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tains the connected set W—WX(C’. But since we also know
that M=W'=(W-WXC)+C'", ( W—WXC') =M and so Z,
contains Z, which is impossible. Therefore W — C is connected
and so W is the sum of two mutually exclusive connected subsets,
which is a contradiction. Hence W must be widely connected.
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In a paper by M. W. Haskell} the geometrical configurations
of triangles inscribing and circumscribing a plane cubic curve
have been studied by analytic methods. The purpose of this
paper is to examine the properties of quadrilaterals inscribing
and circumscribing a plane cubic curve by means of elliptic
functions.

The coordinates of a point on the curve will be expressed in
terms of Weierstrass’ elliptic functions ¢(u) and ¢'(u). It is
known that 3x points of the cubic are the points of intersection
of the cubic with a curve of order # if

¢)) sy ug + oo - 4 sy =0 mod (w1, ws).

The values of the parameters of the vertices of the quadri-
laterals are obtained from a consideration of the congruences

20 + e =0, 2us+ us3 =0, 2u3+ u, =0, 2us+ u, =0,
whence
154, = 0,

or
kiwy 4+ kowe
= )

15

U1

* Presented to the Society, November 29, 1930.
+ Haskell, this Bulletin, vol. 25 (1918), p. 194.

1 Appell and Lacour, Théorie des Fonctions Elliptiques et Applications,
Chap. 3.
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where ki, B2=0, 1, - - -, 14. There are 225 incongruent values
of » which include the 9 values of # corresponding to the points
of inflexion. The 216 remaining values give the 216 vertices of
the 54 quadrilaterals.

The properties of the quadrilaterals may be derived from the
matrix given below in which a quadrilateral of a given column
corresponds to the point of inflexion represented in the same
column. In this table (Z, j) denotes (fw;-+jws)/15.

0, 0 5,0 | 10, 0 0,5 5,5 | 10, 5 0, 10- 5,10 | 10,10
3,0 2, 0 1, 0 3, 5 2, 5 1, § 3,10 2,10 1,10
9,0 | 11, 0 | 13, 0 9,5 | 11, 5 | 13, 5 9,10 | 11,10 | 13,10
12, 0 8, 0 4,0 | 12, 5 8, 5 4, 5 | 12,10 8, 10 4,10
6, 0 | 14, 0 7, 0 6, 5 | 14, 5 7,5 6,10 | 14,10 7,10
3, 3 2,12 1, 6 3, 8 2, 2 1,11 3,13 2, 7 1, 1
9,0 [ 11, 6 | 13, 3 9,14 | 11,11 | 13, 8 9, 4 | 11, 1 | 13,13
12,12 8, 3 4, 9 | 12, 2 8, 8 4,14 | 12, 7 8,13 4,4
6, 6 | 14, 9 7,12 6,11 | 14,14 7, 2 6, 1 | 14, 4 7, 1
3 6 2, 9 1,12 3,11 2,14 1, 2 3, 1 2, 4 1, 7
9,3 | 11,12 | 13, 6 9,8 | 11, 2 | 13,11 9,13 | 11, 7 | 13, 1
12, 9 8, 6 4, 3 | 12,14 8, 11 4, 8 | 12, 4 8, 1 4,13
6,12 | 14, 3 7, 9 6, 2 | 14, 8 7,14 6, 7 | 14,13 7, 4
3 9 2, 6 1, 3 3,14 2,11 1, 8 3, 4 2, 1 1,13
9,12 | 11, 3 | 13, 9 9, 2 | 11, 8 | 13,14 9, 7 | 1,13 | 13, 4
12, 6 8, 9 4,12 | 12,11 8, 14 4,2 | 12, 1 8, 4 4, 7
6, 3 | 14,12 7, 6 6, 8 | 14, 2 7,1 6,13 | 14, 7 7, 1
3,12 2, 3 1, 9 3, 2 2, 8 1,14 3,1 2,13 1, 4
9, 6 | 11, 9 | 13,12 9,11 | 11,14 | 13, 2 9, 1 | 11, 4 | 13, 7
12, 3 8, 12 4,6 | 12, 8 8, 2 4,11 | 12,13 8, 7 4, 1
6,9 | 14, 6 7, 3 6,14 | 14,11 7, 8 6, 4 | 14, 1 7,13
0, 3 512 | 10, 6 0, 8 s, 2 | 10,11 0,13 5, 7 | 10, 1
0, 9 5,6 | 10, 3 0, 14 5,11 | 10, 8 0, 4 5,1 | 10,13
0, 12 5,3 | 10, 9 0, 2 5,8 | 10,14 0, 7 5,13 | 10, 4
0, 6 5, 9 | 10,12 0,11 5,14 | 10, 2 0, 1 5,4 | 10, 7

The diagonals of any quadrilateral of a given column inter-
sect in the point of inflexion of the same column. Three quadri-
laterals of a row which correspond to 3 collinear inflexions are
perspective in pairs, the centers of perspectivity being the three
collinear inflexions. The point of inflexion at which the diagonals
of any one of these quadrilaterals meet is the center of per-
spectivity of the remaining pair. The 12 vertices of 3 such
quadrilaterals are the points of intersection of a quartic with
the cubic and lie by threes on 12 straight lines, each line con-
taining a vertex of each quadrilateral. If any 3 of these vertices
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which are collinear are rejected, the remaining 9 are the points
of intersection of a cubic with the given cubic. All of these prop-
erties may be obtained by employing the relation (1).

The vertices of 3 quadrilaterals in the same column or 3
quadrilaterals corresponding to 3 collinear inflexions, no two of
which are in the same row, lie by threes on 4 straight lines.

Two triangles whose vertices are given by wu, #-4w/3,
u+2wi/3, and —u, —u—w1/3, —u—2w:/3, respectively, are seen
to be triply in perspective with respect to the 3 collinear in-
flexions 0, wi/3, 2wi/3. The vertices of the 2 triangles lie on a
conic by relation (1). By assigning appropriate values to u it
appears that the 12 vertices of 3 quadrilaterals corresponding
to the 3 collinear inflexions 0, w1 /3, 2w;/3 form 2 pairs of triangles,
each pair being triply in perspective with respect to these in-
flexions. The vertices of the triangles of a pair are opposite
vertices of the quadrilaterals. Similar relations exist with re-
spect to any 3 collinear inflexions.

If the cubic has a node the elliptic functions reduce to expres-
sions involving trigonometric functions. If we denote the period
by w, the congruence defining #; becomes

154, = 0 mod w,

whence u;=kw/15, where =0, 1, ..., 14, These 15 incon-
gruent values of #%; include the parameters of the 3 inflexions.
The remaining 12 values give the vertices of 3 quadrilaterals
which have the same properties as the first 3 quadrilaterals of
the first row in the matrix described above.

If the cubic has a cusp, the elliptic functions reduce to rational
functions of #, and there are no quadrilaterals since the con-
gruence does not exist.
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