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ANALYTICSTUDY OF RATIONAL QUINTIC SURFACES
HAVING NO MULTIPLE CURVES

BY H. N. HUBBS

1. Introduction. The purpose of this paper is to derive the equa-
tions of certain of the rational quintic surfaces without multiple
curves discussed synthetically by Montesano.* The equations
of the surfaces are found by applying Cremona transformations
to certain well known rational surfaces of order three or four.

2. Surface of Order Five with Four Triple Points. This surface
is the transform by the cubic transformation 7T of a general
cubic surface ¢3; through the vertices of the tetrahedron. The
equation of the surface is

b5 = v [y2u + yiu' + yEu" + Aysysysl
+ yily@ s + voys(Bysye + yau'")]
+ 329594[Cysys + Dysys + Eysys] = 0,

where u, u’, u’’, u’'" are linear in (ys, ¥1), (V2, ¥4), Ve, ¥3), (¥3, v4),
respectively, and ¢, is quadratic in (v, y3), and where 4, B, C, D
and E are constants. The points whose coordinates are (1,0,0,0),
(0,1,0,0), (0,0,1,0), (0,0,0,1) are triple points, with non-compos-
ite tangent cones at each of the points.

3. The Surface ¢s with Three Ordinary Triple Points and a
Tacnode. The surface ¢5 is the transform by T of a quartic
surface with a double conic passing through three of the vertices
of the tetrahedron and having the fourth vertex at a general
point of the surface. The section of ¢s by a plane through the
tacnode and two triple points is a straight line and a pair of
conics passing through these points.

The equation of ¢4 with a double conic is

bo = [ Dawmi]? — 4x2 Y2 + xh1] = 0,
(i7j:k= 1>2y3’47"":i;éj?£k))

* Montesano, Napoli Rendiconti, (3), vol. 7 (1901), pp. 67-106.
t Hudson, Cremona Transformations in Plane and Space, Cambridge Uni-
versity Press, 1927, pp. 301-303.
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where 3 and ¥, are linear and quadratic, respectively, in the
variables (x1, xs, x3). The surface ¢5 is

o5 = Y22 — dyabs — 4y1y2y562 = 0,

where ¢, is linear in (y1, ¥s, ¥3), ¥4 is quadratic, and ¢, linear in
(y2¥3, ¥1¥3, y1¥2). The point (0, 0, 0, 1) is a tacnode on ¢;, and
0,0,1,0), (0,1,0,0), (1, 0, 0, 0) are triple points with non-
composite tangent cones.

4. The Surface ¢5 with Three Ordinary Triple Points and o
Tacnode, the Tacnode lying with one of the Triple Poinis on a
Line of ¢s Situated in the Tangent Plane at the Tacnode. This
surface is the transform by T’ of a rational surface ¢4 of order
four, having a double line and two double points in a plane
through the double line. One fundamental point of the trans-
formation is on the double line, two at the double points, and
the fourth a general point of ¢4. The plane of the double points
and double line is tangent to ¢, along the line joining the double
points. The transform of ¢4 by T is

¢s = (y2 — y)?*98 + (y2 — y1)*y2 + ybe + ¢5 = 0,

where Y, ¥4, and ¢5 are forms in (v, ys, ¥3) of the order of their
subscripts. The triple points are then (1, 0, 0, 0), (0, 1, 0, 0),
(0, 0, 1, 0), and the tacnode is (0, 0, 0, 1).

5. The Surface ¢s with Two Triple Points and Two Tacnodes.
A space Cremona transformation of order three is defined by the
web of surfaces of order three passing through three fixed
conics ks, kf, ks’ which lie in distinct planes, have one point
in common, and meet by pairs in three points. The conjugate
system is defined by cubic surfaces having in common three non-
concurrent coplanar lines and a space cubic curve meeting each
line once.

