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AN EXTENSION OF LAGRANGE’S EQUATIONS

BY C. A. SHOOK

1. Introduction. In studying the motion of a planet about the
sun under the action of a disturbing planet the following co-
ordinates are convenient. Let the plane determined by the
origin and the tangent to the planet’s path at any instant be
. Let x, P, N denote respectively the points where a unit
sphere about the origin is cut by the x axis, the radius vector
to the planet, and the line of intersection of # and the xy
plane. Then let 6 =xN, w= NP, ¢ =the dihedral angle between
« and the xy plane, and r=radius vector, it being understood
that ¢ is in the first quadrant and 6 is between 0 and 360°.

If B and N denote latitude and longitude respectively, we
have for the kinetic energy of a unit particle
(1) 2T = #2 + r2(B2 + cos2BA%).

But we have the relations

sin 8 = sin ¢ sin w }
tan (\ — 6) = cos ¢ tan w

(2)

whence
(3) 2T = #2 4 12[(1 — sin® w sin? $)§2 + w? + sin? we?
+ 2 cospbw — 2 sinw cos w sin¢be].

It will be shown that the condition that the velocity be in the
plane 7 is

aT

a_g; =0,

which in the present case reduces to

(4) sinw¢ — cos wsin ¢pf=0.

If by means of this relation we eliminate ¢ from T we get
2T = 2 + r2( + cos¢b)?.

Now put v=w+6 and I'=1—cos ¢, so that
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(5) 2T = #* + r2(s — T)2.

The four coordinates used are 7, 6, v, I.

The question now is whether or not we may use Lagrange’s
equations with this value of T'. There are two reasons why it is
by no means obvious that we may. In the first place we are
using four coordinates and the dynamical system has but three
degrees of freedom. In the second place, partial derivatives are
involved in Lagrange's equations. Now the partial derivatives
of T depend not only on its value but on the way it is expressed.
We might, for example, have eliminated § by means of (4); or
we might have assumed a relation altogether different from (4).
We shall prove a theorem which shows that, in spite of all this,
Lagrange’s equations do apply in the present case.

2. Conservative Holonomic Dynamical System. In a conserva-
tive holonomic dynamical system with # degrees of freedom let
the kinetic energy, T, be given by

(6) 2T = aiefi,

the double appearance of ¢ and j denoting summation from 1
to n. The a;; are functions of g1, - -+, ¢» and we may suppose
that a;;=a;;. Let the kinetic potential be

) L=T+F(q1)"°’qﬂ):

and let

d/ d d
Dq_ =——) - .
¢ dt 6q, 3q,;

With this notation Lagrange’s equations are
D, L = 0.

Suppose that the g; are related to #-+1 new variables,
71, * * +, a31, by the equations
(8) qi = Qi(fl, ] fn+1), (i = 1) 27 R ”)7
which are such that
?_Sql, ) Qn)
Alry, - - - )

= 0.
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We have
. 9
(9) gi = ¥ (S=112;"‘:”+1)7
a7,

and

aq..' aqi
10 —_— =
(10) 07, 07,

aL’ oL 3@ oL aq;
67"_, aq'; 37”3 adi (37’8

S(ory dw dgony ok 4o
di\or, or, di\dg; d¢; di\or,

oL’  dL d¢; AL dg;

ar.  9q: Ora | 0gi ors

Since
aq; d <6Qi>
07, di\ 97, ’
we have
aqi
(11) D, L' =—D,L.
07, v

Since D ,L =0 along the trajectories, we have

(12) DL =0
along these trajectories. But as we should expect, these equa-
tions are not sufficient to determine 7y, - -+, #a41. In fact the
equations are not independent, for it can be verified that

nt+1 F) .
13 (-1 ML DN

s=1 a("l: P 5 PR ¥ PR ,7'n+1)

Let us restrict the variables 7y, - - -, 7,41 by an equation of

the form
(14) asts = 0, =142, ,n+1, a1 #0),
where the o’s are functions of 7y, - - -, #n,41. This enables us to

eliminate #,41 from L’. After this elimination the kinetic po-
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tential will be denoted by L’’. We note that L=L"=L"’, but
that the partial derivatives of the last two are not in general
equal.

If the subscript zero denotes that after differentiation #,41 is
eliminated by means of (14), then if s#n-1,

oL <6L’> <6L'> Y
= + )
d 1"8 ad 7.'8 0 67$n+1 0 d i’s

aL" <6L'> N < oL > O nr
ory  \or,Jo \otwio  or,
Hence,

d[/ oL'\ oF oL’ \ oy
(15) DnL" = (Dr L") + —[( ) '”“] - ( ) H
dt 67"1.,4.1 0 61", 61‘*n+1 0 31’,

Let us suppose that (14) is so chosen that

oL’
(16) ( )so.
0tnt1/0

It will be seen by Theorem 2A that this assumption is equiva-
lent to saying that (14) is identical with

oL’
(14) = 0.
af’n-l—l
From (15) and (16) it follows that
(17) DL =0

along the trajectories. It is easily shown that this equation also
holds for s =n-41, in which case it becomes dL'’/937,411=0.

