
by ¢, f by a ¢ measurable function g, the word “closed” in the state-
ment of 3.2 by “compact.” Conditions .S, N, T, T, are to be inter-
preted in terms of such a measure { over H that closed subsets of H
are ¥ measurable and bounded sets have finite Y measure.

All our theorems remain true under these conditions with properly
adjusted notation. Leaving details to the reader, we solve the only
non-trivial problem arising in this extension by the following:

THEOREM 5.1. If g is continuous relative to the compact set CCE»
then there is a Borel set BC C such that B = C" and g is univalent on B.

PRrOOF. Select® a continuous function » whose domain is a perfect
set A C [0, 1] and whose range is C.

Forn=1,2,3, - -,let 4, be the set such that t€4, if and only
if #&£4 and the relations

s€A, sst—n, g[h(s)] = ¢la®],
are incompatible. Note that 4, is open with respect to 4. Let

B,=C-E [« = Ah(f) for some ¢t € 4,],

B = ]] B..

n=1

Observe that B is an F,;.

7 We say A is over E if and only if A is a function whose domain is the set of sub-
sets of E.

8 See H. Hahn, Theorie der reellen Funktionen, vol. 1, Berlin, 1921, p. 424.

9 See W, Sierpinski, Introduction to general topology, Toronto, 1934, p. 166.
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Now choose y,& C”. Taking
to=inf A-E [¢[h(®)] = 3], w0 = k(t),

we easily check that

th€ [[4n 2 € B, gz = o

n=1
If xo#x%:EB with g(x1) =y, we infer that
T=4E (2 = a1]

is a closed set lying entirely to the right of #, with distance d >0
from fo; hence n>d~! implies TCA —A4, which in turn implies
x1EE—B,CE— B contrary to the assumption x;EB.

Theorem 5.1 is proved.

Now we replace the condition that ¢(E) < « by the hypothesis:

E=Y E, E,E,=0 for n#m,
n=1

E, is ¢ measurable with ¢(E,) < «.

Obviously Theorem 3.4 part (i) and Theorem 4.2 do not!® hold
under these new conditions. However 3.1, 3.2, 3.3, 3.4 part (ii), 4.1
are still valid. To prove this it is sufficient to know of the existence of
a measure ® over E such that: ®(E) < «; a set is & measurable if
and only if it is ¢ measurable; a set has ® measure zero if and only if
it has ¢ measure zero.

Let N1, A2, A3, + - - be positive numbers such that

2 Md(Ea) <
n=1
and define ® over E by the relation:
&(X) = 2 Mo(XE,) for X C E.
n=1

The reader will find no difficulty in checking that ® is a measure
with the required properties.
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10 Counterexample: g(x) =sin x, — © <x <4 .