The inverse of this transformation carries a quadric surface
through one of the lines and the intersection of the other two
into a surface Y5 of order five having two of the fundamental
conics as double curves and the third a simple curve. The
transformation T with fundamental points at the intersec-
tions of these conics carries ¥5 into a surface ¢5 which has two
triple points and two tacnodes. The tacnodes are the images
of the double conics of ¥s.
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The equation ¢5 obtained by the above procedure is

¢s = & [yaysu1 + Ay1ysus + Byiysus + Cy1y2ys
+ u1(Dysus + Dysus + Eyyys)]
+ ye[yaysus + Ayiysus + Byiysus + wr(Fysus + Dystte)
+ wi(Fysus + Dysus + Eyzys)] + wgusus = 0,

where
b3y bscy
U = b4y2 -+ Y3, Uy = y2(b1y1 + baj’a) + —;—ylys,
C2 2
a3Cy ascs
Uy = @Y1 + —Ys, us = y1(asy2 + asys) + —6— V23,
Cy 1
02b4 a2b3
U3 = aq4y1 + —b—yz, s = y1(a2y2 + asys) + b—yzys;
1 1

and the double conics of the first transformation are
=0, Dawixp=0, (5,7,k=23,4---,i7%j#Fk),
%2 =0, D bixjxe=0, (5,7, =1,3,4,---,i7%j#=Fk),
a5 =0, Dcwixr =0, (5,7,k=1,2,4,---,1i5% j# k).

The points (0, 1,0, 0) and (0, 0, 1, 0) are tacnodes and the points
(1,0,0,0), (0,0, 0, 1) are triple points. The line y, =0, y;=0 lies
on the surface.

6. The Surface ¢5 with One Triple Point and Three Tacnodes.
The inverse of the first transformation of §5 carries a quadric
surface through the intersections of the fundamental straight
lines into a surface Y5 of order six having the fundamental
conics as double curves, their common intersection a four-fold
point, and the three points of intersection of these conics by
pairs three-fold points. The transformation T, with funda-
mental points at these multiple points, carries ¥s into a ¢5 with
one triple point and three tacnodes. The procedure described
above gives

b5 = & [y1929s + wi(ysus + yeus + v2s)
+ yus(us + ys) + yiyvaus] + va[ui(vaus + yaue)
4 wuo(yses + youts + y2y3) + yivsates + yius(us + ys)
+ yuyaus] + us(ysus + yous) + yiusue = 0,
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where #; are as indicated in §5. The point (0, 0, 0, 1) is an
ordinary triple point and the points (1, 0, 0, 0), (0, 1, 0, 0),
(0, 0, 1, 0) are tacnodes. The tangent cones at the tacnodes are,
respectively,

(02)’2 + asys + a4y4)2 = 0, (blyl + bsys + b4y4)2 = 0,
(613’1 + coys + 64}’4)2 = 0.

7. The Surface ¢5 with an Ordinary Triple Point and a Tac-
nodal Triple Point. A Cremona transformation is defined by the
web of quadric surfaces containing a fixed conic and an arbi-
trary point. A special case of this transformation arises when the
point is on the fixed conic.

If the conic of this web is tangent to a rational quartic surface
with a double line at a general point of the line, the transforma-
tion defined by the web carries the quartic surface into a quintic
having an ordinary triple point and a triple point with an ad-
jacent infinitesimal double line,* or tacnodal triple point, both
lying on the fundamental conic.

The equation of the quintic obtained by the above transfor-
mation is

¢s = yEv&V1(y1, ¥2) + Yaysd1(y1, ¥2, ¥3) - b2(y1, ¥2) + ¥& ya(y1, ¥2)
+ ypa(y1, y2) + ¥s(y1, ¥2) = 0.

The point (0, 0, 1, 0) is an ordinary triple point and (0, 0, 0, 1)
a tacnodal triple point. In the plane y;=0 are five straight lines
on the surface, images of the residual intersections of the funda-
mental conic and the quartic surface. On ¢5 are eighteen conics
passing through the triple points and lying by pairs in nine
planes through the triple points.