If we replace L’ by L’/ in (13), this equation holds by virtue
of (15) and (16). It is no longer an identity, however, since it
holds only by virtue of (16), that is, of (14). In other words (14)
is deducible from equations (17) and may be used in place of
any one of these. We can now state the following theorem.

THEOREM 1. If L(q1, - * ", Qny G1, * * *  §n) S the kinetic po-
tential in a conservative holonomic dynamical system and we put

(®) gi = qi(ry, -+ * 5 ny1)
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and suppose that

oL’
(14") =0,
a7.'n+1
then ry, « + + , 441 arve determined by the equations
17 D L" =0,

and (14') is a consequence of these equations.

3. Alternative Conditions to Replace (16).

THEOREM 2. Condition (16) implies and is implied by either of
the following:

(A). Theratio

. 0¢s 9y
el Qyj —
07s O7nt1
is the same for every s=1,2,- -, n+41.

(B). If#,y11s eliminated from ¢; by (14),

_9g;
6"n+1

(12%] q.i = 0.

The proof of these conditions is immediate. Since L contains
¢i and hence #, only through 7', (16) becomes

aT’
(16") < - ) =0
Otny1/0

By (6) and (9) we have

dq; 0q;
2T = 0y E s (e=1,2,,n+1),
dry 07,
so that
T’ dg; dq;
= Qij ? z 7, (S=1,2,"',ﬂ+1),
07 nt1 0rs 0rnpa
and
aT, dq; [ 9q; o aq,
(18) ( > = a“.__q_’_[i L ]n =0,
0ni1/ 0 OnpilOry  Qnp1 Oata
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From this it follows that

dq; [0 9q;
(19) 128 L [__Qi_ o ? ]EO, (k= 1:"’7”):

6r,,+1 afk Olpt1 61’”+1
and hence
adq; 9q; dq; 9q;
(20) ak:ai,-—q— —QL = an+1:a“—£—— £k
afk 6r,,+1 67’7,4_1 a?’n+1

showing that the ratio on the left is the same for all values of k.
Conversely if (20) is satisfied then (19) follows and hence (18),
or (16). This proves the equivalence of (A) and (16).

When #,4, is eliminated from ¢; by (14) we get

. 9¢: ar  9¢; 7],
(21) qi = |: - - :Irk’ (k = 1’ tty "‘),
Oy Ony1 Opqr

and hence by (18)

[12F] éi = 0.

a7'n+1
This proves the equivalence of (B) and (16).

THEOREM 3. If (16) is satisfied, then when #ny1 is eliminated
from 9.1, Tt yq.m

a(q.ls ] q.n)

a(7.'17 T i'n)

Equations (19) may be regarded as # equations for the de-
termination of d¢;/d7,,1. Since these derivatives do not all
vanish and the equations defining them are homogeneous, it
follows that the determinant

<3Qi ay 39i>
= g — - — —
07y ong1 O7npa

is zero. But by the rule for multiplying determinants

0.

ar 6q,~

, (i not summed),

6q,-
| bix| =] ais] ‘E’: - oo O

ag: .
= l a.','l ,a—z—' R (¢ not summed),
A
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by (21). Since Iaiil is the determinant of a positive quadratic
form, we must have

¢
A7k

_3(9'1,“‘ 74")

@2 T A(h, e, )

= 0.

4. Geometric Aspects of the Theory. In this section we confine
ourselves to the case # =2. The discussion will also apply to the
case in which all but two of the ¢; are not changed by the trans-
formation. If

(23) 2T = a11§f12 + 2012419'2 + 0'22422,

then 7" may be regarded as the kinetic energy of a particle of
unit mass constrained to move in a surface whose metric is

ds? = @11dq® + 2a12dq1dqe + a20dqs .

At any point P of the path 7 of the particle in this surface con-
struct a geodesic G tangent to 7. Let G cut any fixed directed
curve I'" at IV, and let O be a fixed point of I'. Let ry=0N, meas-
ured along T', 7,= NP, measured along G, rs=angle between T’
and G. The equations of m, ¢;=g¢:(¢), are found by solving the
given dynamical problem, while ¢; are direction numbers of the
tangent to w. The relations between g; and 7; are

(24) qi = qi(rly 72, 73)7 (7‘ = 1) 2) .

