DUAL GEODESICS ON A SURFACE
C. E. SFRINGER

Introduction. Union curves and dual union curves have been de-
fined and studied in projective space by Sperry.! It is well known that
the union curves of the congruence of normals to a metric surface
are the geodesics on the surface. The principal aim of this note is to
obtain the differential equation of the dual geodesics on a metric
analytic surface in ordinary space.

The notation of Eisenhart? will be employed for the most part.
However, I'g, will be used here as the Christoffel symbol of the
second kind. Greek indices will take the range 1, 2, and Latin indices
the range 1, 2, 3.

1. Ray-point corresponding to a point of a curve on the surface.
The tangent planes to the surface .S (x*=x%(u!, u%)) at the point
P(x%) and at two “successive” points of the curve C (u*=wu*(s)) on
S are given by

(& — 29X =0,
€= 29 2 e = 0
Lpp—t) u'e =0,
(1) Ju®
D ¢ ax: 9X* axt
(& — x9) w'eu'® + w'le) = — u'eu's,
Qu*doup ou” ou* duf

where the primes indicate differentiation with respect to s.

The ray-point® R of the curve C corresponding to the point P is
the point of intersection of the three planes (1). The coordinates of R
are given by
2 0XY 3%t OX” a5 o

u

2 SE — &) =8.x
@ ¢ ) ou® ouf ou”

)

where 4, j, k take the values 1, 2, 3 cyclically, 67 is a Kronecker delta,
and S is defined by
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123 aXi &% 92Xk e 4B aX* 1
u u + u .
on”

3 S = §; X" u
S i duoup oue

The tangents to the parametric curves at P, and the normal to the
surface at P constitute a local system of reference. In order to deduce
the local coordinates of the point R from equations (2), we employ the
formulas from Eisenhart,*

@ IX* P dxk
ou* h «18 6)u"’
s 92Xk aX* T L Xk
® wgnp  qur T
—r Vi adav
(6) I‘aﬁ =d auﬂ ayl B,

and we use the fact that

125 Ox? dxk 1/2

7) BipX — —— =
( T w our 8
to obtain for the first part of the expression for S
128 _ 4 X7 92X* e By
u u

ijk

—_— u
(8 our du~ouf

rae 18 v
u

1/ Tl
=g (" -4 g Ny, Tt “u

On summing out 7 and ¢, and on writing ] g"‘ﬁl =g~1, the right member
of (8) reduces to

—1/2 o7 re B 1y
(9) 612d‘yud;nraﬂu u .

In consequence of (4), we have for the second part of the expression
for S

X7 9xX*r dxi ox* ¢ 51 sa 1.8
(10) :sz e 0w ' M’lﬁ = 5:?:)( 51—[ Py daydﬁagvg w u'

On summing ¢ and 7, and on making use of (7), the right member of
(10) takes the form

(11) g1/2(g~,1ga2 — g”g“)da-,d,eau""u”ﬁ,

which, in turn, reduces to

4 Eisenhart, loc. cit., p. 217, p. 257.
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(12) gwl/zagd,,,dg,ulau”ﬂ .

Because of (9) and (12), equation (3) takes the form

(13) S = g—mB;;(d.,,d,‘Iigu'au’ﬂuw + da,dp,u’au”ﬂ).

In order to express the right member of (2) as a linear combination
of the partial derivatives dx?/0u*, we use the definition
(14) X e
ou* duf
and also the formulas from Eisenhart?

k.o 0X” R X

5”X —_—= e )

dul ouc
(15) X X
X = — e,
du? n*

where 7, j, k take the values 1, 2, 3 cyclically, and where ¢ is +1 or
—1 according as the Gaussian curvature is positive or negative. In
consequence of (14), (15), and (4), the right member of (2) assumes
the form

i

(16) el 2d jou' 2w’ B (W h% — u'2h'?)d,,gm

oud
If we multiply the equation®
(17) hag = daydﬂsg"'&

by d*” and sum on «, and then multiply the resulting equation by
k87 and sum on 3, we obtain

(18) der = kﬁ"'dﬂsg"s.
Because of (18), the expression (16) may be written in the form

« o8 O
(19) eh"*des’ w50 —

ou
which is the expression desired for the right member of equation
(2). Use of (13) and (19) in (2) yields the coordinates & of the ray-
point R of the curve C (u*=wu*(s)) at the point P(x?) in the form

5 Eisenhart, loc. cit., p. 259.
¢ Eisenhart, loc. cit., p. 253.
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12 ;v o i
Ja 18 Syoth d dx

i 1/2 -
200 =x +e(hg)  dagu u v
( (hg) ? 52(dyo @y D gt w8’ Y+ d oo’ *u''8)  ul

The local coordinates #® of the point R are given by

8 612 /7d0'5
n yolb
(21) — = ddagu’*u"® — = —
(gs0) "/ 032(Aya@uagtt’ *u’8u’ + doodg,u’*u’’f)

where § is not summed, and where d= | daﬁl has the value e(hg)'/2.

