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A NOTE ON NILPOTENT ALGEBRAS 
IN FOUR UNITS* 

BY K. S. GHENT 

1. Introduction. In volume 9 of the Transactions of this So­
ciety R. B. Allen gave, without proof, a classification of all as­
sociative nilpotent algebras in w ^ 4 units.f These results were 
later verified by A. A. Albert for n = 3.t 

I have recently completed a reclassification of nilpotent alge­
bras in four units and have discovered several serious errors in 
Alleys results. Although he stated that his classification sepa­
rated the algebras into classes of non-equivalent and non-re­
ciprocal algebras, he actually did not accomplish this, as he gave 
several superfluous cases. Moreover, he erroneously listed cer­
tain classes of non-associative algebras which must be replaced 
by similar classes of associative algebras. 

In §2 I shall prove the validity of the following revision of 
Allen's 16 classes (labelled A) into my §9 classes (labelled G). 
Allen's classes of irreducible algebras are 

(1A) 
(2A) 
(3A) 
(4A) 
(5A) 
(6A) 
(7A) 
(8A) 
(9A) 

(10A) 
(HA) 
(12A) 

0i2 = 0 0 4 , 0203 = &04 = 032 , 0301 = 04 = — 0302, 

aei — e%ei = e£ = e%e% = bei = 04, 
012 = 0302 = 04, 

0012 = 020i = 022 = bei = 04, 

a 0 i 2 = 0 2
2 

0i2 = 03, 

0i2 = 0 3 , 

012 = 0 3 , 

012 = 0 3 , 

0i2 = 0 3 , 

012 = 0 3 , 

0i2 =aei 

= &03
2 = 04, 

0201 = 04, 0102 = 03 + 004, 022 = be% + 004, 

0201 = 04, 022 = 003 + 04, 

0022 = 0201 = 04, 

022 = 04, 

0102 = 00201 = 05? = 0 4 , 

0102 = 00201 = 04, 

= 03, 0201 = #0102 = e* i 

* Presented to the Society, October 28, 1933. 
t Transactions of this Society, vol. 9, pp. 213. 
% In his master thesis, pp. 5-7. 
§ As may be observed, my own classes are but minor revisions of Allen's 

classes. These revisions are necessary in order that all algebras may be in­
cluded. 
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(13A) 6i2=63, e£ =aes+eé> 6i62 = a64, 626i = 64, 
(14A) eg = e3, 6163 = a,6%6\ = 6$ = 6$ = 64, 
(15A) 6% = 63, eiez = 64 = e2eXl 

(16A) e{ = ex\ (* = 1,2,3,4), 

with constants a, 6, 6 in the reference field F, while my own 
classes are 

(1G) Same as (1 A), 
(4G) e2ei = eg =• 64, 612 = a^4, 63

2 = be*, 
(5G) eg=e^ eg=aeh eg =beh 

(6G) Same as (6A), 
(9G) Same as (9A), 

(12G) 6? =6%, eg =aez, exe2 = e2ex = 64, 
(14G) e? = 63, 6163 = e*ei = e2ex = 64, eg = aeiy 

(1SG) eg = 63, eie» = 6361 = 64, eg = aeA, 
(16G) Sameas(16A). 

2. The Revision. The classes (14A) and (15A) obviously do 
not belong in a table of associative algebras. For, if eg = 63, then 
eiz = 6163 = 6361. Hence, if 61635^0, then 6361^0 and further 
eg = 614 = exeg = 61(6163) = e\a\%e± = 0. Both of these conclusions 
contradict the tables numbered (14A) and (ISA). 

Class (3A) is superfluous and may be shown to be a sub-case 
of class (4G). For in class (3A) we have 

(1) eg = eze2 = eh 

or, on replacing e% by e2l e2 by 61, and 61 by es, 

(2) eg = e2ei = 64. 

Put e{ =ei+e2 and obtain 

(3) e2
2 = e2ex = 63

2 = 64, 

which is class (4G) for a = 0 and 6 = 1. 
Class (7A) is a special case of class (6A). For in class (7A) 

(4) eg = ez, e2ex = 64, eg = 64 + dez. 

