SOME PROBLEMS IN INTERPOLATION BY CHARACTER-
ISTIC FUNCTIONS OF LINEAR DIFFERENTIAL
SYSTEMS OF THE FOURTH ORDER

KATHARINE E. O'BRIEN

In this paper we consider the convergence to f(x), defined on [0, 1],
of

zp[f(x)] = aopio(®) + aipti(x) + - -+ appup(a),

where #,(x), (=0, 1, - - -, p), are characteristic functions of certain
self-adjoint linear differential systems of fourth order,

4 P -1

awr = XS] T} w=0p,
k=0 k=0

and the symbol .’ is used in the sense Z;’.’,oyk=yo/2+zz=1yk.

Throughout the discussion, x,=2k/(2p+1), (k=0, 1, - - -, p). The

differential systems considered are

w — phy = 0,

with boundary conditions
I. #/(0)=0,%"""(0)=0, '(1)=0, """ (1)+u(1) =0,
II. 4/(0)=0, %'""(0) =0, u' (1) +u(1) =0, w'’'(1) +u'"(1) =0,
TII. w(0)=0, #''(0) =0, u(1) =0, u’’ (1) +u'(1) =0,
IV. 4’(0)=0,4"""(0) =0, (1) =0, "’ (1) 4+u'(1) =0,
V. #(0)=0, #’(0)=0, (1) =0, '(1) =0,
VI. %/(0)=0, #''(0) =0, u(1) =0, »’(1) =0.

The following theorems may be proved for these systems respec-
tively.

I, I1. If f(x) is continuous and of bounded variation in [0, 1], then
lim, .2, [f(x) | =f(x) uniformly in [0, 1].

II1. If f(x) is continuous and of bounded variation in [0, 1] and
F0)=f(1) =0, then lim, ., Z,[f(x)]=Ff(x) uniformly in [0, 1].

IV. If f(x) is continuous and of bounded variation in [0, 1] and
f(1) =0, then lim, ., Z,[f(x)]=F(x) uniformly in [0, 1—n].

V, V1. If f(x) satisfies a Lipschits condition in [0, 1] and f(0) =f(1)
=0, then lim, ., Z,[f(x) ]| =f(x) uniformly in [9, 1—1n].

Here and hereafter >0 is arbitrarily small but fixed.
The method of proof for these theorems, as well as for those to fol-
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low, is essentially the same as that of C. M. Jensen [1], who consid-
ered convergence properties of a somewhat similar sum using
Sturm-Liouville functions.

The following equivalence theorems (the term “equivalence” is

used in the sense of Jensen) may be proved for systems I; 11, ITI, IV,
respectively.

I, I1. If f(x) is continuous in [0, 1], then
,};11.2 {Zp[f(x)] - Tp[f(x)]} =

uniformly in [0, 1], where T, [f(x)] is the cosine interpolation formula

Ty [f(x)] = @op + G1p COS TX + - -+ + app COS pTX,
L P -1
Unp = 2 f(xx) cos nway { > cos? nray }
k=0

k=0

2?+12'f(xk) cos nway, n=1,2--,p,
k=0

= 0.
I11. If f(x) is continuous in [O, 1], then

lim {2,[f(#)] — T,[f(=)]} =

P—> 0

uniformly in [n, 1 —n], where T, [f(x) ] is the sine interpolation formula

T:D[f(x)] = d],p sin % + dgp sin 2wx + e + dpp sin Pﬂ'x,
P » -
Gnp = 2/ f(wr) sin nray { D sin? nray, }
k=0 k=0
2p-|- - glf(xk) sin nwrxy, n=1,2,---,p.

IV. If f(x) is continuous in [0, 1], then
1}1{2 {Ep[f(x)] - Uzr[f(x)]} =
uniformly in [, 1—n], where U,[f(x)] is given by
U,[f(%)] = bop cos (w/2)& + b1, cos (37/2)x + - - -
+ bpp cos (p + 1/2)7x,

bnp = Xp:’f(xk) cos (m 4 1/2)wxs { i’ cos? (n + 1/2)7rac,,}_l

k=0 k=0
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B 21, + lﬂg/f(xk) COs (n + 1/2)1rxk, "= 0 1 .. 71’ _ 1,
2p — ’Elf(xk) cos (n + 1/2)wxy, n=p.

The first set of theorems also holds using characteristic functions
of utiv) — [p*+\(x) Ju=0, with the above boundary conditions, A(x)
being an arbitrary continuous function. Here, provided ou(x)#0,
the term gu(x)D_roof (xx) ot (%x) {Zifo ot?(xr) }"1 is adjoined to 2, [f(x)],
where ou(x) is the characteristic function corresponding to p=0.
(For NM(x) =0, p=0 is not a characteristic number.)