8. The Surface ¢s with One Tacnodal Triple Point and One
Tacnode. In the following the vertices of the tetrahedron of
reference are the points 4, those of the conjugate system B;,
(G=1,2,3,4).

A rational surface of order four of the third type of Noether
has a double point 4, which is a cusp in a general plane section
through it. The surface has a simple line passing through the
double point; a general section through this line is a cubic curve

* Segre, Annali di Matematica, (2), vol. 25 (1896), pp. 1-53.
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having the line as inflectional tangent at 44. The tangent cone
at A,is the plane p taken twice; this is tangent to ¢4 along the
line. A section by this plane is a conic tangent to the line at 4,.

In the transformation of §7, let the conic be tangent to ¢,
at A4. T= [F2502A4P, Fgl ECg’B4P’] Under T,¢4~¢5: :B§BZ,
where B; is a tacnode, and B, is a tacnodal triple point. The
conic C¢ is on ¢s. As in (7), the point B, is a tacnodal triple
point, the tangent planes being p’ taken twice, and p{ contain-
ing Cz’ .

The equation of the quintic surface obtained by this method
is
¢ = y1y32 yf + 2y3y4[y1y3¢1 + ¢35 — yl(;vlyz -+ y12 + y22)]

+ (v + y2 + 32) [(we + ¥ + 32) — 2019561 + 69) ]

- 3’123’33 + 3’13’32C2 + y1y3C3 + y1C4 = O’

where ¢1, ¢3, and C; are forms in (yi, y2) of the order of their
subscripts.

The point (0, 0, 0, 1) is a tacnodal triple point and (0, 0, 1, 0)
is a tacnode lying on a line of ¢; situated in the simple tangent
plane at the triple point. The section of ¢5 by the simple tangent
plane at the triple point is the conic ysys—v* =0 and the line y,
=0 counted three times; this line is the image of the simple
line of ¢s.

9. The Surface ¢5 with an Ordinary Triple Point and an
Oscnode. A quadratic Cremona transformation is defined by the
quadric surfaces F. having in common two generators and oscu-
lating at their point of intersection.* Let the generators be I;
and /; and their point of intersection 4;. The transformation is

T = [Foiily, Iy, A1, F{ =1{,1{, B,].

Let A, be a generic point on a monoidal quartic surface ¢4, and
let ;, I, each osculate ¢4 at 4;. Let the triple point of ¢4 be A,4.
Under T',¢ps ~ ¢5 with an ordinary triple point at B, and an osc-
node at B.

A general straight line through A4, has three residual inter-
sections with ¢4; hence the image straight line has three inter-
sections with ¢5 not at B;. A general straight line meets ¢, in

* Hudson, loc. cit., pp. 197-198.
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four points; hence its image conic has four points in common
with ¢s not at B;; that is, at B, are three consecutive double
points on the image conic or Bj is an oscnode on ¢5. The equa-
tion of ¢4 is
¢y =Ysxs + ¢4 =0,

where

Ys=Ax® +wix? +waxs +ws,

Ya= B, xoxs+ s+,
and where w;, #; are binary forms in (xs, x3) of order 7. The line
x9=0, x4=0 osculates ¢, at (1, 0, 0, 0). The equations of trans-
formation are

2

px1 = B(y1ys — ¥233), pxa = Ayays, pXs = Y3Ys, p¥s = Y& .
The equation of the resulting quintic is

B(y1y4 — 923)2[ABy1 + wi]

+ B(y1y4 - yzya) [wzy4 + %3] + y4[w3y4 + ud] =0,
where w;, u;, are the above forms in (ys, y3). The point (0, 0,0, 1)
is a triple point and (1, 0, 0, 0) is an oscnode.

10. The Surface ¢s with an Oscnode and a Tacnode. Applying
the transformation of §9 to a quartic surface of the first type of
Noether, we find

¢5 = B2(y1ys — y2y3)[A By + y4 + 4]
+ B(y1ya — yays) [u2ys + ug] + ueye = 0,

where #; are binary forms in the variables (ys, ¥3) of order 4. The
point (0, 0, 0, 1) is a tacnode and (1, 0, 0, 0) an oscnode.

