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A GENERALIZATION OF HARMONIC
FUNCTIONALS*

BY F. G. DRESSEL

1. Introduction. In a recent paper W. V. D. Hodget showed
that most of the elementary properties of harmonic functions
could be extended to harmonic functionals; on the other hand,
we can extend the notion of harmonic functionals so that most
of these elementary properties persist in this larger class. The
present paper presents such an extension, and properties of the
functionals it contains.

2. Generalized Harmonic Forms. Consider the (p—1)-form
€)) ¢ =Ai...q,_dxit - dxer, (i=1,--- ),

in which the elements concerned obey the usual laws, with the
exception that the dx’s obey the non-commutative law of multi-
plication

(2) dxidxi = — dxidxt,

Without loss of generality we assume that the summation in
(1) is taken over all ¢ for which 4, < - - - <4,_4. If the 4’s have
second partial derivatives which are continuous, then the form
¢ is said to be regular. The properties of such forms have been
discussed by Cartan.}

If the coefficients 4. .., are symbols, we shall speak of (1)
as a symbolic form. In the present paper we shall be concerned
only with symbolic linear forms:

a = adxt, B = Bidxt, - - - .
The rules of combination for these are the same as for the forms

of the type (1), except that the commutative law for the multi-
plication of a symbolic and a non-symbolic form does not hold.

* Presented to the Society, February 23, 1935.

t W. V. D. Hodge, A Dirichlet problem for harmonic functionals, with ap-
plication to analytic varieties, Proceedings of the London Mathematical Society,
(2), vol. 36, part 4, pp. 257-303.

1 E. Cartan, Le¢ons sur les Invariants Intégraux, 1922, Chapter 7.
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In particular we note that if «;, 8; are symbols and 4 is a func-
tion, the products a;8;=0;a;, Aa; are symbols; but a;4 is a
function, since «; has spent itself on the function 4. Any form
is said to be zero if all its coefficients are zero, and is indicated
by writing ¢ =0.

Let the multiplication of the form (1) by the symbolic linear
form a=a.dx* be indicated by @a,

bo = Bij...idait - - - duir,

(3) ) . .
By =20 (= D T ag Ak, (i< <4y,
k=1
where
ik
A;l...,'p = Ail"'ik—lflﬁl"'ip'

Denoting the adjoint of ¢, by ¢*, we have
¢ =D + Biy...i, %t -« dain,

the + or — sign being chosen according as 4;, - - -, %, is an even
or odd derangement of 1, - - - , n. Finally, let ¢* be multiplied
by the symbolic form 8 =8dx?, and let the result be indicated by

4) As%p.

If «v is a cycle of (p—1) dimensions, we shall define the in-
tegral [ 4 as an af-functional of v if the form (4) is zero. Also
in such a case, we shall speak of ¢ as an af-form.* We observe
that if a;=08;=09/dx¢, then ¢, is known in the literature as the
covariant derivative of ¢; and that if Ag"¢p =0, and ¢, is regular,
¢ is a harmonic form and f.,d) a harmonic functional of 7.

3. Properties of the af-forms. We now give a series of theo-
rems which are generalizations of the theorems of harmonic
forms.

THEOREM 1. The B;,.. ., defined by (3) satisfy the relations

p+1

(5) E (_ 1) azk cdppy T 0.

k=1

* A more general functional could be obtained by taking « and 8 as any
symbolic forms.
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From the properties assigned to our symbolic forms, we see
that the associative law holds, so that

Paa = aap = 0-¢ =0,

where ace =0 by virtue of (2); hence the theorem is immediate
since the left side of (5) is a coefficient of ¢qe.

THEOREM 2. If p=1 and ¢ is an of-form, then

(6) Biaip + - - + Buanp = 0.

The proof is easily supplied. We remark that any function
satisfying the relation (6) will be called an a8-function.

THEOREM 3. If ¢ is an af-form, then the coefficients of ¢« are
af-functions.

Using the definition of ¢¢, we have

D
(7) Aﬁad) = Z * ( Z ﬁijBiy"ipdxii) dxirtt . . dyin = )
=1

and wish to show that

(8) a,'ﬁjB,'l...,-p = 0
for each set 71 < + - -+ <%p. .