Put e2 =61+62 and obtain 

i ei2==es> eie2 =eg+eie2 = es, e2 ex = eg+e2ex = 63+64, 

\e2
 2 = 6 1

2+6i6 2+6 26i+6 2
2 = 26 4 + (d+l)e3. 
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Let (e$+el) =>el, so that 

(6) ei = e9, e{ei = el, exe2 = e9, e{2 = (d - l)e3 + 2el, 

which is class (6A) for a = 0, b = d — 1, and c = 2. 
We may also omit class (8A). Since e4 is a basal unit, a?*Q. 

Then if & = (1/a), class (8A) becomes 

(7) ei = ez, e2ex = 04, ei = be±. 

Let &04 = el and put ei = (e{ /b) and let b2e% = e3', so that 

(8) ei = W l ' = el, e{2 = e3'. 

Replace e2 by e2' = {el + e2) to give 

(9) el2 = *,', * ' * ' = «,', * '« / = *a' + el, ei2 = *8' + 2e{. 

Let (tf3 + e / ) = el' and obtain 

(10) el2 = <?/, «i«i = el, e{e( = *4", el2 = - *,' + 2*4', 

which is class (6A) for a = 0, & = — 1 and c = 2. 
Class (10A) likewise involves no new algebras. Algebras (10A) 

have the form 

(11) e? = ez, exe2 = ae2ex = ei = e^, 

and again a ^ O , since e4 is a basal unit. If a = l, replace 6i by 
e/ —e\ — e2 and let (e3 — el) =el, so that 

(12) e[2 = «,', *2
2 = *4, 

while all other products vanish. This is class (9A). 
Henceforth, in class (10A) assume a^O, 1 and let & = l /a , so 

that algebras (10A) become 

(13) e? — ez, eie2 = ei = e^, e2ex = bet, (b F* 0, 1). 

Let (ei+e2) r = e2l where r = &/(& — 1) ; then 

( eiei = r fe + «0, *2 *i = K*s + bel), 
(14) < 

I e2
2 = r2(^3 + 4̂ + ^ 4 + «4), £i2 = ^3. 

Let rfo+bel) =el ; then e4= (e4' —rez)/(br). Hence (14) becomes 
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e%2 = ez, e2ex = el, 

(15) 
r(*4' - r«a) / \ 1 \ , */ , a/ 

î̂ 2 = ^3 H • = re A 1 — — ) + — = «s H > 
r# \ b / b o 

e2
/2 = 4«8 + £*4, (il and BmF). 

This is evidently class (6A). Thus we have shown that algebras 
(10A) are transformable either into algebras (6A), or into alge­
bras (9A). 

The class of algebras (11 A) likewise contains only algebras 
that are included in other classes. Algebras (11 A) are of the 
form 

(16) e? = ez, exe% = ae2ex = £4, 

and aT^O, since e4 is a basal unit. If a = l, (16) represents commu­
tative algebras which are included in my class (12G) for a = 0. 

Henceforth in class (HA), assume aF^O, 1. Algebras (HA) be­
come 

(17) e? = ez, exe2 = eh e2ex = beh (b = 1/a). 

Put (ei+e2)r = el, where r = b/(b — l). Then 

(18) e2ex = r(e3 + beA), exe2 = r{ez + eA). 

Let r(ez+bet) = el. Then e^={el — rez)/(br) and the algebras are 
of the form 

e\ = eZi e2ei = £4, ei = aez + Bei, 

(19) r{el - rez) r(fi - l)ez el el 
eie2 = rez H ; = ; h — = e3 + — > 

br b b b 

which is class (6A). Hence algebras (11 A) include only algebras 
contained in other classes. 

Let us next examine algebras (12A) which are of the form 

(20) e? = ae£ = es, e2ex — aexe2 = #4, 

and a ^ O , since ez and e4 are basal units. If a = 1, we have class 
(12G) for a = 1 of my revised table. Henceforth assume a^O, 1. 
Class (12A) then has the form 

(21) e? = ez, e£ = Aez, e2ex = e^, exe2 = Aeiy (A = l/a ^ 1,0) . 

