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A NOTE ON NILPOTENT ALGEBRAS
IN FOUR UNITS*

BY K. S. GHENT

1. Introduction. In volume 9 of the Transactions of this So-
ciety R. B. Allen gave, without proof, a classification of all as-
sociative nilpotent algebras in #<4 units.t These results were
later verified by A. A. Albert for n<3.1

I have recently completed a reclassification of nilpotent alge-
bras in four units and have discovered several serious errors in
Allen’s results. Although he stated that his classification sepa-
rated the algebras into classes of non-equivalent and non-re-
ciprocal algebras, he actually did not accomplish this, as he gave
several superfluous cases. Moreover, he erroneously listed cer-
tain classes of non-associative algebras which must be replaced
by similar classes of associative algebras.

In §2 I shall prove the validity of the following revision of
Allen’s 16 classes (labelled A) into my $9 classes (labelled G).
Allen’s classes of irreducible algebras are

(1A) el =aes, ees=bes=ed, eer=e,= —ese,,
(ZA) ae? =ese; =ef = ege,=beg = es,
(BA) el =eea=e¢y,
(4A) ae? =eer=ef =bed =e¢y,
(5A) ae? =e? =be? =ey,
(6A) 812 =€3, €261=2¢4, €162= es-l—ae4, 822 = b63+C€4,
(TA) el =es3, ee1=e, e =aestey,
(8A) ef =e;3, ael=eei=ey,
(9A) e’ =e;, e =ey,
(10A) e =e;3, eea=aee1=ef =ey,
(11A) ef =es3, eiez=aee1=ey,
(IZA) el =qefd = €3, €261 =0Q€6163 =€y,

* Presented to the Society, October 28, 1933.

t Transactions of this Society, vol. 9, pp. 213.

1 In his master thesis, pp. 5-7.

§ As may be observed, my own classes are but minor revisions of Allen’s
classes. These revisions are necessary in order that all algebras may be in-
cluded.
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(13A) e =e:, ef =aes+te, eea=ae, ee1=ey

(14A) et =es, eizs=aeei=ef =ef =ey,

(15A) ef =6, eez=ei=e,

(16A) e,;:eliy (1:=1v2)3)4)7

with constants a, b, ¢ in the reference field F, while my own
classes are

(1G) Sameas (1A),

(4G) eer=ef =es, ef =aes, e =Dbey,

(5G) ef=es e?=aes, e =be,,

(6G) Sameas (6A),

(9G) Sameas (9A),
(12G) ef =e;, e =aes, eea=ese1=ey,
(14G) et =e;, ees=ee1=ee1 =64, eF =aey,
(15G) et =€, eeo=eer=¢es ef =aey,
(16G) Sameas (16A).

2. The Revision. The classes (14A) and (15A) obviously do
not belong in a table of associative algebras. For, if e? =e;, then
e3=ee;=e3e;. Hence, if €30, then ee;>0 and further
ef =et=-eief =ei(e1es) =€101:6a=0. Both of these conclusions
contradict the tables numbered (14A) and (15A).

Class (3A) is superfluous and may be shown to be a sub-case
of class (4G). For in class (3A) we have

(1) e’ = eze2 = ey,

or, on replacing e; by e,, €; by e, and e; by e,
(2) 632 = €961 = €é4.

Put e/ =e;+e¢. and obtain

(3) es? = efe; = es? = ey,

which is class (4G) fora=0and b=1.
Class (7A) is a special case of class (6A). For in class (7A)

4 e = e, ex¢; = ey, e? = eq + des.
Put ¢/ =e;+e; and obtain

(5) { 612=83, 6162/ =€12+€162=63, 82, €1=612+€2€1=€3+€4,
ed 2=e24-e109F-ese1+€22 = 2¢4+ (d+1)es.
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Let (es+e,) =e{,so that
6) e?=c¢e; eler=-cef, eres =e;3 ei®=(d— 1)es+ 2¢f,

which is class (6A) fora=0,b=d—1,and c=2.
We may also omit class (8A). Since ¢, is a basal unit, a 0.
Then if b=(1/a), class (8A) becomes

(7) 612 = ées3, €281 = €y, 622 = b64.

Let bes=¢! and put e;=(ef /b) and let b%e; =e{ , so that

(®) e = esef =el, ef®=c¢f.