We give here the proof of the theorem for system V. System V is
the problem of lateral vibrations of an elastic homogeneous rod
clamped at both ends [2]. We first state two lemmas.

LemMA 1. If f(x) is continuous and of bounded variation in [0, 1]
and f(0) =f(1) =0, then W,[f(x)] and w, [ f(x)] tend to the same limit
M(x) uniformly in [n, 1—n] as p— o, where

Wolf(%)] = cop[cos (x/2)x — sin (7/2)x]
+ c1p[cos (37/2)x — sin 3x/2)x] + - - -
-4 c,,,,[cos (p + 1/2)wax — sin (p + 1/2)7x],

Cnp = 21) 1 E’ f(xx) [cos (n + 1/2)wxsr — sin (n + 1/2)7x],
ﬂ=0,1,"',17,
w,[f(%)] = co[cos (w/2)x — sin (x/2)x] + c1[cos (3r/2)x — sin (37/2)x]
+ -+ + cpleos (p + 1/2)7x — sin (p + 1/2)7x],

—f f(®) [cos (m + 1/2)7t — sin (n + 1/2)xt]ds,
n=20,1,---,p.

LemMA 2. If f(x) satisfies a Lipschitz condition in [0, 1] and
f(0) =f(1) =0, then there exists a constant C, depending only on 1, such
that for n sufficiently great, p=n, and x in [, 1—7],

| Gtnpthn(%) — Caplcos (n + 1/2)xx — sin (n + 1/2)xx]| < C/n2.
To prove Lemma 1, write

Wolf(®)] = Wolf(2)] + oW, [f(#)] — W, [f(#)],
wp[f(%)] = 1w [f(%)] + s, [/(%) ] — s, [f()],
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where

Wolf(®)] = 1 f(xk)z cos (n 4+ 1/2)wxy cos (n + 1/2)wx,
Wolf(x)] = T > ) Z sin (n + 1/2)way sin (v + 1/2)7,
Wolfx)] = Z' F(xy) Z sin (n + 1/2)w(xx + %),

Zp +15 o

1w, [f(%) ] =f0 f(@) Zi:ﬁ cos (n 4+ 1/2)wt cos (n + 1/2)wxdt,

2w, [f(%)] = 1f(t)i sin (n + 1/2)xt sin (n + 1/2)wxdt,

s, (1] = [ 102 sin (0 4+ 1/2nte + e

We first show that if f(x) is continuous and of bounded variation in
[0, 1], then lim,.., 1W, [f(x)]=(1/2)f(x) uniformly in [0,1—7]. We
employ the cosine interpolation formula T, [f(x) ]. We shall use 7,(x)
as generic notation for a function uniformly bounded in # and for x
in [0, 1], unless the range for x is otherwise stated, and 7, [7.,] for a
quantity depending on # [# and p] and uniformly bounded in #
[# and p]. We have

T,[f(%)] = xx) +

2+ 1 El f(xk) Z COS NTXy, COS NTX

o [sin (2 + 1/2)n(w — )
2p +1 ;g fl k)[ sin (m/2) (%, — %)
sin (p + 1/2)w(xe + x)]
sin (7/2)(x%x, + %)
P g l’_sin pr(xr — %) cos (w/2)(xr — x)
sin (7/2)(%r — x)
sin pr(xr, + %) cos (w/2)(xx + x):‘
sin (7/2)(%r + %)

+

P
%+ 1 cos prxlg' f(xx) cos prxy.
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Using auxiliary Lemma A stated below, we have
, sin pr(x, — %) cos (w/2)(xx — x)
Zp T1 :‘_“ f '“)l: sin (7/2) (% — %)
sin pr(xx + ) cos (7/2)(xx + x)] + 7p()
sin (r/2) (% + ) ? ’

Tp[f(x)] =

and

Wy [f(x)]

2;1) 1 Z_‘, f(xk)g cos (n + 1/2)7xs, cos (n + 1/2)wx

+ rp(x)/p
sin pr(x, — %)
2(21’ + 1) k}—: Jx )[Sin (r/2) (% — )
sin pr(xy + %) ] (%)
sin (7/2) (%2 + ) r

Thus
Wo[f(%)] — (1/2)T [f(x)]

B z<21> Iy ,gf( "’[

cos (7/2)(xr, — %)
sin (7/2) (x5 — )
1 — cos (7/2)(xr + %)
sin (7/2)(x + %)
= m Z:’ f(xx) [tan (r/4)(x, — ) sin pr(ap — x)
+ tan (w/4)(x% + «) sin pr(ar, + x)] + 7,(2)/p.
By reason of the nature of Lemma A and the fact that for £ in [0, 1]
the functions tan (wv/4)((—x) and tan (w/4)(t+x) are of uniform
bounded variation with respect to x in [0, 1—7], we have
W, [f(%) | = (1/2) T, [f(x) ] =7,(x)/p for & in [0, 1—n]. Hence [3]
lim, .. 1W, [f(x)]=(1/2)f(x) uniformly in [0, 1—7].