11. The Surface ¢s with an Oscnode and a Double Point of the
First Order. Such a surface is the transform by the above trans-
formation of a quartic of the second type of Noether. The equa-
tion of this quintic is

$s = 28 + 292 [ysp1(ys + ¥1) + ¢

+ vl v# + 298¢1 — [Dy1 + Fé1 + D(2Fy1 + Gy»)
+ BKiy1 + Kays|vey? + yoysde + y# ! }
+ y2y3ll/3 -+ AB3y1yz2 y:? =y,
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where
D=bB, E=bA, F=aB, G=cAd, ¢ 1=Dy,+Ey,
and where
Y1 =Fy1+ (G — D)y,
¢s = AB3y? + B2K;y2y, + BKiy1y? + Ksy?,
¢2 = — 24B%y? + B(Ks — 2BK)y1y: — BKy#,
¢{ = BK;y1 + (Ks — BKy)ys,
¥s = (2DF — BKy)y2y# + B(BKs — Ko)y2ys — 2Fy§ — BEKyy# .

The point (1, 0, 0, 0) is an oscnode, and (0, 0, 0, 1) is a double
point of the first order.

12. The Surface ¢s with an Oscnode and a Double Point of the
Second Order. Such a surface is the transform of a quartic sur-
face of the third type of Noether. The equation of this quintic is

b5 = BAy194 — 323)%1 + B(y19s — Y2ys)[és + yayadi]
+ 2 y4[Ay2y4 + ¢2] = 0,

Lot 1

I

where ¢ is linear in all variables, and where ¥4, ¢2, ¢3 are forms
in (vs, ¥3) of the order of their subscripts. The point (1, 0, 0, 0)
is an oscnode, and (0, 0, 0, 1) is a double point of the second
order.

13. The Surface ¢s5 as a Gemneral Member of a Homaloidal
Family of a Cremona Space Transformation. The quintic sur-
faces discussed above are all rational and their (1, 1) repre-
sentations on a plane 7w are known. Cremona* has shown that the
set of space transformations having ¢ as a general member of the
first homaloidal family corresponds to a set of plane Cremona
transformations in .

If, by a Cremona transformation, ¢, is the transform of a
rational ¥,, which is a general member of the homaloidal fami-
lies of £ Cremona transformations, then ¢, will serve as the
general member of the homaloidal families of ¥ Cremona trans-
formations.

* Cremona, Istituto Lombardo Rendiconti, (2), vol. 4 (1871), pp. 269-279;
and Annali di Matematica, (2), vol. 5 (1871), pp. 131-162.
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14. Conclusion. Each of the rational quintic surfaces dis-
cussed above can serve as a general member of the homaloidal
family of a Cremona transformation. The surfaces of §§5, 6,9 are
the transforms, by Cremona transformations, of a general
quadric surface. The surface of §2 is the transform of a general
¢s; that of §10 is the transform of a quartic surface of the first
type of Noether which is the transform of a general ¢s;. The
surfaces of §§8, 12 are the transforms of a quartic surface of
the third type of Noether which is the transform of a special
quartic of the first type of Noether with a double point in the
tangent plane at the tacnode; this plane is tangent to the sur-
face along the line joining the double points,* and this surface
is a transform of a general ¢3. The surfaces of §§7, 11 are trans-
forms of a quartic with a double line.{ The surface of §4 is the
transform of a quartic with a double line and two double points
coplanar with the double line; the homaloidal family of which
this ¢4 is a general member have in common the double line and
also have contact along the line joining the double points. The
surface of §3 is the transform of a quartic with a double conic.}
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* Noether, Mathematische Annalen, (3), vol. 33 (1889), pp. 546-571.
1 Montesano, Roma Rendiconti, (4), vol. 5-2 (1889), pp. 123-130.
1 Aroldi, Giornale di Matematiche, (3), vol. 11 (1920), pp. 175-192.