If 7, and 7, are held fast, these are the equations of a geodesic
circle, C, with center at N, and d¢,/07; are direction numbers of
the tangent to C. Now C is perpendicular to G and hence also to
m. The latter fact is expressed by the equation

g ;

73

By Theorem 2B this is a necessary and sufficient condition that

(7)o

Conversely if (26) holds, G will be tangent to w. These results
may be stated as follows:
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THEOREM 4. If the kinetic energy of a dynamical system is given
by

2T = aiidig'i, (1’;] = 1! 2))
and if on a surface whose metric is
ds? = dﬁindQ;f’ (1;] =1, 2))

71, 72, 3 are three coordinates chosen in the manner specified above,

then
a1’
()
73/ o

Also, r, re, r3 are obtained from the equations
d/oL" aL"

—(——)— — =0, (s =1,2,3),

075

where the double prime denotes that the kinetic potential is expressed

in terms of r1, s, 13, 1, Fa.

5. Examples. For a unit particle constrained to move in the
xy-plane, we have 2T =%2+4 92 Let P be the point (x, ¥), N a
point on the x-axis, and O the origin. Put 2=0ON, p=NP,
¢=XNP. Then

x=z+pcos¢p, y=psing.
If NP is to be tangent to the path of the particle, we must have
ox oy
i—+9y—=0
00 ' 09

This is the condition expressed by (25). In terms of the new var-
iables this condition becomes

27 ssing — pd = 0.
We easily find
27" = 32 4+ 2 cos¢ 3p + p2 — 2p sin ¢ 3¢ + p2?,
and
aT’ s = 0
% — psin ¢ + p?¢ = 0,

by (27). Using (27) we get
(28) 27" = (3 cos ¢ + p)2.
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It may be remarked that since (25) is linear and homogeneous
in ¢;, T'"" will always be a perfect square when n=2. If Fis the
force function expressed in terms of z, p, ¢, the equations of
motion are, by Theorem 4,

2 foos é(z cos s+ )] =
P cos ¢p(2cose + p _az’

L cosg + ) = —
dtzcosq& p) = ap;
s sin 9 cos ¢ + 5) =
0S =—"
Zsin ¢(z c P 3%

If we multiply these equations by p, —p cos ¢, sin ¢ respectively
and add we obtain (27).

The total order of these equations appears to be five, but it
is in reality only four since a first integral can be obtained from
a linear combination of them without any integration. If the
reader wishes to carry through the integration for the case
F=—gy= —gp sin ¢, he will see that only four arbitrary con-
stants enter. The force function suggested is that due to gravity.

A second example is that given in the opening section. A care-
ful comparison of this example with the theory is suggested.

6. Case of more than One Exira Coordinate. The preceding
theory can be extended to the case in which more than one
additional coordinate is introduced. If the equations of trans-
formation are

g = qf("l: St Tngp), (i=1,--+,m),

there are p extra variables. If the new variables are restricted
by p equations like (14), and if as a consequence of these rela-
tions we have

aT’
( )EO? (S=’ﬂ+1,‘~',%+ﬁ),

ara 0
then it can be shown that

(29) Dr L' = 0, (s=1,2,++,n+ p.
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No satisfactory geometrical interpretation has been found ex-
cept for the case p=n—1. This includes also the case p<n—1,
provided that n—p—1 of the original coordinates are not af-
fected by the transformation. For example, in the case discussed
in the first section =3 and p =1 and there was one coordinate
not affected by the transformation. The geometrical interpreta-
tion for p =n—1 is similar to that for n =2, p=1. If

2T = aiiq'idj, (1,] = 1; 2; Tty ”))

then T may be regarded as the kinetic energy of a unit particle
moving in a space of #» dimensions whose metric is

ds? = aiidqidQ:‘, (iy] =12, n)'
Let (ry, - - -, a1, 0) represent the g-coordinates of a point N in
this space; 7, = the distance along the geodesic joining N and the
point P: (q1, - * =, qu); Tat1, * * * , 2n—1 De the first n—1 direc-

tion cosines of this geodesic at N. Suppose the point N is so
chosen that this geodesic will be tangent to the path at P. If
then 7y, - - -, 7, are held fast in the equations of transformation,

qi = ‘Zi(”l; STty r2n—1), ('L = 1: 2, -, %),

these equations become those of a geodesic sphere. This sphere
will be perpendicular to the geodesic NP at P, and hence also
to the path. This fact is expressed by the » —1 equations

dq;

Gigi— = 0, (s=n+1,--,2n—1).
97,
But these are necessary and sufficient that
aT
( )EO, (s=n+1---,2—-1)
ai’a 0

so that equations (29) will hold.
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