Employing ¢, [f(x) ], the partial sum of order p in the Fourier cosine
series,

sin pr(x — %)

75()
?

sin pr(x, + x)] +

t[f(%)] = a0 + a1 cos & + - -+ + a, cos prx,
1
f f(x) cos nwrxdx Zf f(x)cosnradx, n=1,2,- -, p,

An =

1
f cos? nrxdx f f(x)dx, n =0,
0
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we may show similarly that if f(x) is continuous and of bounded va-
riation in [0, 1], then lim,.., 1w,[f(x)]=(1/2)f(x) uniformly in
[0, 1—5]. Employing T,[f(x)], the sine interpolation formula, and
?,[f(x)], the partial sum of order p in the Fourier sine series,

I,[f(x)] = @1 sin 7& + @, sin 276 + - - - + 4, sin prx,

1
f f(x) sin nrxdx .
0

dn n =2 f(x) sin nradx, n =1,2,- -+, p,
f sin? nrxdx °
0

we may likewise show that if f(x) is continuous and of bounded varia-
tion in [0, 1] and £(0) =f(1) =0, then

lim oW, [f(x)] = (1/2)f(x), lim 2w, [f(2) ] = (1/2)1(2)

P—r o

uniformly in [0, 1 —7]. In connection with w, [f(x) ] and sw, [f(x) ] we
use Lemma B, stated below.

Finally, we show that if f(x) is of bounded variation in [0, 1], then
sWo [f(x)] and sw, [f(x)] both tend to (1/2) faf(®) {sin (w/2)(t+x) }~1dt

uniformly in [7, 1—7]. We have

1t 1 — cos (p + (¢ + x)
swp [f(#)] = 7]; 1) sin (v/2)(t + «x) &

For x in [9, 1—17],
_ip_ e
3wp[f(x)] - —2_ o sin (7/2)(t + x)
1 pt cos (p + V(¢ + =)
- —2-.[0 f@) sin (r/2)(¢ + %) a

Effecting some trigonometric reductions on the second integrand and
using Lemma B, we have

_ 1 1 f(t) rp(x) .
W@l =2) memaratt

We may then prove that

. Lt
msw,,[f @l=7 o sin (x/2)(t + )
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uniformly in [5, 1—7], using the fact just established that
. 1 rt 1@
lim aw,[f(#)] = — | ————
P 2 Jg sin (w/2)(t + =)
uniformly in [, 1 —9], together with Lemma C, stated below.

LEMMA A. If f(x) is of bounded variation in [0, 1], then for
n=11 2! e ’ZP,

1

Top
! f(x1) cos nway| = —

2p+1 Z:,) S(ax) % )
_ T

" f(x) sin nrx .

21’_{_ ’Ef(k) e -

Also

Z' f(xx) sin (2p + Dmway

k=0

2p+ 1
LemMA B. If f(x) is of bounded variation in [0, 1], then for n>0,

—~—-y =—

f f(x) cos nrxdx

f f(x) sin nrxdx

LemMma C. If f(x) is of bounded variation in [0, 1], then for any pre-
assigned €>0 there exists Q such that for p>q=Q and x in [y, 1],

S ) S sin (o 4+ 1/2)n(ws + 7)

k=0 n=g+1

<e.

21; +1
Lemma 2 is proved by means of auxiliary Lemmas D, E, and A.

LeMMA D. For n sufficiently great, and p =n,

[Erea] =5 (122)

k=0
LemMa E. If f(x) satisfies a Lipschitz condition in [0, 1] and if

f(0)=f(1)=0, thenfor n=1,2,---,p,
2p+1 g}’f(xk)exp{—(n+1/2)ka} =—

E;f(xk) exp {— (n+ 1/2)7(1 — =)} l _ r:, .

k=0

2p+1
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The following asymptotic expression is known [4] for the charac-
teristic functions of system V:

(%) = cos (n 4+ 1/2)rx — sin (» + 1/2)7wx
+ (= Drexp {— (n+ 1/2)7(1 — x)}
—exp {— (n+ 1/2)rx} + exp { — (n + 1/2)7}r, ().
Define

Up[f(x)] agg(x) + anm(x) + - - -+ ayuy(x),

1} ' f) ()

PO — n=0,1,---,p.
Loy
fun(x)dx
0

Denote by Z{*) the sum of the terms in Z,[f(x)] with subscripts 7
to s inclusive; similarly in the other sums.
For x in [, 1—9],

7@ = 2@ = [ =2 |+ |y - 2
+ | WLO'N) - ww'N)| + | M(x) — pr.ml
+ [ 7'U(O,N) _ M(x)| + |f(x) _ O'(O'N)!.