Put e2 = r(ex+e2)y where r = 1/(1— A), so that 
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(22) eiei = r(ez + Ae^), and e2 e\ = r(ez + 04). 

Le t (ez+e&)r = el, a n d then e4 = (e/ — rez)/r and 

0i2 = 03, £201 = <?/, 022 = £03 + Deh 

(23) r 4 ( « / - ^3) 

335 

0102 = rez + = 03 + -M' , 

which is class (6A). Hence class (12A) as given b y Allen is 
superfluous except when a = 1. 

Class (13A) can be shown unnecessary . I t has t h e form 

(24) e? = £3, e£ = #03 + 04, 0102 = 0£4, ^201 = 04. 

If a = 0, t h e a lgebras (24) are easily t ransformable to class (6A) 
(see a lgebras of class (8A) above) . If a = 1, 

(25) tf]2 = ez, e} = ez + eh eie2 = 0201 = 04. 

P u t el = 01 — 2e2 and let ez — 2e4 = 64', so t h a t 

012 =03, 02'2 =012 — 2^1^2—2^201+ 4é?2
2 =^3 — 2^4—2^4 

+4^4+4^3 = 5^3, eiei = 02'01 = 03—2e^ = e{, 

which is class (12G). 
Hencefor th in class (13A), assume a ^ O , 1. P u t e{ = 01+02 a n d 

02' = re2f where r = l / ( a 2 —a). T h e n 

0i2 = 0i2 + 0i02 + 020i + 022 = 03(1 + a) + 04(2 + a), 

(27) e(e2 = raez + r(a + 1)^4, e{el = Ire^ + af03> 

^2/2 = r2aez + r2e±. 

Pass to the reciprocal algebra and let 

(03(1 + a) + 04(2 + a)) = 03' and (raez + r(a + 1)04) = 04'• 

(26) 

Then 

03 —* 

Y 

and similarl 

ei 
el 

1 +1a 

a 
y 

2 + a 1 
r(a + 1) I 

2 + a 1 

1 + a 1 

r(a + D03' - (2 + <*)«/ 

04 = 
04'(1 + a) — 0/ ra 
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Hence our algebras have the form 

e? =ei, e2ex = el, 

2r(el (1 + a) - eira) ar(r(a + l)ei - (2 + a)el) 
(28) exe2 = 1 

r r 

= rei (a2 - a) + el (2 - a2) = ei + el (2 - a2), 

ei = Bel + Del, (B and DiaF). 
These are again algebras (6A). We have now shown that class 
(13A) contains only algebras contained in class (6A) or in class 
(12G). 

Class (2A) is also superfluous, as it can be transformed either 
into class (1A) or into class (4G) as follows. Since e4 is a basal 
unit, a^O, and by^O. Hence class (2A) has the form 

(29) ei = 0i£3, ei = e2ex = eze2 = e*, ei = bxe^ 

If ai = &i = 0, replace ez by e{ =61+^3 to give 

(30) ei = e2ex — eze2 = e2e% = et, 

or, on interchanging e3 and e2, 

(31) ei = e2ez = e4, £3̂ 1 = £4 = ^ 2 . 

Put 0/ = —ei and —e^ —el and obtain class (1A) for a = 0 and 
6 = - l . 

Now assume a i^O, &i^0, a^ — bu Then the non-singular 
transformation 

1 61 
(32) el = ei + <?2, £2 = «1 + £3, el = ex + ez 

ai d\ 

yields algebras of the form (33) when applied to class (2A) : 

(33) e{2 = Ael, e2
n = el, ep = Bel, e2

fe( = Mel, 

where el = (bi/d — bi)eA and ^4, 5 and Af are easily calculated 
numbers of the field F. The form (33) is readily transformable 
to class (4G). 