Replace e; by ef = (ef +e¢2) to give

(9) ef2=c¢f, eled =ef, edel =ef + e, el*=¢ef + 2¢{.
Let (ed +e!)=e!’ and obtain

(10) ef2=c¢ef, eled =ef, edel =¢el', e32 = — ef + 2¢¢,

which is class (6A) fora=0,b=—1and c=2.
Class (10A) likewise involves no new algebras. Algebras (10A)
have the form

11 el = e3 ey = aese; = €2 = ¢4
b b

and again @0, since ¢, is a basal unit. If a=1, replace ¢ by
el =e1—ep and let (es—e,) =ef , so that

(12) ef? = ¢f, e = ey,

while all other products vanish. This is class (9A).
Henceforth, in class (10A) assume ¢#0, 1 and let b=1/a, so
that algebras (10A) become

(13) el = e, 6160 = ef = ey, ese1 = bey, (0=0,1).
Let (e1+e2) r=¢,, where r=0/(b—1); then

{ ered = r(es + eo),  eder = r(es + bey),
es? = r2(es + es + bes + €4), e = e,

Let r(es+bey) =e! ; then e,= (e{ —res)/(br). Hence (14) becomes

(14)
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el = e, eler=el,
r(ed — re3) 1 el el
(15) e1ef = re,,+—i7b-—i=res(1 —7>+%=e3+%,
es? = Aeg + Bey, (4 and BinF).

This is evidently class (6A). Thus we have shown that algebras
(10A) are transformable either into algebras (6A), or into alge-
bras (9A).

The class of algebras (11A) likewise contains only algebras
that are included in other classes. Algebras (11A) are of the
form

(16) ef = e, €163 = aese; = €y,

and a0, since e, is a basal unit. If a =1, (16) represents commu-
tative algebras which are included in my class (12G) for ¢ =0.

Henceforth in class (11A), assume a0, 1. Algebras (11A) be-
come

an el = e, €162 = ey, ese; = bey, (b =1/a).
Put (e;+e2)7r =ef , where r=5b/(b—1). Then
(18) es e; = r(es + bey), ees = r(es + ey).

Let 7(es+bey) =e{. Then e, = (e/ —res)/(br) and the algebras are
of the form

el = e, €1 = ey, ei = aes + Bey,
(19) r(ed —res) r(b— 1)es ef el
€163 = re3 » Y- b -l-—b—=ea+—;-;

which is class (6A). Hence algebras (11A) include only algebras
contained in other classes.
Let us next examine algebras (12A) which are of the form

(20) el = ae = e, €1 = Qe = ¢y,

and a0, since e; and ¢, are basal units. If ¢ =1, we have class
(12G) for a=1 of my revised table. Henceforth assume a0, 1.
Class (12A) then has the form

(21) 812 = ée3, 622 = A83, €261 = €4, €162 = A64, (A = l/d £ 1,0).
Pute/ =7(e1te2), wherer=1/(1—4), so that
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(22) eieg = r(es + Aey), and ede; = r(es + ef).
Let (es+es)r=e!, and then e,= (¢! —re;)/r and

ef = e, ese; = ef, e = Beg + De,,
(23) rA (el — res)

6182=783+—-"—“—=33+Ae4’,
r

which is class (6A). Hence class (12A) as given by Allen is
superfluous except when ¢ =1.
Class (13A) can be shown unnecessary. It has the form

(24:) 612 = €3, 622 = aeg + €y, €162 = @&y, €961 = €4.

If ¢ =0, the algebras (24) are easily transformable to class (6A)
(see algebras of class (8A) above). Ifa=1,

(25) ef = €3, e’ = e3 + ey, €162 = €261 = é€4.
Put e/ =e;—2¢; and let e3—2e,=¢/, so that

2 e =e3, €32 =ef —2e160— 2ese1+4ed =e3—2e4— ¢4
(26) +4det4es=>5e3, e1ed =eder=e3—2¢i=e{,

which is class (12G).
Henceforth in class (13A), assume a0, 1. Put ¢/ =e,4¢; and
e =re;, where r=1/(a?—a). Then

el? = e’ + €12 + e2e1 + €° = e3(1 + a) + ¢(2 + a),
(27) eles = raes + r(a + 1)ey, ede! = 2req + ares,
ed? = rgeg + rley.

Pass to the reciprocal algebra and let
(es(1 4+ a) + es(2 + a)) = ¢/ and (raes + r(a + 1)ed) = ¢! .
Then

ed 24+a
el r(a+1) r(a + es — (24 a)ed
T+ 244 | , ’
g a 14¢

and similarly
el(14+a) —eira

r

4 =



336 K. S. GHENT [April,

Hence our algebras have the form

el =ef, ese; = ef ,
2r(ed (1 4+ a) — edra ar(r(a + 1)ed — (2 4+ a)ed
08) oy < ZELUEO) —elre) oo+ ek = 2+ ed)
r r
=rej (a® — a) + ¢/ (2 — a?) = ¢f + ¢/ (2 — a?),
e = Bed + De/f, (B and D in F).

These are again algebras (6A). We have now shown that class
(13A) contains only algebras contained in class (6A) or in class
(12G).