2. Dual geodesics. We consider next the line J; lying in the tangent
plane to the surface at P which is in G. M. Green’s “relation R”7 to
the normal J; to the surface at P. It can readily be shown that the
equation of the line /; in local coordinates is

1/2_2

(22) (g22)""Tt" + () "Tat” + (guuge)”” = 0.

A geodesic curve on the surface has the property that its osculating
plane at every point P contains the normal line /; to the surface at P.
We may define a dual geodesic to be a curve on the surface which
enjoys the property that its ray-point R corresponding to every
point P lies on the line I, given by (22). If we require that the co-
ordinates (21) satisfy the equation (22), we find, after some reduc-
tion, that the curve C is a solution of the differential equation

12 sa 4B re g8 gy

(23)  dougus’“w’” + [dup(dyiTrz — dyaTis) + S10dyed,Ts]u’“u’'u’™ = 0,

where T% is given by (6).
If we write u!=u, u?=v, du=D, dig=du=D’, des=D", v =dv/du,
v’ =d%/du?, and make use of (6), equation (23) takes the form

(24) (DD — D'%y" = p + gv' + rv'2 + 5973,
where
p = D'D, — DD, + (2T, — T'1)DD’ — TyuD",
¢ =D''D, — DD./ 4+ D'D, — DD}, + (DD’ + D"*)(2I'}, — T'1y)
+ D'T3y + DD'(T3; — 2T'15) — 2D'D''Ty,
25y r=D"D,— DD, +D"D, - D'D,/
+ (D" 4 D")(Is — 2T1y) — D''Tu
4+ D'D" (2% — T'1)) + 2DD'Ta,,

7 o~ [

s=D"D,— DD/ + (T3 — 2T'1)D'D" + I'psD”.

7 Lane, loc. cit., p. 81.
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If the asymptotic lines are taken as parametric, we have D =D’ =0,
and equation (24) takes the form

" 2 1 2 1 2. 2 1 43
(26) v =Tu+ (T — 2T'p)e” + (2T ~— I‘zz)‘vl — Tpgt’

The geodesics on a surface satisfy the differential equation?®

2 1 2 1 2. 2 1
(27 v = — Ty + Ty — 2P12)11, + (2T — Pzz)vl + P222’,3 .

From (26) it is seen that if the asymptotic curve given by » =const.
is a dual geodesic, then I'}; =0, which, by (27), is the condition that
the curve be a geodesic. But if a curve is both an asymptotic and a
geodesic it is a straight line. Hence, if an asymptotic line is a dual
geodesic it is o straight line.

Equation (26) is independent of D’. Hence, we conclude that
isometric surfaces have the same equations of dual geodesics.

It can be shown that when the asymptotics are parametric the
directions of Segré® at the point P on the surface are given by

(28) Tiidu’ — Tyedd’ = 0.

Comparison of equations (26) and (27) shows that the directions of
Segré may be characterized as the directions in which the geodesics and
dual geodesics coincide.

3. Ray-points of geodesics. Each curve through the point P on the
surface has a ray-point R. We shall now find the locus of the ray-
points for all geodesics through P. Along a geodesic curve we have

(29) W'+ I’;A,u'ﬁun = 0.
In consequence of (29) and the definition of T% from (6), the co-
ordinates (n', 5?) of the ray-point R of a geodesic curve u*=u*(s)
through P are found from (21) to be given by

Tyt = — (gu)*2(u')2(u'?),
(30) To? = (gun) () (w2,
where
(1) T =Tulu') + TG @) — TG ) ) — Ty .

Elimination of #'* and #’? between the equations (30) yields a cubic
equation which may be written in the form

8 Eisenhart, Differential Geometry, Ginn and Co., 1909, p. 205.
9 Lane, loc. cit., p. 77.
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1.3 2 3
2 n 1 n
() + ()
"\ #\(gan)1r2
(32) 12 2 I‘l
o nn ( Ty o+ 12 712+1)=0-
(811822)1/2 (gu 1/2 (g22)1/2

From the form of equation (32) it can be seen that the locus has a
double point at P, with the asymptotics at P as double point tan-
gents. Furthermore, the curve has three points of inflection which lie
on the line represented by equation (22), some one of the inflections
lying on each of the lines through P given by the equation

9 nl 3 1 ,'72 3
6 () ()

On comparing equations (28) and (33), we recognize that the latter
gives the directions of Darboux!® at P. Hence, we have the following
theorem. The locus of the ray-points of the geodesics through o point P
on a surface is a cubic curve lying in the tangent plane to the surface
at P. The asymptotics are the double point tangents to the curve at P,
and the three points of inflection of the curve are given by the intersec-
tions of the tangents of Darboux at P with the line which is in Green's
Relation R with the normal to the surface at the point P. Lane! gives a
similar theorem for projective space.
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10 Lane, loc. cit., p. 76.
1 Lane, loc. cit., p. 98.



