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NOTE ON LINEAR TRANSFORMATIONS OF
n-ICS IN m VARIABLES*

BY A. D. CAMPBELL
Let us consider the #-ic in m variables
(1) F(x17x27 Ty xm) = 0.

If we subject (1) to the linear transformation

pxy = anx{ + a12xd + axd + -+ Gm¥m ,
(2)  px2 = anx{ + azxd + - -+ Gam¥a, -,
PEm = @mi®! + mexd + Amsxd + -+ Gmmknl ,
we obtain
F(duxl' + a1xd + axd + -+ GimEm ,dzlxx' + agend
(3) + awsxd + - -+ GemEm , 0, Gkt + Gmaxs

4+ @maxs + - -+ Gmmam ) = 0.

Note that in the expansion of (3) the coefficient of the term
in x‘l’”! (1::1, 2y 31 T m)v iS F(ali» A2y A3iy * ami)’ A
necessary and sufficient condition for this coefficient to vanish
is that the point P;(ais, @2, - - -, @mi) shall lie on the geo-
metric locus of (1). To obtain the coefficient of such a term
as x{ rx{ »— in the expansion of (3) we can put
xi’xj' ?50, xl’ = xz’ = xal == xil——l
=xi’+1=xi/+2="‘=xi,——1=x7!+1="'=xm, -_—0’
then use Taylor’s Expansion on
F(ayx! + arjx], asx! + asjxf 050
(4) +aaixi,: Ty am'ixi, +amix1',)EF(X1+X1,,
X2+X2/}X3+X3’) Ty Xm+Xm/);

* Presented to the Society, August 29, 1929,
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where X1 =a1x!, X{ =a1jx}, Xo=asx!, XJ =azx], etc. We
find the coefficient of x/ rx/»— in the group of terms*

1 oF oF oF oF (n=n)
—X{ +—X{ +—X{ 4+ + —Xm'>

(n—r)! 6X1 6X2 an é)X,,,
(xfrxj»r) [/ oF oF
e, o
(ﬂ - 1’)' 601,‘ 6025
©) ~
oF oF (n=r)
+ ——as; + ttt + ami) P)
6(]«31 Ams
where d F/0a:; means 0 F/0X, with X, replaced by a1;, X2 by
azi, X3 by asi, -+, Xm by ami, and similarly for d F/das;,
dF/das;, - - - ,0F/danm:. Hence we may conclude that a neces-

sary and sufficient condition for the vanishing of the coef-
ficient of x/rx/»—r in the expansion of (3) is that the point

P;(ai;, azj, @sj, -+ +, @my) shall lie on the (n—r)th polar
of Pi(ais, asi, - - -, @m:) With respect to the locus of (1).

We obtain the coefficient of the term in x/rx/fsxy ¢ - - -
x/»x, » (where r+s+i+ - - - +u-+v=n) in the expansion of
(3) by the following device. We can write (3) as
(6)F(Y1+Y1/,Y2+Y2,,Y3+Y3l; Ty Ym+Ym') =07
where
Vi=aux! V! = anx{ + araad + a1z 4+ - - - + ariaxi

+ arivi®ip F Gripexiie + - - - A+ Gim®a
Yy = agix! ,Yz' = a21xl/ + Q220 S I ll2i—1xi/-1+d2i+1x;!+1
+ -t Gema
etc. We take the collection of terms
- 1 <6FY,+6FYI+6FY,+
(n—niI\ay, = ' aYy = | aVs
OF _ \@"
+ ——n’)
Y

* See Goursat-Hedrick Mathematical Amnalysis, vol. 1, pp. 107-108.
For the Galois fields, see A. D. Campbell, The polar curves of plane algebraic
curves in the Galois fields, this Bulletin, vol. 34 (1928), pp. 361-363. The
methods of this paper may be readily generalized to the polars of an n-ic
in m variables.
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in the expansion of (6). All the terms with x/r as a factor
must come from (7). We can write (7) in the form

xlr ’a oF oF
(V! + —¥ +—T{ +
(n - 1’)‘ adu adzi 603,‘
(8) _
OF _ \n
+ Yn{> .
aami

If we equate (8) to zero we obtain the (#—r)th polar of
P.(a1;, a2, asiy - - -, @mi) with respect to the locus of (1).
We can also write (7) in the form

x,"'
©) mF'(Y{,W,Y{,'”,Y,{),

where F’ is a function of the (# —7)th degree. We put

)Y =2, +2{ Y =Z2+2{, - -,V =Zn+Zn,

where

Z, = al;'x;" ,Z1' = aux{ + a9 + azxs + -0+ @i
+ 01€+1xi,+1 -+ 011'4-2901"+2 R 011'—1961"—1 + 01j+1x;{+1
+ @rjpoxips - Qima , Zo = agix]

etc. Expanding (9),we find that all theterms in the expansion

of (3) that have the factors x/  and x; s must be in the collec-
tion of terms

xlr dF' oF’ oF’
( Z{ +—Zi +—Zi + - -

(n—nln—r—sys)! 671 ez, YA
OF" N\ (o) il oF"
(11) + Zm’) = ( 7 ) (___le
0Zm (n—n)l(n—r — s)!\day;
aFI ’

oF OF' (o)
+ Z2I+——Z:«3/+"'+——Zml> :

(1203 adaj aam,
If we equate (11) to zero we shall have the (# —7»—s)th polar
of the point P,(aij, asj, @3j, - - -, @m;) With respect to the
(m—r)th polar of P,(ay;, as:, assy + - -, @m:) With respect to the
locus of (1).
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Next we take

Z1’ =W1+W1', Z2’ =W2+W2/,

Zd =W+ Wi, -, 20 =Wau+ Wha
in (11), where
Wi = auaxi s Wi = aux! + awxs + - -+ ari1xioy
Lit1%i41 s Li—1%{—1 RIRE 2 IR S
+ arip1%i + 4+ ayiaxf1 F arpaxio +
+ au—1®i-1 F aueprxdy + o G, We = anad,

etc. We repeat the above processes until we finally reach
the collection of terms having all the factors x/r, x;°,
xpt, -+ -, x'% and x, ». Therefore, we see that for the coef-
ficient of the term x/ %/ *xy ¢ - - - x/, » in the expansion of
(3) to vanish we must have the point P,(@1p, @2p, @3p, * * *  Emp)
onthe (w—r—s—t— - - - —u—2v)th polar of Pi(a, s, - - -,
@m1) with respect to the - - -th polarof -, -+, ..
with respect to the (r—r—s—i{)th polar of Pi(au,
Qsk, * * +, Gmr) With respect to the (z—r—s)th polar of
Pj(ayj, azj, -+ -, an;) with respect to the (z—r)th polar of
Pi(ayi, agiy + -+, am;) with respect to the locus of (1).

It is noteworthy that this discussion applies to the ordi-
nary complex or real domains and also to the Galois fields.
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