Class (2A) is also superfluous, as it can be transformed either
into class (1A) or into class (4G) as follows. Since e, is a basal
unit, a0, and 5520. Hence class (2A) has the form
(29) ef = aies, e = ege1 = €360 = ey, ef = bieq.

If a1 =0b:=0, replace e; by ef =e1}e; to give

(30) 622 = €261 = €362 = €263 = &4,

or, on interchanging e; and e,

(31) 632 = €263 = ¢&y4, €361 = €4 = €363.
Put ¢/ = —e; and —e;=¢/ and obtain class (1A) for =0 and
b= —1.

Now assume @;5%0, b0, a7 —b;. Then the non-singular
transformation

b
(32) e = ——e1+ e eg’=——lex+e3, es = e+ €
ay a
yields algebras of the form (33) when applied to class (2A):
(33) ef? = Ae{, es? = ¢/, es? = Be{, ede] = Mel,

where e/ = (b /a1—b1)es and A, B and M are easily calculated
numbers of the field F. The form (33) is readily transformable
to class (4G).

If a;0, b,=0, the above transformation (32) gives
(34) el = e, ef® = ae, efel = e,

or, interchanging e/ and ey,
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(35) €32 = ¢y, ei? = ayeq, eled = eg.

Passing to the reciprocal algebra, we have class (4G) for a; =0.

If ;=0 and 5,70, interchanging e; and e; and passing to the
reciprocal algebra, we again have the case 10, b;=0. If
a1= —b; the transformation (32) is singular. Transformation
(36), however, can be used to transform class (2A) with ¢;= —b;
into class (2A) for a1 —by, unless af? =2:

61’ = — 261 + ey — 263,

<— 301 — 1) +(3¢11 -1 +(2 - 3a1>
2 “ 2 >e2 s )

ed = e+ ex + es.

(36) es

This non-singular transformation gives, when applied to class
(2A) for a;= —by,

’ ’ ’ 90'12
612 = - 364, 632 = 384, 622 = —:1*-64,

(37
’ ! I 3af — 3
€2 €6 = —2" €4, €3 g = ————— €4.

2
Let us set ef =(3/2)(4/(9a:))el’, so that ef e/’ =(9a:%/4)es and
ef’? = —(27/4)astes. Let ef = [(3a2 —3)/2][4/(9a)]ed’,s0 that

e’ ef =(9a/4)eq and ef? = [(2(a? —1)/(3a:?))%(3) Jes. If we set
(9a:2 /4)es=e/, we obtain

(38) e =¢e3'e; = esel’ =¢el, el'* = Ael, e{’* = Bel,

where 4 # — B. Hence we can now use (32) to carry algebras (2A)
into algebras (4A).

Assume now for class (2A), ;= —b; and a2 =b2 =2 and ap-
ply
ef =(—a1—Deg+ e+ (— a1 — e,

(39) e = 2ai(a1 + e — (2a2 + a1 — ey + (2a:2 — 1)es,

ai161 + e2 + ases.

N
(%)
]

i

(]

This non-singular transformation gives
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el? = (— 2a; — ey,

’2 = (4(115 + 801 - 3(112 + ax + 1)64 = A€4,

4y
es? = (201 + 1)e, esef = (— 2ay)ey,
edes = (2a1 + ey, eled =edel = eled = eles = 0.
In (40), a;=2'2 or a;= —2'? does not cause any of the param-

eters to vanish nor does it make the transformation (39)
singular. Let ef =(—2a1/A)e!’, el =[(2a:+1)/4]el’, Aes=e!,
so that

A2( 2(11’—1) 64

elel! =elled =el2=¢l, el'2=—2 """ "7 " _Me!
) 2 €1 3 €2 2 ¢y €1 (2a1)? 1 4,
, A2(2a:+1)
2= ————— ¢/ =Ne{,
(201+1)2A

where it is quite obvious that M — N. We can now use (32) to
carry algebras (2A) into algebras (4G).

We have thus shown that classes (2A), (3A), (7A), (8A),
(10A), (11A), and (13A) are superfluous and can be omitted.
Classes (14A) and (15A) are erroneous and have been replaced
by classes (14G) and (15G) which arise naturally in the process
of classification. Classes (4A), (5A), and (12A) have been altered
so as to allow the parameters to take the value zero which is
necessary if all algebras are to be included. The classes of alge-
gras, in my table, with the exception of (1G), (4G), (9G), and
(12G), are non-equivalent and non-reciprocal regardless of the
field F or special values of the constants in the algebras. Alge-
bras of (12G) are equivalent to algebras of (9G) if and only if @
is the square of a number of F. Algebras in classes (1G) and
(4G) also may be equivalent if the field and values of @ and b are
such that certain equations given in my master dissertation are
satisfied.
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