We shall make use of the notation By. .., i, to mean that
B in which ¢, is missing from 4, < - - - <4, and that 7,4, is to
be put into its natural orderin ¢, < - - - <4%,, a minus or a plus

sign being taken according as 7,,, is taken over an odd or over
an even number of 7’s. Note in (7), when finding the coefficient of
dx¥dxt - - - dx'», where 1=7=<p, that besides the term
BiBi,... i two types of terms can appear, those for which
1+ <%, and those for which 7,.,>%,. Taking this into account,
we can write, except perhaps for a sign, this coefficient in the
form

n—p N
p—r ir
Bi,Biyoooiy + (= )7 20 By, Bt vipripge
=1

For an af-form the above symbol is zero, hence multiplying by
a;, and summing with respect to 7 from 1 to p, we have
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©) (= 1" X @iBiBi..s, —ZmMZ(— 1) i, Bil.. iy, 1y

r=1 v=1

where we have reversed the order of summation on the right
hand side. If now 4, <4y, <#i41, where k2, <p, we can adjust
the notation, so that Theorem 1 reads

ky
p+r—1 1
Z (— 1) ai ' ctipy dpto + azp_H,Bn

r=1
2 p+r—1 iy

+ Z ("‘ 1) airB,'l...,‘p, ippv 0.

r=kv+1
Using this in (9), we get

» n—p

Z a;BiBi...;, = — 2 Bipyo@iproBiy- iy
r=1 v=1

which leads immediately to the theorem.

4. Forms in Two Sets of Differentials. Turn now to the special
case of Ay, -4, dx® - - - dx'vidE™ - - - dE'-1, namely,*

U = Adxir - - - dxirdgir - - . dEier,

Let n=7%.d¢ be a linear symbolic form and multiply U by it.
Then

)

= (Z (=D ddxi - - - datimdaiits - - dxip> dgh - - - dgiv,
=1

The following theorem will be found useful.

TuEOREM 4. If BiAd =n:4 (or if Bid=—niA) and if A is an
af-function, then U, is an of-form.

We may write U, in the form

y4 n P
Upe = (Z aiiAdats - - dat 4+ 30 D0 (= 1)

i=1 k=pt1 j=1

s Adwivdit - - dwimidiie - dx> g - - - dgiv,

* The dx and df satisfy the law (2) separately, but in the present paper we
assume that dx is commutative with d£. With this assumption U can be looked
on as a symbolic form with 4d¢n - - - d&ir—1 as coefficients.
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Forming the adjoint of the above with respect to the dx's, we
have

)" = T & ( Samddzon - dan 4 5 3 (= pren

j=1 kempt1 j=1

. a'.knijAdxijdxip-f-l N dxik—ldxik-f'l e dxh) ds"'l oo o ds‘p.

Multiplying by 8 gives

» »
AU, = D + ( 2 Ba [ > a,-jmjA] dxivdxivt . o . dyin

V] Jrm1
n 4 P » »
£33 Buamddsidan - dzn £ 33 3 (= D
kmpt1 jel vl jeml Kemptl

Bimi i ddaivdxiidaivts - - - dyiidgivtr .. dx“n) dgin . . dtte,

If now B:4 =n:4, we find that As*U, is equal to

(10 >+ ( i nivl: i BijaijA]dxiudxip«i-l. .. dxm) dgin. .« dgis,

v=1 Ju=1

The expression (10) has the opposite sign if 8;4 = —n;4. Thus
if A satisfies the equation

Biewd + - -+ + Baand =0,

U, is an af-form.
If Unis the adjoint of U, with respect to the d¢’s, we readily
see from (10) that we have the following corollary.

COROLLARY. If the conditions of Theorem 4 hold, then U" is an
af-form.