If aiT^O, &i = 0, the above transformation (32) gives 

(34) e{2 = eh ei2 = ax*4, e{e{ = *4, 

or, interchanging e/ and e2', 
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(35) ep = 04, ep = #i04, e{e{ = 04. 

Passing to the reciprocal algebra, we have class (4G) for #1 = 0. 
If #i = 0 and ÖIT^O, interchanging 01 and e% and passing to the 

reciprocal algebra, we again have the case aiF^O, &i = 0. If 
ai=—&i the transformation (32) is singular. Transformation 
(36), however, can be used to transform class (2A) with ai= — h 
into class (2A) for a^ — &i, unless a? = 2 : 

el = — 2ei -f e2 — 2eSj 

/-3a!- 1\ /3ai - 1\ (2 - 3a\ 

el = ei + e2 + 03. 

This non-singular transformation gives, when applied to class 
(2A) f o r a i = - & i , 

(37) 

Let us set el = (3/2)(4/(9#i2))0i", so that elel' = (9ai2/4)04 and 
el'% = - ( 2 7 / 4 K 4 0 4 . Let el = [(3a? -3)/2] [4/(9ai2)]e3

;/, so that 
ei'ei=(9at/4:)ei and eP = [(2(#!2-l)/(3ai2))2(3)]e4 . If we set 
(9ai2/4) 04 = 04', we obtain 

(38) eP = 03" 02' = eie{' = 0/, *i"2 = Ae(, ei'2 = £ 0 / , 

where A^—B. Hence we can now use (32) to carry algebras (2A) 
into algebras (4A). 

Assume now for class (2A), #i = — h and a? =&i2 = 2 and ap­
ply 

el = ( - 0i - l > i + e2 + (- ai— l)e3, 

(39) el = 2ai(ai + l)ex - (2a? + ax - l)e2 + (2a? - l)eh 

el = öi^i + e2 + #103. 

This non-singular transformation gives 

01 2 = ~ 3#4, 

3 
e2 e( = — 04, 

9a? 
eP = 304, 022 = 04, 

4 
3#i2 - 3 

03 #2 — 04. 
2 
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(40) 

el" 

el" 

ei* 
el el 

= (— 2(*i - l)eh 

= (4ax5 + 8ai4 -

= (2fli + 1)^4, 

= (2ai + I K 

3(Z!2 + 

«2 «1 

«l'*s' 

ai + 1)^4 ; 

= ( - 2ax) 

= *8 '«i' = 

= -4 «4, 

0 4 , 

el el e( el = 0. 

In (40), #i = 21/2 or ai = — 21/2 does not cause any of the param­
eters to vanish nor does it make the transformation (39) 
singular. Let e{ = ( — 2ai/A)e{', el = [(2ai+\)/A]el', AeA = el, 
so that 

, 4 2 ( -2a i - l ) e( 
el el' =el'el =el2 = el, el'2= —- — =Me(, 

(41) 
^ 2 (2ax+l) 

ei'*= el=Nel> 
(2CH+IYA 

{2axY A 

where it is quite obvious that M^ —N. We can now use (32) to 
carry algebras (2A) into algebras (4G). 

We have thus shown that classes (2A), (3A), (7A), (8A), 
(10A), (HA), and (13A) are superfluous and can be omitted. 
Classes (14A) and (15A) are erroneous and have been replaced 
by classes (14G) and (15G) which arise naturally in the process 
of classification. Classes (4A), (5A), and (12A) have been altered 
so as to allow the parameters to take the value zero which is 
necessary if all algebras are to be included. The classes of alge-
gras, in my table, with the exception of (IG), (4G), (9G), and 
(12G), are non-equivalent and non-reciprocal regardless of the 
field F or special values of the constants in the algebras. Alge­
bras of (12G) are equivalent to algebras of (9G) if and only if a 
is the square of a number of F. Algebras in classes (IG) and 
(4G) also may be equivalent if the field and values of a and b are 
such that certain equations given in my master dissertation are 
satisfied. 

T H E UNIVERSITY OF CHICAGO 