The right-hand member can be made arbitrarily small by choosing
sufficiently large. Call the six terms Dy, D, - - -, Dg. Given g, first
choose N sufficiently large so that Dy<e, Ds<e, Dg<e, for p= N+1.
Having fixed N, choose P sufficiently large so that D1 <€, D3 <e¢,Ds< e
for p = P. It remains to justify these statements. For D we use a re-
sult in a paper by J. D. Tamarkin [5]. For D; we use Lemma 2, and
for Dy and Ds Lemma 1. In D; and D; we are dealing essentially with
integrals of continuous functions and the sums which tend to thein-
tegrals as limits, the number of terms being finite.

Now consider #(V) — [p44A\(x) Ju=0, A(x) being an arbitrary con-
tinuous function. A fundamental system of solutions of #(\V) —p4y =0
is #; =cos px, uz =sin px, u3=e°*, uy=¢**, By the method of variation
of constants we have, as an equation satisfied by #,

% = A cos px + B sin px + Cer® ++ De#*

1 ® eP(x—t) e—p(z—t)
+— f NO)u(t) [~ sin p(x — £) + _ :Idt,
2p3J

2 2
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where A, B, C, D are arbitrary constants. Applying the boundary

conditions of system V and choosing the multiplicative constant so
that 4 =1, we have, assuming p 0,

% = cos px — sin px
1 1
+ [ sin px{— 2¢*sin p 4+ Ff NOu(t) [— e sin p(1 — £)
P 0
—e*cosp(l — ¥+ e‘”]dt}

1 1
+ ¢(=2) gin p — z——;f MO u(t)[— e sin p(1 — §)
02J o
— (=2 cos p(1 — £) + er==0]dt

1 1
— e7°% + ¢7p(+2) cos p 4 Ff NOu(t) [— er+a sin p(1 — )
P 0

— P+ cos p(1 — ) 4 erletd) ]dt] {1 — e Psinp — ¢ cos p}_l

1 £ epla—1t) e—p(z—1)
— ANOu(t)] — sin p(x — ¢ — dt,
55 [ 0u) | = sinnte - + —]

and, as an equation satisfied by the characteristic numbers p =p,,
cosp = 2¢ P — e 2P cos p
p

sin f‘ Pt g—p(2—1)
NOu(®)| e?cos p(l — ) — — — dt
2 [ Mou [ e cos a1 = = S = ]

+

cosp (1 ept  gmp(2—t)
+ f NB)u(?) [— ersinp(l — ) +—— :|dt
2p3 0 2 2

1 1
+— | MOu()[sin p(1 — &) — cosp (1 — &) + e-r—0]d¢
4p%J

— 1
— _e_i’f NO)u(t) [— ePsinp(1 — ) — e? cos p(1 — £) + ert]dt.
4p3J ¢

For each p=p,, # is a continuous function; we show % uniformly
bounded in #. In u, the terms

1 1

— ——f MO u(t)er=vdtf{1 — e sin p — e~ cos p}_l,
4p%J

—_— N u(t)er=—0ds

pol JRCKC

may be combined to give
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1 ' sin p + cos =
[— f MO u(t)er=0dt — _.__p____pf )‘(t)u(t)e—p(l—xwdt]
4p3J , 4p8 0
B {1 — ¢~ P sin p — €7? cos P}_l.

For ¢tin [x, 1], x—¢=<0;for tin [0, x], 1 —x+£=0. Also, there exists a
constant ¢>0 such that 1—e™ sin p—e™ cos p=c¢ for p=p,. Call
M,=maxp, | #.(x)|, K= /3| N(#)|dt. Then

5 17M,K 5 17M.K
ln(®) | = 24+ —+——) M,<2+4+—4—0,
c 4pr‘ c 4Cpi
M, < 24 5/c

1 — 17K/ (4cp)

Thus for » sufficiently great, M, <4410/c. The remaining #'s form
a finite set. Hence #,(x) is uniformly bounded in #. Thus

Un(%) = COS pp&t — SiN pu& + €77~ sin p, — €% + 7,(x)/p3,

and cos p.=¢(p.), where lim,..p(0.) =0. Thus p,=(n+1/2)7+€n,
where lim, .., €,=0. It follows that

(%) = cos (n + 1/2)7x — sin (n + 1/2)7wx
+ (= Drexp {— (n+ 1/2)(1 — x)}
— exp {—- (n + 1/2)7rx} + r.(x)/nd.
The theorem for system V follows.
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