4. Special Cases. In what follows we refer to a real euclidean
space of n-dimensions, with («!, - - -, x*) as a system of rec-
tangular cartesian axes. The case treated by Hodge is obtained
by specializing o and 8 to be

a
(11) a=f= :9—;"(150‘.
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With this choice of o and 8, Theorem 2 takes the form of La-
place’s equation

62 a2
_ e =0, i=y,),
<6x12+ + axn2> ¢ (2t = =)
hence the name harmonic forms. With 5=(8/9¢%)d&?, the 4
of Theorem 4 can be taken
1
4 = » when n > 2,

yn

= log r, whenn = 2,

where 72=2(x*—£%)2 If we take

9 )
a = — dxt,
ax’
1) A= dmt - deig
= — X e xn— — xn
dxt dxm ! ’

0
m=—di -+

dEn—1 — dEn
T2 9En—1 £ £,

then Theorem 2 takes the form of the parabolic equation

02 02 i)
P

a5(;12 6x2n__1 axn

Hence if « and B are defined by (12), we shall speak of an of3-
form as a parabolic form, and /. 4 as a parabolic functional. The
A of Theorem 4 can be taken as

1

A=—" " el 1t el
(00 — ) D

If « and B are defined by (11), with the exception that
o, = —0/dx", then (6) of Theorem 2 takes the form of the
hyperbolic equation, and we can refer to such afB-forms as
hyperbolic forms.

5. Green’s Theorem for Parabolic Functionals. 1If ¢ and ¢ are
regular (p—1)-forms, Hodge has proved the following theorem
of Green useful in the case of harmonic functionals:
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THEOREM. If o and (3 are given by (11) and D is any domain in
our space bounded by the contour vy, we have

fD(Aﬂ“w-w—fp(Aa"s&)-«p=£¢a-¢—£¢a-¢.*

We shall now prove a corresponding theorem applicable to
the case of parabolic functionals. Let o and 8 be defined by (12)
and let

- s, 0
B=Bdxi=—dxt+ - .-+ dx™t + dan;
ot

axn—l
then our final theorem reads:

THEOREM 5. If D is a region in our space bounded by the con-
tour v, and ¢ and ¢ are regular (p —1)-forms, then

fD(AB“¢)-¢—fD(Af¢)~¢=fy[¢a-¢]n—f7¢5-¢,

where [Y*-¢|. means that terms of Y= ¢ not containing a dx are
dropped.

Let
Y = Cipoonip_ @i - - - daiv,
¢ = Aip..i,_dxhr e - - dat,
Making use of (3) and (7), we have

n(p—1)

BsY)¢ = (— 1)
2 & itk g it . .
. Z i < Z Z (— 1) A,-l...ipﬁ,-jaikcil...,-p>dx“ oo dytn,

i=1 k=1

Forming (Aaédo) -y and subtracting, we obtain

@06 = o = (- VR £ (ST (- 0™
(13) j=1 k=1

ik ik

i - i i1 in
. [Ail...i,,BijOlikCir..ip - Cil...,'pa,'kﬂfjA,'l...,-p]>dx coodx ",

* For proof see W. V. D. Hodge, loc. cit., p. 266.
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Two distinct cases arise:
Case 1. 3584,
ij ik i i5
Ai; 1pﬁz,azkczl - C: 1pa1kﬁ;,A
[73 - tJ
= 6«',-(Ai,---i,,0tikci,mi,, - a.',,(Cil 1,,51, §1eip) -
Case 2. 8, =0,

ij ik ik ij
Al z,,ﬂz,azkcq - Cc 1pa1klg¢,A

D)
= - aik(Ch. . -ipﬂijA ,'Jl...ip) .

A term from Case 1 multiplied by dx® - - - dx* and integrated
leaves terms of the following type to be integrated over v:

(- 17 a,,,C”‘ cpdat e da Tt s
1 _ . o i
—_— (_ 1) “c 1"3” ¢i dx“ L. dx“‘ 1dxtk+1 . dxz ;
whereas from Case 2, we get on integration but the one term
ot _ ) o .
— (= 0)TCE B Al da e dae™ T ds

Thus if we integrate (13) over D and make use of the above re-
sults, we see that the theorem follows.
It is interesting to note that for =2, p=1, Theorem 5 gives

%y Y % 9¢
——|¢— — |y du.d
fp{[3x12 6x2]¢ [39612 + axz]w} e

11/ d¢
f¢¢dx1 + (—tﬁ - — ;0>dx2
6901

This result is well known in the literature.*

Dukge UNIVERSITY

* Boundary value problems for the new functionals will be presented in a
later article.
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